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Abstract of Dissertation

Formality is a topological property that arises from the rational homotopy theory devel-
oped by Quillen and Sullivan in 70’s. Roughly speaking, the rational homotopy type of a
formal space is determined by its cohomology algebra. In this thesis, we explore the graded-
formality, filtered-formality, and 1-formality of finitely-generated groups, by studying various
Lie algebras over a field of characteristic 0 attached to such groups, including the associated
graded Lie algebra, the holonomy Lie algebra, and the Malcev Lie algebra. We explain how
these notions behave with respect to split injections, coproducts, direct products, and how
they are inherited by solvable and nilpotent quotients.

We investigate the varied relationships among several algebraic and geometric invariants
of finitely-generated groups, including the aforementioned Lie algebras, commutative differ-
ential graded algebras, Chen Lie algebras, Alexander-type invariants as well as resonance
varieties and characteristic varieties. Significant results arise from the study of the interac-
tions between theses objects, e.g., the tangent cone theorem of Dimca, Papadima and Suciu,
and the Chen ranks formula conjectured by Suciu and proved by Cohen and Schenck.

For a finitely-presented group, we give an explicit formula for the cup product in low
degrees, and an algorithm for computing the holonomy Lie algebra, using a Magnus expansion
method. We also give a presentation for the Chen Lie algebra of a filtered-formal group, and
discuss various approaches to computing the ranks of the graded objects under consideration.

We apply our techniques to several families of braid-like groups: the pure braid groups,
the pure welded braid groups, the virtual pure braid groups, as well as their ‘upper’ variants.
We also discuss several natural homomorphisms between these groups, and various ways to
distinguish among them. We illustrate our approach with examples drawn from a variety of
group-theoretic and topological contexts, such as 1-relator groups, finitely generated torsion-

free nilpotent groups, link groups, and fundamental groups of Seifert fibered manifolds.
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Chapter 1

Introduction

The main focus of this thesis is on algebraic and geometric invariants of finitely generated
groups, including commutative differential graded algebras, various graded or filtered Lie
algebras, several modules over Laurent polynomial rings or polynomial rings, as well as two
types of cohomology jump loci. We investigate the formality properties of finitely generated
groups, which play an important role on studying the structure of these invariants and the
relationships among them. We illustrate our approach with examples drawn from group
theory, geometry and topology, including pure braid groups, pure virtual braids groups,
pure welded braid groups, 1-relator groups, finitely generated torsion-free nilpotent groups,
link groups, and fundamental groups of Seifert fibered manifolds. This thesis is based on my

work with Alex Suciu in papers [113, , , ].

1.1 Background and preliminaries

1.1.1 From groups to Lie algebras

Throughout, we will let G be a finitely generated group, and we will let Q be the field of
rational numbers. Our main focus will be on several Q-Lie algebras attached to such a group,

and the way they all connect to each other.



By far the best known of these Lie algebras is the associated graded Lie algebra, gr(G; Q),
introduced by P. Hall, W. Magnus, and E. Witt in the 1930s, cf. [102]. This is a finitely
generated graded Lie algebra, whose graded pieces are the successive quotients of the lower
central series of G (tensored with Q), and whose Lie bracket is induced from the group
commutator. The quintessential example is the free Lie algebra lie(Q™), which is the associ-
ated graded Lie algebra of the free group on n generators, F,. For a group G with a finite
presentation, various approaches for finding a presentation for gr(G; Q) have been given by

Lazard [29], Labute [83, 81], Falk-Randell [18], Anick [2], et al.

Closely related is the holonomy Lie algebra, H(G;Q), introduced by T. Kohno in [31],
building on work of K.-T. Chen [28], and further studied by Markl-Papadima [105] and
Papadima—Suciu [117]. This is a quadratic Lie algebra, obtained as the quotient of the free
Lie algebra on H;(G;Q) by the ideal generated by the image of the dual of the cup product
map in degree 1. The holonomy Lie algebra comes equipped with a natural epimorphism
O h(G;Q) — gr(G;Q), and can be viewed as the quadratic approximation to the associated
graded Lie algebra of G. A presentation for the holonomy Lie algebra of a group with a finite
commutator-relators presentation, was given by Papadima—Suciu [I117], using the Magnus

expansion. In this thesis, we further developed this method for any finitely presented group.

The most intricate of these Lie algebras (yet, in many ways, the most important) is the
Malcev Lie algebra, m(G; Q). As shown by A. Malcev in [104], every finitely generated,
torsion-free nilpotent group NV is the fundamental group of a nilmanifold, whose correspond-
ing Q-Lie algebra is m(N;Q). Taking now the nilpotent quotients of GG, we may define
m(G; Q) as the inverse limit of the resulting tower of nilpotent Lie algebras, m(G/T'\G; Q).
By construction, this is a complete, filtered Lie algebra. In two seminal papers, [132, ],
D. Quillen showed that m(G; Q) is the set of all primitive elements in @5 (the completion of
the group algebra of G with respect to the filtration by powers of the augmentation ideal),

and that the associated graded Lie algebra of m(G; Q) is isomorphic to gr(G; Q). In particu-
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lar, gr(m(G;Q)) is generated in degree 1. If G admits a finite presentation, one can use this
approach to find a presentation for the Malcev Lie algebra m(G;Q), see Massuyeau [109]

and Papadima [110].

1.1.2 Algebraic models and formality

Algebraic models play an important role in algebraic topology, especially in rational homo-
topy theory. They are also very useful in homological algebra, operad theory, and geometry.
The de Rham complex provides a commutative differential graded algebra (CDGA) model for
a smooth manifold. More generally, in his foundational paper on rational homotopy theory
[148], D. Sullivan associated to each path-connected space X a ¢CDGA model, M(X), called
a ‘minimal model’, which can be viewed as an algebraic approximation to the space. Any
CDGA which is quasi-isomorphic to the minimal model is an algebraic model of the space.

There is a close relationship between CDGA models of a space X and the Lie algebras
attached to the fundamental group G = 7 (X), provided that X is a connected CW-complex
with finitely many 1-cells. As shown by Cenkl and Porter [25], Griffiths and Morgan [63]
and Sullivan [118], the Lie algebra dual to the first stage of the minimal model is isomorphic
to the Malcev Lie algebra m(G; Q). The Chevalley—Eilenberg complex of the Malcev Lie
algebra gives the first stage of the minimal model. As shown in [105] (see also Theorem
2.3.10), the dual Lie algebra of the 1-minimal model of H*(G; Q) is isomorphic to the degree
completion of the holonomy Lie algebra of G.

Formality is an important property in rational homotopy theory. Roughly speaking, the
rational homotopy type of a simply-connected formal space is determined by its cohomology
algebra over Q. In this thesis, we focus on developing the rational homotopy theory on
non-simply-connected spaces. The space X is said to be formal if the commutative, graded
differential algebra M(X) is quasi-isomorphic to the cohomology ring H*(X;Q), endowed

with the zero differential. If there exists a ¢CDGA morphism from the ¢-minimal model
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M(X,i) to H*(X; Q) inducing isomorphisms in cohomology up to degree i and a monomor-
phism in degree i + 1, then X is called i-formal. As shown in [39], the compact K&hler
manifolds are formal spaces. The complements of complex hyperplane arrangements are
also formal spaces [21]. The higher Heisenberg group H,, is (n — 1)-formal, but not n-formal,
see Macinic [99].

All the Lie algebras and the algebraic models mentioned above can be defined over any
field K of characteristic 0. As is well-known, a space X with finite Betti numbers is formal
over QQ if and only it is formal over K. This foundational result was proved independently

and in various degrees of generality by Halperin and Stasheff [(7], Neisendorfer and Miller

[115], and Sullivan [115].

A finitely generated group G is said to be 1-formal (over Q) if it has a classifying space
X = K(G,1) which is 1-formal. The 1-formality of X depends only on the fundamental
group G = m1(X). Hence, the study of the various Lie algebras attached to the fundamental
group of a space provides a fruitful way to look at the formality problem. Indeed, the group
G is 1-formal if and only if the Malcev Lie algebra m(G;Q) is isomorphic to the rational

holonomy Lie algebra of G, completed with respect to the lower central series (LCS) filtration.

1.1.3 Cohomology jumping loci

The cohomology jumping loci associated to a connected CW-complex X of finite-type are
essential tools in this thesis, including resonance varieties and characteristic varieties. The
resonance varieties of X, which originated from the study of complements of hyperplane
arrangements by M. Falk in [50], are homogeneous subvarieties of H*(X; C). More generally,
the resonance varieties of a complex CDGA (A*, d) with finite dimensional A, recently studied

by Dimca, Papadima, Suciu, and others, [13, , 43, , 112], are defined by

Ri(A,d) = {a € A" | dim(H"(A;6,)) >k}, where 6,(u) = d(u) +a-u for u € A" (1.1)



The resonance varieties of X are the resonance varieties of H*(X; C) with zero differential,
denoted by R:(X). The characteristic varieties of X are the jumping loci for cohomology

with coefficients in rank 1 local systems,
Vi(X) = {p € Hom(m(X),C*) | dim(H;(X;C,)) > k}. (1.2)

If a group G admits a finite-type classifying space K (G, 1), the jump loci of the group G
are defined in terms of the jump loci of the corresponding classifying space. The cohomol-
ogy algebra H*(G,C) may be turned into a family of cochain complexes parametrized by
the affine space H'(G, C), from which one may define the resonance varieties of the group,
Ri(G), as the loci where the cohomology of those cochain complexes jumps. The resonance
varieties and characteristic varieties of some classes of such groups have been studied. The
degree one resonance varieties of right-angled Artin groups were described explicitly in [ 18,
Theorem 5.5]. A complete description of the resonance varieties and the characteristic va-
rieties, in all degrees, is described in [119, Theorem 3.8] for toric complexes associated to
arbitrary finite simplicial complexes. Results relating to the cohomology jump loci of the
complement of a complex hyperplane arrangement can be found in [50, 33, 91].

Best understood are the degree 1 cohomology jump loci, Ry (X) = Ri(X) and Vi, (X) =
V}(X), which depend only on the fundamental group G' = 7;(X). In this case, the tangent
cone to Vi (G) at the origin 1 is contained in R (G), see Libgober [93]. As shown in [12] by
Dimca, Papadima and Suciu, these two types of varieties are closely related by the Tangent
Cone Theorem: If G is 1-formal, then TC;(V(G)) = Ri(G), and all irreducible components
of Ri(G) are rationally defined linear subspaces of H!(G;C). This yields new and powerful

obstructions for a finitely generated group G to be 1-formal.

1.1.4 Alexander invariants

The Alexander invariants, originating from the study the Alexander polynomials of knots and

links by J.W. Alexander in [!], play an important role in investigating resonance varieties,
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characteristic varieties and Chen ranks.

Let X be a connected CW-complex, with fundamental group G. Let X' — X be the
Galois cover corresponding to the commutator subgroup G’ C G. Then the Alexander
invariant of X is defined by B(G) := H,(X’;C) and the action of G,, = G/G" corresponds
to the action in homology of the group of covering transformations. A useful algebraic
interpretation for the Alexander invariant is given by B(G) = G'/G", with the action of G,y
given by conjugation. In [106], W.S. Massey gave a presentation for the Alexander invariant
for the complement of links. In [33, 32], Cohen and Suciu further developed Massey’s method
and gave an explicit presentation for the Alexander invariant of the complement of a complex
hyperplane arrangement using Fox derivatives.

