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b
In many real world models f(x), the definite integrals / f(x)dx can

not be evaluated exactly.
For example, it is impossible to calculate the precise value of the fol-
lowing integrals:

b b ' b
/ Vot + et —1 da, / Vsin 223 + 1 dz, / e dz.
a a Qa

b
In these cases, an approximation for the value / f(z)dz will be useful.
a

A

a b
1. Riemann Sum.

o X1 X9 X3 X4 g X1 X9 X3 Ty4 Xng X1 Ty X3 T4
1. Left endpoint approx. 2. Midpoint approx. 3. Right endpoint approx.
To=aand x4 = b
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h—
Let Az = — 2. (In the above pictures, n = 4)
n

(1). Left endpoint approximation.

b n
/ flz) = L, = Z flzi1)Ax

(2). Midpoint approximation

b n

f(z) = My =) f(T)Az

@ i=1
Here, T; = %(xi_l + x;) is the midpoint of [z;_1, ).
(3). Right endpoint approximation.

b n

f(x) =~ R, = Z f(@:)Az

@ i=1

In the previous picture example,
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2. Trapezoid Rule.

Instead of using rectangles as in Riemann Sum, we can use trapezoids
to approximate the definite integral.

T

i >

o X1 L2 T3 X4
Trapezoid Rule:

b n Az
/ o)~ Ty = S (i) + fla)]| o

. 2
1=1

= [f(zo) + 2f(z1) + 2f (x2) + - - - + 2f (zp—1) + f(ﬂfn)]%

This is the average of the left endpoint approximation and the right
endpoint approximation. That is, T}, = %(Ln + R,).

In the above picture example,

Az

Ty = [f(zo) + ) f(1) +2f (22) + 2f(w3) + flza)] =~
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3. Simpson’s Rule.
A modification of the Trapezoid Rule is the Simpson’s Rule: connecting
points by parabolas instead of by line segment.

YA
P Py
0 ba g, F
/ . \
P,
N P, /

]

0 a=x, ‘:1 % X3 X5 Xy x¢=b b

Simpson’s Rule:

/abf(x) ~ 5,

Az
= [f($0)+4f($1>+2f<$2)+4f(1173)+' c -+2f(:cn_2)+4f(a:n_1)+f(:cn)]?
Here, n is an even number and the pattern of the coefficients is
1,4,2,4,2,4,2,--- ,4,2,4,1
Sp is the area of the shape under the blue curve (parabolas).

In fact, Top, = %Tm + %Mm
In the above picture example,
A

S6 = [f (z0) +4f (1) +2f (22) + 4 (x3) + 2 (w4) + 4 (z5) + f (26)] =~
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Error Bounds:

Suppose |f"(z)| < K for a < z < b. If Er and E) are the errors
in the Trapezoidal and Midpoint Rules, then

K(b—a)
12n2

|Er| <
and
K(b—a)

Eyl <
Eul = =50

Suppose | f#)(z)] < C for a < & < b. If Eg is the error in the
Simpson’s Rule, then
K(b—a)®

Eql <
|Bis| < 180n*

-

1. In all of the methods we can get better approximations if we increase

the value of n.

2. The Trapezoidal and Midpoint Rules are much more accurate than
the left and right endpoint approximations.

3. The error in the Midpoint Rule is about half the size of the error in

the Trapezoidal Rule.
4. The error bound is the worst case it can happen.
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Example: Use Left endpoint, Right endpoint, Midpoint Rule,
Trapezoidal Rule, Simpson’s Rule with n = 4 to approximate the

integral / e dr. 7~ 46245 AX= 5{/)& - o _ 025
0 — Vo
¢ What is another approximation we can use? *
=0 X, =6.025
A =025
= Dy
X2Z05 i}’ 215
XB:D:’]B X3: 0\615.
Y, = | A =O¥15
=
0 o.;_5 05 075 1
Left endpoint approximation:
Ly = [f(zo) + f(z1) + f(z2) + f(z3)] Az
= (4 e 1 o™y eﬂsz) 0.25
o h2T5%89
o R °
lag!w% Q«J‘LX*'"’_,.Z“—";}_LT{B’\L“
YR 9 T
ngeXN'X-I—“—-l--* + oy X X
= 24x] hoxil 1,
~ L6253
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Right endpoint approximation:
Ry = [f(z1) + f(x2) + flx3) + f(z4)| Az

0.25° 05" o075
e T +e’ +p +e] 025

2 |\ o544

Y= 0025 X=0375 X2z=0.625 X,=
Midpoint Rule: | - s o815

My = [f(@1) + [(@2) + f(T3) + f(@)] Az

[ N “ ml O¥T5 2 5

te
Y
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Trapezoidal Rule:
Ty = [f(zo) + 2f (1) + 2f (z2) + 2f (23) + f (s&O]%

o Sl (.')\S)' 0\?2' 25
[ C+2e e 12" o] 22

2

o 906y

Simpson’s Rule:

Sy = [f(wo) + 4F (1) + 2 (2) + 4F (w3) + f <°’”4>”93—$

> 5 o5 a7g” .25
:Le P20 e o s 0] sz

~ 4437