The work of E. Hironaka [71] shows that that the degree 1 characteristic varieties of a
finitely generated group G coincide with the support varieties of its Alexander invariant,
at least away from the origin. A more general statement, valid in arbitrary degrees, was
recently proved in [122]

In a similar fashion, we define the infinitesimal Alexander invariant of a finitely generated,
graded Lie algebra g to be the graded Sym(g;)-module ®B(g) = ¢'/g”. Suppose G is a finitely
presented, commutator-relators group. As shown in [110], for each k& > 1, the resonance
variety Ri(G) coincides, at least away from the origin 0 € H'(G;C), with the support
variety of the annihilator of d-th exterior power of the infinitesimal Alexander invariant;

that is,
k k

Ry(G) = Supp ( \ B(H(@))) = V(Ann (A %(b(a)))) . (13)

1.1.5 Chen Lie algebras

K.T. Chen in [27] studied the lower central series (LCS) quotients of the maximal metabelian
quotient G/G", of a finitely generated group G, which were called Chen groups by Murasugi

in [114], who used them to study the Milnor invariants of links. The associated graded Lie
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algebras gr(G/G"; C) of the maximal metabelian quotient are called the Chen Lie algebras.
The LCS ranks of the Chen groups are called the Chen ranks, and are denoted by 6x(G).
Chen computed the Chen ranks 0y (F},) by introducing a path integral technique associated
to a free group F,, with n generators. Let G be the fundamental group of the complement of
a link of n components with connected linking graph. As conjectured by Murasugi [111] and
proved by Massey—Traldi [108] and Labute [85], the link group G has the same LCS ranks
¢i. and the same Chen ranks 6, as the free group F,,_1, for all £ > 1. Furthermore, G has
the same Chen Lie algebra as F,,_; (see [L17]).

As shown by Massey in [106], the Chen ranks of G' can be computed from the Alexander
invariant B(G). More precisely, if we view this abelian group as a module over C[G,p),
then filter it by powers of the augmentation ideal, and take the associated graded module,
gr(B(G)), viewed as a module over the symmetric algebra S = Sym(H ® C), we have that
Or12(G) = dimgr,(B(G)) for all £ > 0. Similarly, the Chen ranks of a finitely generated,
graded Lie algebra g are defined to be 0x(g) = dim(g/g”)x, and we show that 0 ,o(g) =
dim B(g), for all & > 0.

In [31], Cohen and Suciu developed Massey’s method and computed the Chen ranks of the
pure braid groups P, by finding the Grébner basis of the corresponding Alexander invariants.
Generalizing a theorem in [117], we connect the Chen Lie algebra and the associated graded
Lie algebra of a filtered-formal group. If G is a filtered-formal group, then the Chen Lie
algebra gr(G/G"; Q) is isomorphic to gr(G;Q)/ gr(G; Q)".

There is a close relationship between Chen ranks and resonance varieties. In [110], Suciu
conjectured that the Chen ranks of an arrangement group G are given by

0(G) =Dl - Ox(Frn),  for k>0, (1.4)

m>2
where h,, is the number of m-dimensional components of R{(G), and F,, is the free group
with m generators. Recently, D. Cohen and Schenck [34] showed that, for a finitely pre-

sented, commutator-relators 1-formal group G, the Chen ranks formula holds, provided the
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components of R(G) are zero-isotropic, projectively disjoint, and reduced as schemes.

1.1.6 Summary of algebraic and geometric invariants

We summarize all the algebraic and geometric invariants described above using diagram 1.1

in the next page. The following questions are interesting and important to investigate.

e How to compute or describe these invariants for a finitely presented group?

e How to compute the dimensions or ranks of these graded Lie algebras or modules in

each degree.
e When do the dotted arrows exist? When are the various maps isomorphisms?

e How do these invariants behave with respect to products, coproducts, semidirect prod-

ucts, inclusions, projections, etc.?
e What are the relationships among these invariants?

e Use these invariants to study several families of important spaces and groups.



Research Diagram:

G=mX)] ——— & M(G) ———— > H*(G;C)
l X] y sf MﬁGv i) ——> H<"“j<G; C)
Cca M(J;‘, 1) —— HS2(jG; C)
gry
M(G) % mG).
e E<AG>
e (C0) = g (CC) N\ & @EG) —

G/ —E s g(a/a") o/q" /b
/*‘ 1 grf “/ 1 /*‘ " /*‘ 1
GG ——> grp(G'/G") g'/9 h'/h
(P [ ||
B(G) ———> gr(B(G)) B(g) B(h)
Supp Supp Supp Supp

Supp(B(G)) —=> Supp(gr;(B(G))) < Supp(B(g)) —— Supp(B(h))
T‘ 1

TCl ‘.;) b...

> TC; (Vi (Q)) © R1(G)

V1(G)

Figure 1.1: Algebraic and geometric invariants of G = m(X).

CDGASs

Malcev
Lie algebra

filtered
Lie algebras

graded
Lie algebras

Chen
Lie algebras

Alexander
invariants

support
varieties

cohomology
jump loci

Note: 1. The ground field is C. 2. The open triangle arrows are functors. *: away from origin.

9



1.1.7 Pure braid groups and their relatives

The techniques described above have a large range of applicability in a variety of examples in
group theory, algebraic geometry, low-dimensional topology and geometry. We start with the
braid groups and their relatives, which have showed their importance in several important

fields of mathematics as well as in physics.

Pure braid groups

Let F, be the free group on generators xy,...,x,, and let Aut(F,) be its automorphism
group. Magnus [101] showed that the map Aut(F,,) — GL,(Z) which sends an automorphism
to the induced map on the abelianization (F},)* = Z" is surjective, with kernel denoted by
IA,. An automorphism of F;, is called a permutation-conjugacy, if it sends each generator
x; to a conjugate of z,(;), for some permutation 7 € 5,.

The classical Artin braid group B, is the subgroup of Aut(F),) consisting of those
permutation-conjugacy automorphisms which fix the word zy -+ -z, € F,, see [18, 69]. The
kernel of the canonical projection from B, to the symmetric group S, is the pure braid
group P, on n strings, whose classifying space is Conf,(C), the configuration space of n
ordered points in the complex plane. The cohomology algebras of the pure braid groups are

computed by Arnold in [3].

Pure welded braid groups

The set of all permutation-conjugacy automorphisms forms a subgroup of Aut(F,), known
as the welded braid group wB,, cf. [, 6, 9, 15, 54]. As shown in [54], wB, is isomorphic to a
group of generalised braids with the classical crossing and the welded crossing in Figure 1.3.
The pure welded braid group, wP, = wB,NIA,, is generated by the Magnus automorphisms

1

a;; (1 <i# j <n), which send z; to zjrir; - and leave invariant the remaining generators

of F,,. The subgroup generated by the automorphisms «;; with ¢ < j is called the upper
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pure welded braid group wP; . McCool gave presentations for wP, and wP, in [112], (also
known as the McCool groups). As shown in [20], the pure welded braid group wP, (wP;)
is the fundamental group of the space of configurations of “parallel rings” (of unequal size).
The cohomology algebra of wP, was given in [75], while the cohomology algebra of wP;" was

given in [29].

Classical move Welded move
/' m
~__
Q N

Figure 1.2: Untwisted flying rings.

Pure virtual braid groups

Another class of braid-like groups are the virtual braid groups vB,,, which were introduced
in [78] and further studied in [6, 9, 79, 7, 76]. As shown by Kamada in [70], any virtual
link can be constructed as the closure of a virtual braid, which is unique up to certain
Reidemeister-type moves. In this thesis, we will be mostly interested in the kernel of the
canonical epimorphism vB, — S, called the pure virtual braid group, vP,, and a certain
subgroup of this group, v P, which we call the upper pure virtual braid group. A presentation
for vP, and v P, was given by Bardakov in [7], Whether or not the virtual (pure) braid groups
are subgroups of Aut(F,) is still an open question [7, 62]. The groups vP, and vP, were
also independently studied in [I1, 91] as groups arising from the Yang-Baxter equations.
Classifying spaces for these groups can be constructed by taking quotients of permutahedra

by suitable actions of the symmetric groups.

The three types of braid crossings mentioned above are depicted in Figure 1.3.

11



classical welded virtual

Sle

Figure 1.3: Braid crossings.

Pure braid groups on surfaces

Another important class of braid-like groups are the pure braid groups on compact Riemann
surfaces ¥, of genus g, denoted by F,,. Much work has been done for this class of groups,
see [10, 13, 23, 65], but still there are several unsolved problems. In our future work, we will
compute the resonance varieties of P, ,, the resonance varieties of the CDGA model of P, ,,
and the Chen ranks of P,, and explore their relationship.

The groups mentioned so far fit into the diagram from Figure 1.4. A related diagram can

be found in [4].

A, —— Aut(F,) GL,(Z)

I " r
) \

wPJ/uP;< T an< UT 575
NRANERN
e f N

Figure 1.4: Braid-like groups and automorphism groups of free groups.

This work was motivated in good part by the papers [11, 23] of Etingof et al. on the
triangular and quasi-triangular groups, also known as the (upper) pure virtual braid groups.

In §7, we apply the techniques developed here to study the formality properties of such
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groups. Related results for the pure welded braid groups and other braid-like groups will be

given in §7, §8 and §9.4.

1.2 Summary of main results

1.2.1 Graded formality and filtered formality

We find it useful to separate the 1-formality property of a group G into two complementary
properties: graded formality and filtered formality. More precisely, we say that G is graded-
formal (over Q) if the associated graded Lie algebra gr(G;Q) is isomorphic, as a graded
Lie algebra, to the holonomy Lie algebra h(G; Q). Likewise, we say that G is filtered-formal
(over Q) if the Malcev Lie algebra m = m(G; Q) is isomorphic, as a filtered Lie algebra,
to the completion of its associated graded Lie algebra, gr(m), where both m and gr(m) are
endowed with the respective inverse limit filtrations. As we show in Proposition 3.3.4, the
group G is 1-formal if and only if it is both graded-formal and filtered-formal.

All four possible combinations of these formality properties occur:

1. Examples of 1-formal groups include finitely generated free groups and free abelian
groups (more generally, right-angled Artin groups), groups with first Betti number
equal to 0 or 1, fundamental groups of compact Kéahler manifolds, and fundamental

groups of complements of complex algebraic hypersurfaces.

2. There are many torsion-free, nilpotent groups (Example 3.3.6, or, more generally, 9.1.7)
as well as link groups (Examples 9.2.15 and 9.2.16) which are filtered-formal, but not

graded-formal.

3. There are also finitely presented groups, such as those from Examples 3.3.7, 9.2.6, and

9.2.17 which are graded-formal but not filtered-formal.
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4. Finally, there are groups which enjoy none of these formality properties. Indeed, if
G is one of the groups from (2) and G, is one of the groups from (3), then Theorem
1.2.3 below shows that the product G; X G5 and the free product G * G5 are neither

graded-formal, nor filtered-formal.

For a finite-dimensional, nilpotent Lie algebra m over the field Q, the filtered-formality of
such a Lie algebra coincides with the notions of ‘Carnot’, ‘naturally graded’, ‘homogeneous’
and ‘quasi-cyclic” which appear in [37, 77, 92].

Recently, D. Bar-Natan has explored the Taylor expansion of any ring R, see [5]. In
the case R = QG, the existence of a Taylor expansion of R is equivalent to saying that G
is filtered-formal. The existence of a quadratic Taylor expansion of R is equivalent to the

1-formality of G.

1.2.2 Minimal model and formality

We start by reviewing in §2.1-§2.2 some basic notions pertaining to filtered and graded Lie
algebras, as well as the notions of quadratic and Koszul algebras, while in §2.3, we analyze in
detail the relationship between the 1-minimal model M(A, 1) and the dual Lie algebra £(A)
of a differential graded Q-algebra (A,d). The reason for doing this is a result of Sullivan
[148], which gives a functorial isomorphism of pronilpotent Lie algebras, £(A4) = m(G;Q),
provided M(A, 1) is a 1-minimal model for a finitely generated group G.

Of particular interest is the case when A is a connected, graded commutative algebra
with dim(A') < oo, endowed with the differential d = 0. In Theorem 2.3.10, we show that
£(A) is isomorphic (as a complete, filtered Lie algebra) to the degree completion of the
holonomy Lie algebra of A. In the case when AS? = H=2?(G; Q) for some finitely generated
group G, this result recovers the aforementioned characterization of the 1-formality property
of G. Both filtered-formality and graded-formality can be interpreted using the language of

minimal models. More precisely, in §3.2.3, we show the following theorem.
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Theorem 1.2.1. A finitely generated group G is filtered-formal over Q if and only if the
canonical 1-minimal model M(G;Q) 1is filtered-isomorphic to a 1-minimal model M with

positive Hirsch weights.

The above theorem was suggested to us by R. Porter. He also noted that G is graded-
formal if and only if the 1-minimal model of G is isomorphic to the 1-minimal model of
H*(G;Q) as bigraded algebras. From this point of view, the work of Morgan [!13] implies

that the fundamental groups of complex smooth algebraic varieties are filtered-formal.

1.2.3 Propagation of formality

We investigate the way in which the various formality notions for groups behave with respect
to split injections, coproducts, and direct products. Our first result in this direction is a

combination of Theorem 3.1.17 and 3.3.10, and can be stated as follows.

Theorem 1.2.2. Let G be a finitely generated group, and let K < G be a subgroup. Suppose

there is a split monomorphism v: K — G. Then:
1. If G is graded-formal, then K 1is also graded-formal.
2. If G 1s filtered-formal, then K is also filtered-formal.
3. If G is 1-formal, then K is also 1-formal.

In particular, if a semi-direct product G; x G5 has one of the above formality properties,

then GG also has that property; in general, though, G; will not, as illustrated in Example

3.1.19.
As shown by Dimca et al. [12], both the product and the coproduct of two 1-formal
groups is again 1-formal. Also, as shown by Plantiko [127], the product and coproduct

of two graded-formal groups is again graded-formal. We sharpen these results in the next

theorem, which is a combination of Propositions 3.1.21 and 3.3.12.
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Theorem 1.2.3. Let G; and Gy be two finitely generated groups. The following conditions

are equivalent.
1. Gy and Gy are graded-formal (respectively, filtered-formal, or 1-formal).
2. Gy x Gy is graded-formal (respectively, filtered-formal, or 1-formal).
3. G x Gy is graded-formal (respectively, filtered-formal, or 1-formal).

Both Theorem 1.2.2 and 1.2.3 can be used to decide the formality properties of new
groups from those of known groups. In general, though, even when both G; and G, are
1-formal, we cannot conclude that an arbitrary semi-direct product G; x G is 1-formal (see
Example 9.2.17).

The various formality properties are not necessarily inherited by quotient groups. How-
ever, as we shall see in Theorem 1.2.5 and Theorem 3.3.8, respectively, filtered formality is

passed on to the derived quotients and to the nilpotent quotients of a group.

1.2.4 Presentations

In §4.1 to §4.3 we analyze the presentations of the various Lie algebras attached to a finitely
presented group GG. Some of the motivation and techniques come from the work of Labute
[83, 81] and Anick [2], who gave presentations for the associated graded Lie algebra gr(G;Q),
provided G has a ‘mild’ presentation.

Our main interest, though, is in finding presentations for the holonomy Lie algebra
h(G; Q) and its solvable quotients. In the special case when G is a commutator-relators group,
such presentations were given in [117]. To generalize these results to arbitrary finitely pre-
sented groups, we first compute the cup product map U: H'(G; Q) A HY(G; Q) — H?*(G;Q),
using Fox Calculus and Magnus expansion techniques modelled on the approach of Fenn and
Sjerve from [55]. The next result is a summary of Proposition 4.1.9 and Theorems 4.2.6,

4.3.1, and 4.3.5.

16



Theorem 1.2.4. Let G be a group with finite presentation (xq,..., 2y | 1,...,Tm), and let

b = dim H,(G; Q).

1. There exists a group G with echelon presentation (xy,...,%, | wy,..., wy) such that

h(G;Q) = h(G; Q).

2. The holonomy Lie algebra h(G; Q) is the quotient of the free Q-Lie algebra with gener-
ators y = {y1,...,yp} in degree 1 by the ideal I generated by ko(wWp—_pi1), ..., Ka(Wm),

where Ky 1s determined by the Magnus expansion for G.
3. The solvable quotient h(G;Q)/H(G; Q) is isomorphic to lie(y)/(I + lie) (y)).

Here we say that GG has an ‘echelon presentation’ if the augmented Jacobian matrix of Fox
derivatives of this presentation is in row-echelon form. Theorem 1.2.4 yields an algorithm for
finding a presentation for the holonomy Lie algebra of a finitely presented group, and thus,

a presentation for the associated graded Lie algebra of a finitely presented, graded-formal

group.

1.2.5 Chen Lie algebras and Alexander invariants

In §6.1, we investigate some of the relationships between the lower central series and the
derived series of a finitely generated group, on one hand, and the derived series of the
corresponding Lie algebras, on the other hand.

In [27], Chen studied the lower central series quotients of the maximal metabelian quotient
of a finitely generated free group, and computed their graded ranks. More generally, following
Papadima and Suciu [117], we may define the i-th Chen Lie algebras of a group G as the
associated graded Lie algebras of its solvable quotients, gr(G/G®; Q). Our next theorem
(which combines Theorem 6.1.5 and Corollary 6.1.7) sharpens and extends the main result

of [117].
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Theorem 1.2.5. Let G be a finitely generated group. For each i > 2, the quotient map

G — G/GY induces a natural epimorphism of graded Q-Lie algebras,
v (G Q)/ gr(G; Q)Y —=gr(G/GY; Q).
Moreover,

1. If G is a filtered-formal group, then each solvable quotient G /G is also filtered-formal,

and the map \Ifg) 1S an isomorphism.

2. If G is a 1-formal group, then h(G;Q)/h(G;Q)? = gr(G/GY; Q).

Given a finitely presented group G, the solvable quotients G'/G® need not be finitely
presented. Thus, finding presentations for the Chen Lie algebra gr(G/G™) can be an arduous
task. Nevertheless, Theorem 1.2.5 provides a method for finding such presentations, under
suitable formality assumptions. The theorem can also be used as an obstruction to 1-
formality:.

Our next main result (a combination of Propositions 5.2.2, 6.2.2, and 6.2.3), relates the

various Alexander-type invariants associated to a group, as follows.

Theorem 1.2.6. Let G be a finitely generated group with abelianization H, and set S =

Sym(H ® C). There exists then surjective morphisms of graded S-modules,
¥
B(h(G)) —= B(gr(G)) —=gr(B(G)) . (1.5)

Moreover, if G is graded-formal, then 1 is an isomorphism, and if G is filtered-formal, then

Y 1S an isomorphism.

This result yields the following inequalities between the various types of Chen ranks

associated to a finitely generated group G-

Ox(b(G)) = Ok(gr(G)) = 04(G), (1.6)

with the first inequality holding as equality if G is graded-formal, and the second inequality

holding as equality if G is filtered-formal.
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1.2.6 Resonance varieties and Chen ranks

Recall from §1.1.3 that the resonance varieties of a group G with finite-type cohomology
algebra, R(G), are defined as the loci where the cohomology of those cochain complexes
jumps by (1.1), where A = H*(G;C) and the differential d is zero. We study in §5.1.4 the
behavior of resonance under products and coproducts, obtaining formulas which generalize
those from [122], see Propositions 5.1.3 and 5.1.4.

The Chen ranks formula (1.4) reveals a close relationship between the first resonance
variety and the Chen ranks of G. Recall that Cohen and Schenck [31] showed that, for a
finitely presented, commutator-relators 1-formal group G, the Chen ranks formula holds,
provided the components of R;(G) are zero-isotropic, projectively disjoint, and reduced as
schemes. With the help of Theorem 1.2.4, in Proposition 6.3.2, we show that the theorem
of Cohen and Schenck is still true without the “commutator-relators” assumption.

In §6.3, we analyze the Chen ranks formula in a wider setting, with a view towards
comparing the Chen ranks and the resonance varieties of the pure virtual braid groups.
We start by noting that formula (1.4) may hold even for non-1-formal groups, such as the
fundamental groups of complements of suitably chosen arrangements of planes in R*.

Next, we look at the way the Chen ranks formula behaves well with respect to products

and coproducts of groups. The conclusion may be summarized as follows.

Proposition 1.2.1. If both G; and G5 satisfy the Chen ranks formula (1.4), then G1 x Gy

also satisfies the Chen ranks formula, but Gy * Go may not.

1.2.7 The pure virtual braids

Bardakov gave in [7] a presentation for the pure virtual braid group vP,, much simpler
than the usual presentation of the pure braid group P,. As shown in [l1], there exits a
monomorphism from P, to vP,. Moreover, there are split injections vF,, — vP, 1, vPf —

vPYf | and vPS — vP,.
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The pure braid group P, has center Z, so there is a decomposition P, = P,, x Z. Using
a decomposition of vP; given by Bardakov, Mikhailov, Vershinin, and Wu in [10], we show
that vP; = P, x Z. In this context, it is worth noting that the center of vP, is trivial for
n > 2, and the center of v P’ is trivial for n > 3, with one possible exception; see Dies and
Nicas [10].

Labute [21] and Anick [2] defined the notion of a ‘mild’ presentation for a group. If
G admits such a presentation, then a presentation for the (complex) associated graded Lie
algebra gr(G) can be obtained from the classical Magnus expansion. In general, though,
finding a presentation for this Lie algebra is an onerous task. In §9.2.3, we prove the following

result.

Proposition 1.2.2. The pure braid groups P, and the pure virtual braid groups vP, and

vPF admit mild presentations if and only n < 3.

Nevertheless, for each n, explicit presentations for the associated graded Lie algebra of P,
(as well as vP, and vP;") were given in [30, 18] (respectively in [1 1, 91]). All these associated
graded Lie algebras are isomorphic to the holonomy Lie algebras of the corresponding groups,
ie., gr(P,) = h(P,), gr(vP,) = h(vP,) and gr(vP;) = h(vP;). Furthermore, the universal
enveloping algebras of these graded Lie algebras are Koszul algebras.

Using Koszul duality and some combinatorial manipulations, we find that the LCS ranks
of the groups G,, = P,, vP,, or vP;} are given by

R S C) | D SRS | £

d|k m1+2ma+-+nmp=d j=1 (m;)!
where m; are non-negative integers, s,, = ZEZ/IQ} Mo, m =y - m; —1, and p is the M&bius
function, while b, ; are the (unsigned) Stirling numbers of the first kind (for G,, = P,), the
Lah numbers (for G,, = vP,), or the Stirling numbers of the second kind (for G,, = vP;).
The work of Bartholdi et al. [11] and Lee [91] mentioned above shows that the pure

virtual braid group vP, and its subgroup vP; are graded-formal, for all n. Furthermore,
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Bartholdi, Enriquez, Etingof, and Rains state that the groups vP, and v P, are not 1-formal
for n > 4, and sketch a proof of this claim. One of the aims of this thesis (indeed, the

original motivation for this work) is to provide a detailed proof of this fact.

Theorem 1.2.7. The groups vP, and vP} are both 1-formal if n < 3, and they are both

non-1-formal (and thus, not filtered formal) if n > 4.

From Propositions 3.1.21 and 3.3.12, the 1-formality property of groups is preserved
under split injections and (co)products. Consequently, the fact that we have split injections
between the various pure virtual braid groups allows us to reduce the proof of Theorem
1.2.7 to verifying the 1-formality of vP3 and the non-1-formality of vP;". To prove the first
statement, we use the free product decomposition vP; = Z % P,. For the second statement,
we compute the resonance variety R1(vP;"), and use the geometry of this variety, together

with the Tangent Cone Theorem from [12] to reach the desired conclusion.

1.2.8 The pure welded braids

Recall from §1.1.7 that wP, are the pure welded braid groups (McCool groups), with the
subgroups wP; upper pure welded braid groups (upper McCool groups).
In [38], D. Cohen showed that

U Cij U U Ciji (1.8)

1<i<j<n 1<i<j<k<n

where C;; and Cjj; are certain linear subspaces of of H'(wP,;C) of dimension 2 and 3,
respectively.
In this thesis, we pursue this line of inquiry by analyzing the resonance varieties and the

Chen Lie algebras of the upper McCool groups.

Theorem 1.2.8 (Theorem 8.4.2). The resonance varieties of the upper McCool groups are
given by

RiwP) = |J Ly

2<j<i<n
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where L; ; is the j-dimensional linear subspace of H'(wP,;C) = c() defined by the equa-

tions )

rig+xj;, =0 for1<IlI<j—1,
iy =0 forj+1<1<i—-1,

st =0 fors#1i,s#j,and1 <t <s.

\

Comparing the resonance varieties of wP, with those of wP;, we obtain the following

corollary.

Corollary 1.2.3 (Corollary 7.1.2). There is no epimorphism from wP;} to wP, for n > 4.

In particular, the inclusion : wP; — wP, admits no splitting for n > 4.

In [31], Cohen and Schenck showed the full McCool groups satisfy the Chen ranks formula

(1.4), from which they deduce that

Ou(wP,) = (k — 1) (Z) + (k- 1) <Z> (1.9)

Rather surprisingly, it turns out that the resonance varieties R1(wP;") no longer obey the
hypothesis of [31], and, in fact, the Chen ranks of wP; no longer obey formula (1.4). Nev-
ertheless, using a different approach, based on a refinement of the Grobner basis algorithm

from [31], we find a closed formula for those Chen ranks.

Theorem 1.2.9 (Theorem 8.5.5). The Chen ranks of the upper McCool groups, 0 =

O(wP;), are given by 6, = (3), 0, = (5), 05 = 2("1), and

k ,
n+k—2 n+i—2 n+1
9;:—( k1 )+9k—1—§( i1 >+< 4 )
for k > 4.

Both P, and wP; are iterated semidirect products of the form F,,_; x -+ x Fy x Fj. A
question from [29] asks whether or not the groups P, and wP; are isomorphic. We already
know that for n < 3 the answer is yes. As a quick application of this result, we obtain the

following corollary, which answers this question for all n.
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Corollary 1.2.4 (Corollary 8.5.6). For each n > 4, the pure braid group P,, the upper

McCool group wP;, and the direct product 11, := H?;ll F; are all non-isomorphic, although

n’

they all do have the same LCS ranks and the same Betti numbers.

The fact that P, % II,, for n > 4 was already established in [31], also using the Chen

ranks. The novelty here is the distinction between wP;" and the other two groups.

1.2.9 Hilbert series

An important aspect in the study of the graded Lie algebras attached to a finitely generated
group G is the computation of the Hilbert series of these objects. If g is such a graded Lie
algebra, and U(g) is its universal enveloping algebra, the Poincaré-Birkhoff-Witt theorem
expresses the graded ranks of g in terms of the Hilbert series of U(g).

In favorable situations, which oftentimes involve the formality notions discussed above,
this approach permits us to determine the LCS ranks ¢;(G) = dimgr;(G; Q) or the Chen
ranks 6;(G) = dimgr;(G/G";Q), as well as the holonomy versions of these ranks, ¢;(G) =
dim b;(G; Q) and 6;(G) = dim b;(G; Q)/b”(G; Q). In this context, the isomorphisms provided
by Theorem 1.2.5, as well as the presentations provided by Theorem 1.2.4 prove to be valuable
tools.

Using these techniques, we compute in §9.2 the ranks ¢;(G) and 6;(G) for one-relator
groups G, while in §9.3 we compute the whole set of ranks for the fundamental groups of

closed, orientable Seifert manifolds.

1.2.10 Nilpotent groups

Our techniques apply especially well to the class of finitely generated, torsion-free nilpotent

groups. Carlson and Toledo [21] studied the 1-formality properties of such groups, while
Plantiko [127] gave a sufficient conditions for such groups to be non-graded-formal. For
nilpotent Lie algebras, the notion of filtered-formality has been studied by Leger [92], Cor-
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nulier [37], Kasuya [77], and others. In particular, Cornulier [37] proves that the systolic
growth of a finitely generated nilpotent group G is asymptotically equivalent to its growth
if and only if the Malcev Lie algebra m(G; Q) is filtered-formal (or, ‘Carnot’), while Kasuya
[77] shows that the variety of flat connections on a filtered-formal (or, ‘naturally graded’),
n-step nilpotent Lie algebra g has a singularity at the origin cut out by polynomials of degree
at most n + 1.

We investigate in §9.1 the filtered formality of nilpotent groups, and the way this property
interacts with other properties of these groups. The next result combines Theorem 9.1.3 and

Proposition 9.1.8.
Theorem 1.2.10. Let G be a finitely generated, torsion-free nilpotent group.

1. Suppose G is a 2-step nilpotent group with torsion-free abelianization. Then G 1is

filtered-formal.

2. Suppose G is filtered-formal. Then the universal enveloping algebra U(gr(G;Q)) is

Koszul if and only if G is abelian.

As mentioned previously, nilpotent quotients of finitely generated filtered-formal groups
are filtered-formal. In particular, each n-step, free nilpotent group F/I',,F is filtered-formal.
A classical example is the unipotent group U, (Z), which is known to be filtered-formal by

Lambe and Priddy [¢8], but not graded-formal for n > 3.

1.2.11 Further applications

We illustrate our approach with several other classes of finitely presented groups. We first
look at 1-relator groups, whose associated graded Lie algebras were first determined by
Labute in [33]. We give in §9.2.1- §9.2.4 presentations for the holonomy Lie algebra and the
Chen Lie algebras of a 1-relator group, compute the respective Hilbert series, and discuss

the formality properties of these groups.
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It has been known since the pioneering work of W. Massey [107] that fundamental groups
of link complements are not always 1-formal. In fact, as shown by Hain in [6], such groups
need not be graded-formal. However, as shown by Anick [2], Berceanu—Papadima [I1], and
Papadima—Suciu [1 17], if the linking graph is connected, then the link group is graded-formal.
Building on work of Dimca et al. [12], we give in §9.2.5 an example of a link group which is
graded-formal, yet not filtered-formal.

We end in §9.3 with a detailed study of fundamental groups of (orientable) Seifert fibered
manifolds from a rational homotopy viewpoint. Let M be such a manifold. Using Theorem
1.2.4, we find an explicit presentation for the holonomy Lie algebra of 7 (M). On the
other hand, using the minimal model of M (as described by Putinar in [130]), we find a
presentation for the Malcev Lie algebra m(m (M ); Q), and we use this information to derive
a presentation for gr(m (M); Q). As an application, we show that Seifert manifold groups
are filtered-formal, and determine precisely which ones are graded-formal.

In future work, we will investigate the many and varied connections between the char-
acteristic and resonance varieties of spaces and CDGA models, and we will explore the rela-
tionship between the ranks of the Chen Lie algebras and the dimensions of the resonance
varieties of the CDGA models of groups. We briefly state these projects in the context of
pure braid groups on Riemann surfaces §9.4 and picture groups from quiver representations
§9.5, etc.

We use Macaulay 2, GAP and Mathematica to carry out computations in this thesis.
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Chapter 2

Finitely generated Lie algebras and

formality properties

In this chapter, we first review some definitions and properties relating graded Lie algebras
and filtered Lie algebras, and prove some lemmas which will be useful for the rest of this
thesis. In particular, we investigate the formality properties of a complete filtered Lie algebra.
We then study several relationships between these Lie algebras and associative algebras,
focusing on the notion of quadraticity and Koszul properties. At last, we study the minimal
model and the (partial) formality properties of a differential graded algebra, which are very
important notions in rational homotopy theory. In this thesis, we focus on developing the
theory of the non-simply-connected rational homotopy theory. This chapter is based on the

work in my paper [113] with Alex Suciu.

2.1 Filtered and graded Lie algebras

In this section we study the interactions between filtered Lie algebras, their completions, and

their associated graded Lie algebras, mainly as they relate to the notion of filtered formality.
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2.1.1 Graded Lie algebras

We start by reviewing some standard material on Lie algebras, following the exposition from
the works of Ekedahl and Merkulov [17], Polishchuk and Positselski [128], Quillen [131], and
Serre [1306].

Fix a ground field Q of characteristic 0. Let g be a Lie algebra over Q, i.e., a Q-vector
space g endowed with a bilinear operation [, |: g x g — g satisfying the Lie identities. We
say that g is a graded Lie algebra if g decomposes as g = @221 g; and the Lie bracket sends
g; X g; to gi4j, for all 7 and j. A morphism of graded Lie algebras is a Q-linear map ¢: g — b
which preserves the Lie brackets and the degrees.

The most basic example of a graded Lie algebra is constructed as follows. Let V a
Q-vector space. The tensor algebra T'(V') has a natural Hopf algebra structure, with comul-
tiplication A and counit € the algebra maps given by A(v) =v®1+1®v and £(v) = 0, for

v € V. The free Lie algebra on V is the set of primitive elements, i.e.,
ie(V)={zeT(V)|A(zx) =21+ 1@z}, (2.1)

with Lie bracket [z,y] = * ® y — y ® z and grading induced from T'(V').

Now suppose all elements of V are assigned degree 1 in T(V). Then the inclusion
v: lie(V) — T(V) identifies liey(V) with T1(V) = V. Furthermore, ¢ maps liea(V) to
T2(V) = V. ® V by sending [v,w] to v ® w — w ® v for each v,w € V; we thus may
identify lieo(V) = V AV by sending [v, w] to v A w.

A Lie algebra g is said to be finitely generated if there is an epimorphism ¢: lie(Q") — g
for some n > 1. If, moreover, the Lie ideal v = ker ¢ is finitely generated as a Lie algebra,
then g is called finitely presented.

If g is finitely generated and all the generators x, ..., x, € lie(Q™) can be chosen to have
degree 1, then we say g is generated in degree 1. If, moreover, the Lie ideal t is homogeneous,
then g is a graded Lie algebra. In particular, if v is generated in degree 2, then we say the

graded Lie algebra g is a quadratic Lie algebra.
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2.1.2 Filtrations

We will be very much interested in this work in Lie algebras endowed with a filtration,
usually but not always enjoying an extra ‘multiplicative’ property. At the most basic level,
a filtration F on a Lie algebra g is a nested sequence of Lie ideals, g = Fig D Fog D - -.

A well-known such filtration is the derived series, Fig = gV, defined by g = g
and g = [t~V g(=Y] for i > 1. The derived series is preserved by Lie algebra maps.
The quotient Lie algebras g/g® are solvable; moreover, if g is a graded Lie algebra, all
these solvable quotients inherit a graded Lie algebra structure. The next lemma (which
will be used in §4.3.2) follows straight from the definitions, using the standard isomorphism

theorems.

Lemma 2.1.1. Let g = lie(V) /v be a finitely generated Lie algebra. Then g/g® = lie(V)/(t+
lie(V)D). Furthermore, if v is a homogencous ideal, then this is an isomorphism of graded

Lie algebras.

The existence of a filtration F on a Lie algebra g makes g into a topological vector space,
by defining a basis of open neighborhoods of an element =z € g to be {x + Frg}ren. The
fact that each basis neighborhood Fig is a Lie subalgebra implies that the Lie bracket map
[,]: g x g — g is continuous; thus, g is, in fact, a topological Lie algebra. We say that g
is complete (respectively, separated) if the underlying topological vector space enjoys those
properties.

Given an ideal a C g, there is an induced filtration on it, given by Fra = FrgNa. Likewise,
the quotient Lie algebra, g/a, has a naturally induced filtration with terms Fig/Fra. Let a
be the closure of a in the filtration topology. Then a is a closed ideal of g. Moreover, by the

continuity of the Lie bracket, we have that
[a,t] = [a,t]. (2.2)

Finally, if g is complete (or separated), then g/a is also complete (or separated).
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2.1.3 Completions

For each j > k, there is a canonical projection g/F;g — g/F,g, compatible with the projec-
tions from g to its quotient Lie algebras g/Frg. The completion of the Lie algebra g with

respect to the filtration F is defined as the limit of this inverse system, i.e.,

9= T&ng/]—"kg = {(gl,gg, ) E Hg/]—"ig ‘ gj = g mod Fyg for all j > k} (2.3)
k i=1

Using the fact that Fy(g) is an ideal of g, It is readily seen that g is a Lie algebra, with
Lie bracket defined componentwise. Furthermore, g has a natural inverse limit filtration, F ,
given by

Fr = Frg = lim Fr.g/Fig = {(91,92,...) €9 ] g: =0 for all i < k}. (2.4)
i>k

Note that Fyg = Frg, and so each term of the filtration F is a closed Lie ideal of .
Furthermore, the Lie algebra g, endowed with this filtration, is both complete and separated.

Let a: g — g be the canonical map to the completion. Then « is a morphism of Lie
algebras, preserving the respective filtrations. Clearly, ker(a) = (1,5, Fxg. Hence, a is
injective if and only if g is separated. Furthermore, « is bijective if and only if g is complete

and separated.

2.1.4 Filtered Lie algebras

A filtered Lie algebra (over the field Q) is a Lie algebra g endowed with a Q-vector filtration

{Fro}tr>1 satistying the ‘multiplicativity’ condition
[‘FT97F89] g ]:T—i-sg (25)

for all r,s > 1. Obviously, this condition implies that each subspace Fg is a Lie ideal, and
so, in particular, F is a Lie algebra filtration. Let
g (9) == P Frg/Frnro. (2.6)
k>1
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be the associated graded vector space to the filtration F on g. Condition (2.5) implies that
the Lie bracket map on g descends to a map [, |: gr’(g) x gr”(g) — gr’ (g), which makes
gr” (g) into a graded Lie algebra, with graded pieces given by decomposition (2.6).

A morphism of filtered Lie algebras is a linear map ¢: g — h preserving Lie brackets and
the given filtrations, F and G. Such a morphism induces a morphism of associated graded
Lie algebras, gr(¢): gr’(g) — gr9(h).

If g is a filtered Lie algebra, then its completion, g, is again a filtered Lie algebra. Indeed,
if F is the given multiplicative filtration on g, and F is the completed filtration on g, then

F also satisfies property (2.5). Moreover, the canonical map to the completion, a: g — @,

is a morphism of filtered Lie algebras. It is readily seen that o induces isomorphisms

9/Fr8 —0/Fi8 , (2.7)
for each k > 1, see e.g. [17] From the 5-lemma, we obtain an isomorphism of graded Lie
algebras,

gr(a): gr”(g) —er’(a) - (2.8)

Lemma 2.1.2. Let ¢: g — b be a morphism of complete, separated, filtered Lie algebras,

and suppose gr(¢): gr’ (g) — gr9(h) is an isomorphism. Then ¢ is also an isomorphism.

Proof. The map ¢ induces morphisms ¢y : g/Frg — h/Gih for all £ > 1. By assumption, the
homomorphisms gr;(¢): Fig/Fr-18 — Grb/Gr—1b are isomorphisms, for all £ > 1. An easy
induction on k£ shows that all maps ¢ are isomorphisms. Hence, the map 923: g— H is an

isomorphism. By assumption, though, g =g and § = H; hence ¢ = qZA>, and we are done. [J

Any Lie algebra g comes equipped with a lower central series (LCS) filtration, {I'x(g) }x>1,
defined by I'1(g) = g and I'x(g) = [['k—1(g), 9] for & > 2. Clearly, this is a multiplicative
filtration. Any other such filtration {F(g)}r<1 on g is coarser than this filtration; that is,
['vg C Frg, for all £ > 1. Any Lie algebra morphism ¢: g — b preserves LCS filtrations.

Furthermore, the quotient Lie algebras g/I'xg are nilpotent. For simplicity, we shall write
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gr(g) := grl'(g) for the associated graded Lie algebra and g for the completion of g with
respect to the LCS filtration I". Furthermore, we shall take fk = I', as the canonical
filtration on g.

Every graded Lie algebra, g = @121 g:, has a canonical decreasing filtration induced by
the grading, Frg = @izk g;- Moreover, if g is generated in degree 1, then this filtration
coincides with the LCS filtration I'y(g). In particular, the associated graded Lie algebra
with respect to F coincides with g. In this case, the completion of g with respect to the
lower central series (or, degree) filtration is called the degree completion of g, and is simply
denoted by g. It is readily seen that g = [];5, g;. Therefore, the morphism a: g — g is
injective, and induces an isomorphism g =2 grf (g). Moreover, if f is a graded Lie subalgebra

of g, then H = b and

er’ () = b. (2.9)

Lemma 2.1.3. If £ is a free Lie algebra generated in degree 1, and ¢ is a homogeneous ideal,

then the projection m: £ — £/t induces an isomorphism E/f = E/\t

Proof. Without loss of generality, we may assume v C [£, £]. The projection 7: £ — £/t
extends to an epimorphism between the degree completions, 7: g - E/\t This morphism
takes the ideal generated by t to 0; thus, by continuity, induces an epimorphism of complete,
filtered Lie algebras, E/E —» E/\t Taking the associated graded, we get an epimorphism
gr(7): gr(£/¥) — gr(g/\t) = £/t. This epimorphism admits a splitting, induced by the
maps [,£ +tv — fnﬁ + t; thus, gr(7) is an isomorphism. The conclusion follows from

Lemma 2.1.5. O

2.1.5 Filtered formality

We now consider in more detail the relationship between a filtered Lie algebra g and the
completion of its associated graded Lie algebra, gr(g), with the inverse limit filtration. The

following definition will play a key role in the sequel.
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Definition 2.1.4. A complete, filtered Lie algebra g is called filtered-formal if there is a

~

filtered Lie algebra isomorphism g = gr(g) which induces the identity on associated graded

Lie algebras.

This notion appears in the work of Bezrukavnikov [16] and Hain [65], as well as in the
work of Calaque—Enriquez—Etingof [23] under the name of ‘formality’, and in the work of
Lee [91], under the name of ‘weak-formality’. The reasons for our choice of terminology will

become more apparent in §3.2.

It is easy to construct examples of Lie algebras enjoying this property. For instance,
suppose m = g is the completion of a finitely generated, graded Lie algebra g = @i21 i
then m is filtered-formal. Moreover, if g has homogeneous presentation g = lie(V') /¢, with
V in degree 1, then, by Lemma 2.1.3, the complete, filtered Lie algebra m = HiZI g; has

presentation m = lie(V)/%.

Lemma 2.1.5. Let g be a complete, filtered Lie algebra, and let by be a graded Lie algebra.

If there is a Lie algebra isomorphism g = /h\ preserving filtrations, then g s filtered-formal.

Proof. By assumption, there exists a filtered Lie algebra isomorphism ¢: g — E The map
¢ induces a graded Lie algebra isomorphism, gr(¢): gr(g) — b. In turn, the map ¢ :=
(gr(¢))~! induces an isomorphism 72 : H — gr(g) of completed Lie algebras. Hence, the

composition 15 o¢: g — gr(g) is an isomorphism of filtered Lie algebras inducing the identity

on gr(g). O

Corollary 2.1.6. Suppose m is a filtered-formal Lie algebra. There exists then a graded Lie

algebra g such that m is isomorphic to g = Hi21 -

Let us also note for future use that filtered-formality is compatible with extension of

scalars.

Lemma 2.1.7. Suppose m s a filtered-formal Q-Lie algebra, and suppose Q C K is a field

extension. Then the K-Lie algebra m ®q K is also filtered-formal.
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Proof. Follows from the fact that completion commutes with tensor products. O]

2.1.6 Products and coproducts

The category of Lie algebras admits both products and coproducts. We conclude this section

by showing that filtered formality behaves well with respect to these operations.

Lemma 2.1.8. Let m and n be two filtered-formal Lie algebras. Then m X n is also filtered-

formal.

Proof. By assumption, there exist graded Lie algebras g and b such that m & g = Hi21 9
and n = f]\ = [[;>1 bi- We then have
mxng(ng)X(HUi)ZH(QiXUi):QXU (2.10)
i>1 i>1 i>1

Hence, m x n is filtered-formal. O

Now let % denote the usual coproduct (or, free product) of Lie algebras, and let % be the

coproduct in the category of complete, filtered Lie algebras. By definition,
min=msn :@(m*n)/m(m*n). (2.11)
k
We refer to Lazarev and Markl [90] for a detailed study of this notion.

Lemma 2.1.9. Let m and n be two filtered-formal Lie algebras. Then min is also filtered-

formal.

~

Proof. As before, write m = g and n = b, for some graded Lie algebras g and h. The
canonical inclusions, a: g < m and (: h — n, induce a monomorphism of filtered Lie
algebras, a/*\ﬁ: m — m *n. Using [90, (9.3)], we infer that the induced morphism between
associated graded Lie algebras, gr(oﬁ\ﬁ): gr(;k\b) — gr(m * 1), is an isomorphism. Lemma
2.1.2 now implies that om is an isomorphism of filtered Lie algebras, thereby verifying the

filtered-formality of m % n. O
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2.2 Graded algebras and Koszul duality

The notions of graded and filtered algebras are defined completely analogously for an (asso-
ciative) algebra A: the multiplication map is required to preserve the grading, respectively
the filtration on A. In this section we discuss several relationships between Lie algebras and

associative algebras, focussing on the notion of quadratic and Koszul algebras.

2.2.1 Universal enveloping algebras

Given a Lie algebra g over a field Q of characteristic 0, let U(g) be its universal enveloping
algebra. This is the filtered algebra obtained as the quotient of the tensor algebra T'(g) by
the (two-sided) ideal I generated by all elements of the form a®b—b®a—[a, b] with a,b € g.
By the Poincaré-Birkhoff-Witt theorem, the canonical map ¢: g — U(g) is an injection, and
the induced map, Sym(g) — gr(U(g)), is an isomorphism of graded (commutative) algebras.

Now suppose g is a finitely generated, graded Lie algebra. Then U(g) is isomorphic (as
a graded vector space) to a polynomial algebra in variables indexed by bases for the graded

pieces of g, with degrees set accordingly. Hence, its Hilbert series is given by

Hilb(U(g),t) = [ J(1 — /)~ 4™, (2.12)

i>1

For instance, if g = lie(V) is the free Lie algebra on a finite-dimensional vector space V'
with all generators in degree 1, then dim(g,;) = %Zdliu(d) -n¥/4 where n = dimV and
pw: N — {—1,0,1} is the Mdbius function.

Finally, suppose g = lie(V') /¢ is a finitely presented, graded Lie algebra, with generators
in degree 1 and relation ideal v generated by homogeneous elements g1, .. ., g,,. Then U(g) is
the quotient of 7'(V') by the two-sided ideal generated by ¢(g1), ..., t(gm), where ¢: lie(V) —

T(V) is the canonical inclusion. In particular, if g is a quadratic Lie algebra, then U(g) is a

quadratic algebra.
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2.2.2 Quadratic algebras

Now let A be a graded QQ-algebra. We will assume throughout that A is non-negatively
graded, i.e., A = @izo A;, and connected, i.e., Ag = Q. Every such algebra may be realized
as the quotient of a tensor algebra T'(V) by a homogeneous, two-sided ideal I. We will
further assume that dim V' < oc.

An algebra A as above is said to be quadratic if Ay =V and the ideal I is generated in
degree 2, i.e., I = (I5), where I, = I N (V ® V). Given a quadratic algebra A = T'(V')/I,

identify V* @ V* = (V @ V)*, and define the quadratic dual of A to be the algebra
A =T (V) /I, (2.13)

where [+ C T(V*) is the ideal generated by the vector subspace I3 := {a € V* @ V* |
!

a(ly) = 0}. Clearly, A' is again a quadratic algebra, and (A')' = A.

For any graded algebra A = T(V)/I, we can define a quadrature closure A = T(V)/(L).

Proposition 2.2.1. Let g be a finitely generated graded Lie algebra generated in degree 1.

There is then a unique, functorially defined quadratic Lie algebra, g, such that U(g) = U(g).

Proof. Suppose g has presentation lie(V')/t. Then U(g) has a presentation 7'(V')/(¢(t)). Set
g = lie(V)/(r9), where vy = v N lieg(V); then U(g) has presentation T'(V')/(¢(r2)). One can

see that t(vy) =(tr) NV R V. O

A commutative graded algebra (for short, a CGA) is a graded Q-algebra as above, which
in addition is graded-commutative, i.e., if a € A; and b € A;, then ab = (—1)“ba. If all
generators of A are in degree 1, then A can be written as A = A(V)/J, where A(V) is the
exterior algebra on the Q-vector space V' = Ay, and J is a homogeneous ideal in A (V) with
J1 = 0. If, furthermore, J is generated in degree 2, then A is a quadratic CGA. The next

lemma follows directly from the definitions.
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Lemma 2.2.2. Let W C V AV be a linear subspace, and let A = N(V)/(W) be the

corresponding quadratic cga. Then A' = T(V*)/(t(WV)), where
WY ={a e VAV* | a(W) =0} =W-n(V*AV?), (2.14)
and v: VANV — V*® V* is the inclusion map, given by t A\y—xrQy —y ® x.

For instance, if A = A\(V), then A' = Sym(V*). Likewise, if A = A(V)/(VAV) =QaV,
then A' = T(V*).

2.2.3 Holonomy Lie algebras

Let A be a commutative graded algebra. Recall we are assuming that Ay = Q and dim A; <
0o. Because of graded-commutativity, the multiplication map A; ® A; — A, factors through
a linear map p4: Ay A Ay — As. Dualizing this map, and identifying (A; A Ay)* = AT A A3,
we obtain a linear map,

Oa = (na)": Ay — AT N AL (2.15)
Finally, identify A} A A} with lieo(A}) via the map x Ay — [z,y].
Definition 2.2.3. The holonomy Lie algebra of A is the quotient

B(A) = lie(A)/(im ) (2.16)

of the free Lie algebra on A} by the ideal generated by the image of 04 under the above

identification. Alternatively, using the notation from (2.14), we have that

b(A) = lie(A)/(ker(pa)"). (2.17)

By construction, h(A) is a quadratic Lie algebra. Moreover, this construction is functorial:
if p: A — B is a morphism of CGAs as above, the induced map, lie(p?]): lie(By) — lie(A7),
factors through a morphism of graded Lie algebras, h(¢): h(B) — h(A). Moreover, if ¢ is

injective, then h(¢p) is surjective.
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Clearly, the holonomy Lie algebra h(A) depends only on the information encoded in the
multiplication map ja: Ay A A; — Ay. More precisely, let A be the quadratic closure of A
defined as

A= \A/iE), (2.18)

where K = ker(ua) C Ay A A;. Then A is a commutative, quadratic algebra, which comes
equipped with a canonical homomorphism ¢: A — A, which is an isomorphism in degree 1
and a monomorphism in degree 2. It is readily verified that the induced morphism between
holonomy Lie algebras, h(A) — h(A), is an isomorphism.

The following proposition is a slight generalization of a result of Papadima—Yuzvinsky

[126, Lemma 4.1].

Proposition 2.2.4. Let A be a commutative graded algebra. Then U(h(A)) is a quadratic
algebra, and U(h(A)) = A"

Proof. By the above, A = \(A;)/(K), where K = (ker(;14)). On the other hand, by (2.17)
we have that h(A) = lie(A})/(K"). Hence, by Lemma 2.2.2, U(h(A)) = T(V*)/{((K")) =
Al O

Combining Propositions 2.2.1 and 2.2.4, we can see the relations between the quadratic

closure of a Lie algebra and the holonomy Lie algebra.

Corollary 2.2.5. Let g be a finitely generated graded Lie algebra generated in degree 1. Then

H(Ue) ) = &

Work of Lofwall [97, Theorem 1.1] yields another interpretation of the universal envelop-

ing algebra of the holonomy Lie algebra.

Proposition 2.2.6 ([97]). Let Ext}(Q,Q) = Dixo Ext (Q,Q); be the linear strand in the
Yoneda algebra of A. Then U(h(A)) = Ext!(Q, Q).
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In particular, the graded ranks of the holonomy Lie algebra h = h(A) are given by
[T, (1 — tm)dimn) = 57 (byit?, where by; = dimg Ext}y (Q, Q);.
The next proposition shows that every quadratic Lie algebra can be realized as the

holonomy Lie algebra of a (quadratic) algebra.

Proposition 2.2.7. Let g be a quadratic Lie algebra. There is then a commutative quadratic

algebra A such that g = h(A).

Proof. By assumption, g has a presentation of the form lie(V)/(W), where W is a linear
subspace of V. AV. Define A = A(V*)/(WVY). Then, by (2.17),

h(A) = Lle((V")")/(W)Y) = le(V)/(W), (2.19)

and this completes the proof. O]

2.2.4 Koszul algebras

Any connected, graded algebra A = @,., 4; has a free, graded A-resolution of the trivial

>0
A-module Q,
oAb P2 A L) Q. (2.20)

Such a resolution is said to be minimal if all the nonzero entries of the matrices ¢; have
positive degrees.

A Koszul algebra is a graded algebra for which the minimal graded resolution of Q is
linear, or, equivalently, Ext4(Q, Q) = Ext!(Q, Q). Such an algebra is always quadratic, but
the converse is far from true. If A is a Koszul algebra, then the quadratic dual A' is also a

Koszul algebra, and the following ‘Koszul duality’” formula holds:
Hilb(A, t) - Hilb(A', —t) = 1. (2.21)
Furthermore, if A is a graded algebra of the form A = T'(V')/I, where I is an ideal

admitting a (noncommutative) quadratic Grébner basis, then A is a Koszul algebra (see [58]

by Froberg).
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Corollary 2.2.8. Let A be a connected, commutative graded algebra. If A is a Koszul

algebra, then Hilb(A, —t) - Hilb(U(h(A)),t) = 1.

Example 2.2.9. Consider the quadratic algebra A = A (u1, ug, ug, ug)/(urus—usuy). Clearly,
Hilb(A,t) = 1 + 4t + 5t2. If A were Koszul, then formula (2.21) would give Hilb(A' t) =

14 4t + 1142 + 2443 + 414 + 44¢° — 29t° + - - - | which is impossible.

Example 2.2.10. The quasitriangular Lie algebra qtr, defined in [11] is generated by z;;,
1 < i # j < n with relations [x;;, ] + [, Tj6] + [Tk, xjx] = 0 for distinct 4, j, k and
(%5, v = 0 for distinct 4, j, k,[. The Lie algebra tr, is the quotient Lie algebra of gtc, by
the ideal generated by z;; + xj; for distinct ¢ # j. In [11], Bartholdi et al. show that the
quadratic dual algebras U(qtt,,)' and U(tt,)" are Koszul, and compute their Hilbert series.
They also state that neither gtr,, nor tr, is filtered-formal for n > 4, and sketch a proof of

this fact. We will provide a detailed proof in Chapter 7.

2.3 Minimal models and (partial) formality

In this section, we discuss two basic notions in non-simply-connected rational homotopy
theory: the minimal model and the (partial) formality properties of a differential graded

algebra.

2.3.1 Minimal models of cdgas

We follow the approach of Sullivan [1158], Deligne et al. [39], and Morgan [113], as further
developed by Félix et al. [51, 52, 53], Griffiths and Morgan [63], Halperin and Stasheff [67],
Kohno [¢1], and Macinic [99]. We start with some basic algebraic notions.

Definition 2.3.1. A differential graded algebra (for short, a CDGA) over a field Q of char-

acteristic 0 is a graded Q-algebra A* = P, ., A" equipped with a differential d: A — A of
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degree 1 satisfying ab = (—1)™"ba and d(ab) = d(a) - b+ (—1)l?a - d(b) for any a € A™ and

b e A™. We denote the CDGA by (A*,d) or simply by A* if there is no confusion.

A morphism f: A* — B* between two CDGA’s is a degree zero algebra map which
commutes with the differentials. A Hirsch extension (of degree i) is a CDGA inclusion
a: (A%, dy) — (A* @ A\(V),d), where V' is a Q-vector space concentrated in degree ¢, while
A (V) is the free graded-commutative algebra generated by V', and d sends V into A", We
say this is a finite Hirsch extension if dim V' < oo.

We now come to a crucial definition in rational homotopy theory, due to Sullivan [118].

Definition 2.3.2. A cpca (A*,d) is called minimal if A° = Q, and the following two

conditions are satisfied:
1. A* = szo A7, where Ag = Q, and A; is a Hirsch extension of A; 4, for all j > 0.
2. The differential is decomposable, i.e., dA* C AT N AT, where A* =P, Al

The first condition implies that A* has an increasing, exhausting filtration by the sub-
CDGA’s A7; equivalently, A* is free as a graded-commutative algebra on generators of degree
> 1. (Note that we use the lower-index for the filtration, and the upper-index for the
grading.) The second condition is automatically satisfied if A is generated in degree 1.

Two cDGAs A* and B* are said to be quasi-isomorphic if there is a morphism f: A — B
inducing isomorphisms in cohomology. The two CDGAs are called weakly equivalent (written
A ~ B) if there is a sequence of quasi-isomorphisms (in either direction) connecting them.
Likewise, for an integer ¢ > 0, we say that a morphism f: A — B is an i-quasi-isomorphism
if f*: H/(A) — H’(B) is an isomorphism for each j < i and f**': H*"'(A) — H"(B) is
injective. Furthermore, we say that A and B are i-weakly equivalent (A ~; B) if there is a
zig-zag of i-quasi-isomorphisms connecting A to B.

The next two lemmas follow directly from the definitions.
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Lemma 2.3.3. Any ¢cDGA morphism ¢: (A,da) — (B,dp) extends to a CDGA morphism
of Hirsch extensions, ¢: (A,da) ® N\(z) — (B,dp) @ N(y), provided that d(y) = ¢(d(x)).

Moreover, if ¢ is a (quasi-) isomorphism, then so is ¢.

Lemma 2.3.4. Let a: A — B be the inclusion map of Hirsch extension of degree © + 1.

Then « is an i1-quasi-isomorphism.

Given a CDGA A, we say that another CDGA B is a minimal model for A if B is a minimal
CDGA and there exists a quasi-isomorphism f: B — A. Likewise, we say that a minimal
CDGA B is an i-minimal model for A if B is generated by elements of degree at most i, and
there exists an i-quasi-isomorphism f: B — A. A basic result in rational homotopy theory
is the following existence and uniqueness theorem, first proved for (full) minimal models by

Sullivan [118], and in full generality by Morgan in [ 13, Theorem 5.6].

Theorem 2.3.5 ([113, 148]). Each connected CDGA (A,d) has a minimal model M(A),
unique up to isomorphism. Likewise, for each i > 0, there is an i-minimal model M(A, 1),

unique up to isomorphism.

It follows from the proof of Theorem 2.3.5 that the minimal model M (A) is isomorphic
to a minimal model built from the ¢-minimal model M (A, ¢) by means of Hirsch extensions

in degrees i + 1 and higher. Thus, in view of Lemma 2.3.4, M(A) ~; M(A,1).

2.3.2 Minimal models and holonomy Lie algebras

Let M = (M*,d) be a minimal cDGA over Q, generated in degree 1. Following [113, 81],

let us consider the filtration
Q=MyC M CMyC---Cc M= M, (2.22)

where M is the subalgebra of M generated by # € M! such that doz = 0, and M;

is the subalgebra of M generated by € M! such that dz € M;_;, for i > 1. Each
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inclusion M; 1 C M, is a Hirsch extension of the form M; = M, ; & A(V;), where
V; == ker(H*(M,;_1) — H?*(M)). Taking the degree 1 part of the filtration (2.22), we
obtain the filtration

Q=MjcMiCcMzC---C M. (2.23)

Now assume each of the above Hirsch extensions is finite, i.e., dim(V;) < oo for all i.
Using the fact that d(V;) € M;_1, we see that each dual vector space £; = (M})* acquires

(2

the structure of a Q-Lie algebra by setting
([u*,v*],w) = (u* Av*, dw) (2.24)

for v,v,w € M}. Clearly, d(V;) = 0, and thus £; = (V;)* is an abelian Lie algebra. Using
the vector space decompositions M} = M}, @ V; and M? = M? |, & (ML, @ V;) & A*(V})
we easily see that the canonical projection £; — £, 1 (i.e., the dual of the inclusion map
M;_1 — M,;) has kernel V*, and this kernel is central inside £;. Therefore, we obtain a

tower of finite-dimensional nilpotent Q-Lie algebras,

0=—£ 25 - I . (2.25)

The inverse limit of this tower, £ = £(M), endowed with the inverse limit filtration,
is a complete, filtered Lie algebra with the property that £/ fiHQ = £, for each ¢ > 1.
Conversely, from a tower of the form (2.25), we can construct a sequence of finite Hirsch
extensions M; as in (2.22). It is readily seen that the cDGA M, with differential defined by
(2.24), coincides with the Chevalley—Eilenberg complex (A(£}),d) associated to the finite-

dimensional Lie algebra £; = £(M;), as in [70, Section VII]. In particular,
H*(M;) = H*(£;; Q). (2.26)

The direct limit of the above sequence of Hirsch extensions, M = J; M;, is a minimal
Q-CDGA generated in degree 1, which we denote by M(£). We obtain in this fashion an

adjoint correspondence that sends M to the pronilpotent Lie algebra £(M) and conversely,
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sends a pronilpotent Lie algebra £ to the minimal algebra M(£). Under this correspon-
dence, filtration-preserving CDGA morphisms M — A get sent to filtration-preserving Lie

morphisms £(N) — £(M), and vice-versa.

2.3.3 Positive weights

Following Body et al. [19], Morgan [113], and Sullivan [I18], we say that a cGA A* has
positive weights if each graded piece has a vector space decomposition A* = D.cz AP with
Al =0 for a < 0, such that xy € A58 for v € A and y € AP, Furthermore, we say
that a CDGA (A*, d) has positive weights if the underlying cGA A* has positive weights, and
the differential is homogeneous with respect to those weights, i.e., d(z) € A" for x € A%°.

Now let (M*, d) be a minimal CDGA generated in degree one, endowed with the canonical
filtration {M,};>0 constructed in (2.22), where each sub-CDGA M, given by a Hirsch exten-
sion of the form M; ; ® A(V;). The underlying cGA M* possesses a natural set of positive
weights, which we will refer to as the Hirsch weights: simply declare V; to have weight ¢, and
extend those weights to M* multiplicatively. We say that the cDGA (M*,d) has positive
Hirsch weights if the differential d is homogeneous with respect to those weights. If this is

the case, each sub-cDGA M; also has positive Hirsch weights.

Lemma 2.3.6. Let M = (M*,d) be a minimal CDGA generated in degree one, with dual

Lie algebra £. Then M has positive Hirsch weights if and only if £ = gr(£).

Proof. As usual, write M = [JM;, with M; = M,;_; ® A(V;). Since M is generated in
degree one, the differential is homogeneous with respect to the Hirsch weights if and only
if d(V5) C D;y;-, Vi AV}, for all s > 1. Passing now to the dual Lie algebra £ = £(M)
and using formula (2.24), we see that this condition is equivalent to having [V;*, V*] C V%,
for all 4,7 > 1. In turn, this is equivalent to saying that each Lie algebra £; is a graded
Lie algebra with gr,(£;) = V;*, for each k < ¢, which means that the filtered Lie algebra

£ = I&HZ £; coincides with the completion of its associated graded Lie algebra, gr(£). O
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Remark 2.3.7. The property that the differential of M be homogeneous with respect to
the Hirsch weights is stronger than saying that the Lie algebra £ = £(M) is filtered-formal.

The fact that this can happen is illustrated in Example 9.1.2.

Remark 2.3.8. If a minimal CDGA is generated in degree 1 and has positive weights, but
these weights do not coincide with the Hirsch weights, then the dual Lie algebra need not be
filtered-formal. This phenomenon is illustrated in Example 9.1.4: there is a finitely generated
nilpotent Lie algebra m for which the Chevalley-Eilenberg complex M(m) = A(m*) has
positive weights, but those weights are not the Hirsch weights; moreover, m is not filtered-

formal.

2.3.4 Dual Lie algebra and holonomy Lie algebra

Let (B*,d) be a cDGA, and let A = H*(B) be its cohomology algebra. Assume A is connected
and dim A' < oo, and let pu: A' A A' — A2 be the multiplication map. By the discussion
from §2.3.1, there is a 1-minimal model M (B, 1) for (B*, d), unique up to isomorphism.

A concrete way to build such a model can be found in [39, 63, ]. The first two steps
of this construction are easy to describe. Set V; = A! and define M(B,1); = A(V}), with
differential d = 0. Next, set Vo = ker(u) and define M(B, 1), = A(V1 @ V3), with d|y, equal
to the inclusion map V5 < A A AL

Let £(B) = £(M(B, 1)) be the Lie algebra corresponding to the 1-minimal model of B.
The next proposition, which generalizes a result of Kohno ([81, Lemma 4.9]), relates this Lie

algebra to the holonomy Lie algebra h(A) from Definition 2.2.3.

Proposition 2.3.9. Let ¢: L — £(B) be the morphism defined by extending the identity
map of Vi* to the free Lie algebra L = lie(V)"), and let J = ker(¢). There exists then an
isomorphism of graded Lie algebras, h(A) = L/(J N Ly), where h(A) is the holonomy Lie
algebra of A= H*(B).
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Proof. Let gr(¢): L — grf(Q(B)) be the associated graded morphism of ¢. Then the first
graded piece gri(¢): Vi — V/* is the identity, while the second graded piece gry(¢) can
be identified with the Lie bracket map V* A V;* — V;*, which is the dual of the differential
d: Vo — Vi AVi. From the construction of M(B, 1)s, there is an isomorphism ker d* = im p*.

Since J N Ly = ker(gry(¢)), we have that im p* = J N Ly, and the claim follows. O

2.3.5 The completion of the holonomy Lie algebra

Let A* be a commutative graded Q-algebra with A° = Q. Proceeding as above, by taking
B = A and d = 0 so that H*(B) = A, we can construct a 1-minimal model M = M(A,1)
for the algebra A in a ‘formal’ way, following the approach outlined by Carlson and Toledo
in [24]. (A construction of the full, bigraded minimal model of a CGA can be found in [67,
§3].)

As before, set My = (A(V1),d = 0) where V; = A!, and My = (A\(V1 & V3),d), where
Vap = ker(u: A' N A' — A?%) and d: Vo < V4 A Vi is the inclusion map. After that, define

inductively M; as M;_1® \(V;), where the vector space V; fits into the short exact sequence

while the differential d includes V; into Vi AV;_1 C M;_1. In particular, the subalgebras M;
constitute the canonical filtration (2.22) of M, and the differential d preserves the Hirsch
weights on M. For these reasons, we call M = M(A, 1) the canonical 1-minimal model of
A.

The next theorem relates the Lie algebra dual to the 1-minimal model of a CGA as above
to its holonomy Lie algebra. A similar result was obtained by Markl and Papadima in [105];

see also Morgan [1 13, Theorem 9.4] and Remark 3.3.3.

Theorem 2.3.10. Let A* be a connected CGA with dim A < co. Let £(A) := £(M(A,1))

be the Lie algebra corresponding to the 1-minimal model of A, and let h(A) be the holonomy
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Lie algebra of A. There exists then an isomorphism of complete, filtered Lie algebras between

£(A) and the degree completion H(A)

Proof. By Definition 2.2.3, the holonomy Lie algebra of A has presentation h(A) = L/,
where L = [ie(V}*) and v is the ideal generated by im(u*) C L. It follows that, for each
i > 1, the nilpotent quotient h;(A) := h(A)/T;11h(A) has presentation L/(v + I'; 1 L).

Consider now the dual Lie algebra £,(A) = £(M;). By construction, we have a vector
space decomposition, £;(A) = P,,; V" The fact that d(V;) C V1 AVs_; implies that the Lie
bracket maps V* AV}, onto V¥, for every 1 < s <. In turn, this implies that £;(A) is an
i-step nilpotent, graded Lie algebra generated in degree 1, with gr (£;,(A)) = V" for s <.

Let t; be the kernel of the canonical projection 7;: L — £;(A). By the Hopf formula, there
is an isomorphism of graded vector spaces between H(£;(A); Q) and v;/[L, v;], the space of
(minimal) generators for the homogeneous ideal v;. On the other hand, H*(M;) = H?*(£;; Q),
by (2.26). Taking the dual of the exact sequence (2.27), we find that Hy(L;(A); Q) =
im(p*) @ Vih . We conclude that the ideal v; is generated by im(p*) in degree 2 and a copy
of Vi1, in degree i + 1.

Since gry(r) = im(u*), we infer that P, er,(vi) = P, gr,(v). Since £;(A) is an i-
step nilpotent Lie algebra, @, gr,(v;) = I'iy1L. Therefore, I'; (1L 4+ v = v;. It follows
that the identity map of L induces an isomorphism £;(A) = h;(A), for each ¢ > 1. Hence,

L£(A) = H(A), as filtered Lie algebras. ]

Corollary 2.3.11. The graded ranks of the holonomy Lie algebra of a connected, graded
algebra A are given by dim bh;(A) = dim V;, where M = A\ (®i21 V;) is the 1-minimal model
of (A,d=0).

2.3.6 Partial formality and field extensions

The following notion, introduced by Sullivan in [148], and further developed in [39, 63, 99,

|, will play a central role in our study.
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Definition 2.3.12. A c¢pcA (A*,d) over Q is said to be formal if there exists a quasi-
isomorphism M(A) — (H*(A),d = 0). Likewise, (A*,d) is said to be i-formal if there exists

an i-quasi-isomorphism M(A, i) — (H*(A),d = 0).

In [99], Macinic studies in detail these concepts. Evidently, if A is formal, then it is
i-formal, for all ¢+ > 0, and, if A is i-formal, then it is j-formal for every j < i. Moreover, A

is 0-formal if and only if H°(A) = Q.

Lemma 2.3.13 ([99]). A ¢DGA (A*,d) is i-formal if and only if (A*, d) is i-weakly equivalent
to (H*(A),d =0).

As a corollary, we deduce that i-formality is invariant under -weakly equivalence.
Corollary 2.3.14. Suppose A ~; B. Then A is i-formal if and only if B is i-formal.

Given a CDGA (A, d) over a field Q of characteristic 0, and a field extension Q C K, let
(A®K,d®idk) be the corresponding ¢DGA over K. (If the underlying field Q is understood,
we will usually omit it from the tensor product A ®gK.) The following result will be crucial

to us in the sequel.

Theorem 2.3.15 (Theorem 6.8 in [07]). Let (A*,da) and (B*,dp) be two CDGAs over Q
whose cohomology algebras are connected and of finite type. Suppose there is an isomorphism
of graded algebras, f: H*(A) — H*(B), and suppose f ®idx: H*(A) @K — H*(B) ®K can
be realized by a weak equivalence between (A* @ K, ds ® idk) and (B* ® K, dp ®idk). Then

f can be realized by a weak equivalence between (A*,da) and (B*,dp).

This theorem has an important corollary, based on the following lemma. For complete-
ness, we provide proofs for these statements, which are omitted in [07] by Halperin and

Stasheff.

Lemma 2.3.16 ([67]). A cDGA (A*,da) with H*(A) of finite-type is formal if and only
if the identity map of H*(A) can be realized by a weak equivalence between (A*,da) and
(H*(A),d = 0).
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Proof. The backwards implication is obvious. So assume (A*, d,) is formal, that is, there is
a zig-zag of quasi-isomorphisms between (A*,d4) and (H*(A),d = 0). This yields an iso-
morphism in cohomology, ¢: H*(A) — H*(A). The inverse of ¢ defines a quasi-isomorphism
between (H*(A),d = 0) and (H*(A),d = 0). Composing this quasi-isomorphism with the
given zig-zag of quasi-isomorphisms defines a new weak equivalence between (A* d4) and

(H*(A),d = 0), which induces the identity map in cohomology. ]

Corollary 2.3.17 ([07]). A Q-cpGA (A*,da) with H*(A) of finite-type is formal if and

only if the K-cpcA (A* @ K, dy ® idk) is formal.

Proof. As the forward implication is obvious, we only prove the converse. Suppose our K-
CDGA is formal. By Lemma 2.3.16, there exists a weak equivalence between (A*®@K, d4®idk)
and (H*(A) ® K,d = 0) inducing the identity on H*(A) ® K. By Theorem 2.3.15, the
map id: H*(A) — H*(A) can be realized by a weak equivalence between (A* d4) and
(H*(A),d =0). That is, (A*,da) is formal (over Q). O

2.3.7 Field extensions and i-formality

We now use the aforementioned result of Halperin and Stasheff on full formality to establish
an analogous result for partial formality. First we need an auxiliary construction, and a
lemma.

Let M(A,i) be the i-minimal model of a ¢cDGA (A*,d4). The degree i + 1 piece,
M(A, i), is isomorphic to (ker d™') & C;y 1, where d'F': M(A, i)™ — M(A,i)"? is the
differential, and C;;; is a complement to its kernel. It is readily checked that the vector

subspace

Z;:=Cin® @ M(A,0)* (2.28)

s>1+2
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is an ideal of M(A, 1), left invariant by the differential. Consider the quotient CDGA,

M[A,i] - = M(A,i)/T; (2.29)

=QOM(A i) @ dM(A ) ®kerd ™
Lemma 2.3.18. The following statements are equivalent:
1. (A*,da) is i-formal.
2. M(A,1) is i-formal.
3. MIA,1i] is i-formal.
4. M[A,1] is formal.

Proof. Since M(A, 1) is an i-minimal model for (A*, d ), the two CDGASs are i-quasi-isomorphic.
The equivalence (1) < (2) follows from Corollary 2.3.14.

Now let ¢p: M(A,i) — MJA,i] be the canonical projection. It is readily checked that
the induced homomorphism, *: H*(M(A,7)) — H*(M|[A,1]), is an isomorphism in degrees
up to and including ¢ + 1. In particular, this shows that M(A, ) is an i-minimal model for
M(A,i]. The equivalence (2) < (3) again follows from Corollary 2.3.14.

Implication (4) = (3) is trivial, so it remains to establish (3) = (4). Assume the CDGA
M]A, 1] is i-formal. Since M(A, i) is an i-minimal model for M[A, ], there is an i-quasi-
isomorphism # as in diagram (2.30). In particular, the homomorphism, 8*: H*"1(M(A,i)) —
HY(M][A,1]), is injective. On the other hand, we know from the previous paragraph that
H(MJA,q]) and H(M(A, 7)) have the same dimension; thus, 3* is an isomorphism in

degree 7 + 1, too.

M(A, i) —= (H*(M[A,4)).0) (2.30)
A | VW] [ snm—— M



Let M = M(M|[A,i]) be the full minimal model of M[A,i]. As mentioned right after
Theorem 2.3.5, this model can be constructed by Hirsch extensions of degree k > ¢ + 1,
starting from the i-minimal model of M[A, ], which we can take to be M(A,7). Hence,
the inclusion map, a: M(A,i) — M, induces isomorphisms in cohomology up to degree
i, and a monomorphism in degree i + 1. Now, since H"'(M) has the same dimension as
H(MJA,d]), and thus as H(M(A,4)), the map a* is also an isomorphism in degree
v+ 1.

The CDGA morphism f extends to a CGA map v: M — H*(MJA,i]) as in diagram
(2.30), by sending the new generators to zero. Since the target of § vanishes in degrees
k > i+ 2 and has differential d = 0, the map v is a CDGA morphism. Furthermore, since
v oa = [, we infer that + induces isomorphisms in cohomology in degrees k < i+ 1. Since
HY(M) = H¥(M[A,i]) = 0 for k > i + 2, we conclude that v* is an isomorphism in all
degrees, i.e., 7y is a quasi-isomorphism.

Finally, let ¢: M — M|[A, ] be a quasi-isomorphism from the minimal model of M|[A, i
to this cCDGA. The maps ¢ and 7y define a weak equivalence between M|[A, i| and H*(M]A,i]),

thereby showing that M|[A, ] is formal. O

Since H=""?(M[A,i]) = 0, the equivalence of conditions (3) and (4) in the above lemma
also follows from the (quite different) proof of Proposition 3.4 from [99]; see Remark 2.3.21

for more on this. We are now ready to prove descent for partial formality of cDGAs.

Theorem 2.3.19. Let (A*,d4) be a CDGA over Q, and let Q C K be a field extension.
Suppose HSTY(A) is finite-dimensional. Then (A*,dy4) is i-formal if and only if (A* ®

K,ds ® idk) is i-formal.

Proof. By Lemma 2.3.18, (A*,d4) is i-formal if and only if M|[A, ] is formal. By construc-
tion, HY(M[A,i]) equals HI(A) for ¢ < i, injects into HY(A) for ¢ = i + 1, and vanishes

for ¢ > i + 1; hence, in view of our hypothesis, H*(M|A,1]) is of finite-type. By Corollary
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2.3.17, M[A, 1] is formal if and only if M[A,i] ® K is formal. By Lemma 2.3.18 again, this

is equivalent to the i-formality of M[A,i] ® K. ]

2.3.8 Formality notions for spaces

To every space X, Sullivan [148] associated in a functorial way a CDGA of ‘rational poly-
nomial forms’, denoted A%, (X). As shown in [51, §10], there is a natural identification
H*(Ap (X)) = H*(X,Q) under which the respective induced homomorphisms in cohomol-
ogy correspond. In particular, the weak isomorphism type of A%, (X) depends only on the
rational homotopy type of X.

A ¢cDGA (A, d) over K is called a model for the space X if A is weakly equivalent to
Sullivan’s algebra App(X;K) := App(X) ®g K. In other words, M(A) is isomorphic to
M(X;K) == M(X) ®¢ K, where M(A) is the minimal model of A and M(X) is the
minimal model of Ap;(X). In the same vein, A is an i-model for X if (A,d) ~; App(X;K).
For instance, if X is a smooth manifold, then the de Rham algebra §2,(X) is a model for
X over R.

A space X is said to be formal over K if the model Apy(X;K) is formal, that is, there is
a quasi-isomorphism M(X;K) — (H*(X;K),d = 0). Likewise, X is said to be i-formal, for
some i > 0, if there is an i-quasi-isomorphism M(Ap.(X;K), i) — (H*(X;K),d = 0). Note
that X is O-formal if and only if X is path-connected. Also, since a homotopy equivalence
X ~ Y induces an isomorphism H*(Y;Q) = H*(X;Q), it follows from Corollary 2.3.14
that the i-formality property is preserved under homotopy equivalences.

The following theorem of Papadima and Yuzvinsky [120] nicely relates the properties of

the minimal model of X to the Koszulness of its cohomology algebra.

Theorem 2.3.20 ([126]). Let X be a connected space with finite Betti numbers. If M(X) =
M(X, 1), then H*(X;Q) is a Koszul algebra. Moreover, if X is formal, then the converse
holds.
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Remark 2.3.21. In [99, Proposition 3.4], Macinic shows that every i-formal space X for
which H=""2(X; Q) vanishes is formal. In particular, the notions of formality and i-formality
coincide for (i 4+ 1)-dimensional CW-complexes. In general, though, full formality is a much

stronger condition than partial formality.

Remark 2.3.22. There is a competing notion of i-formality, due to Fernandez and Munoz
[56]. As explained in [99], the two notions differ significantly, even for ¢ = 1. In the sequel,

we will use exclusively the classical notion of i-formality given above.

As is well-known, the (full) formality property behaves well with respect to field exten-
sions of the form Q C K. Indeed, it follows from Halperin and Stasheff’s Corollary 2.3.17

that a connected space X with finite Betti numbers is formal over Q if and only if X is formal

over K. This result was first stated and proved by Sullivan [118], using different techniques.
An independent proof was given by Neisendorfer and Miller [115] in the simply-connected
case.

These classical results on descent of formality may be strengthened to a result on descent
of partial formality. More precisely, using Theorem 2.3.19, we obtain the following immediate

corollary.

Corollary 2.3.23. Let X be a connected space with finite Betti numbers by(X), ..., bi1(X).

Then X is i-formal over Q if and only if X is i-formal over K.
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Chapter 3

Formality of finitely generated groups

We now turn to finitely generated groups, and study the associated graded Lie algebras, the
holonomy Lie algebra, and the Malcev Lie algebras attached to such groups, and the ranks of
these Lie algebras. We specially emphasize on the relationship between these Lie algebras,
relating to the notion of 1-formality and leading to the notions of graded-formality and
filtered-formality. We investigate the propagation properties for these formality properties,
with respect to split injections, products and coproducts. The most intricate of these Lie
algebras, and in many ways, the most important, is the Malcev Lie algebra, for which we
describe several equivalent definitions. The study of filtered formality of the Malcev Lie
algebra relates to many research directions in different fields. This chapter is based on the

work in my papers [113, , 116] with Alex Suciu.

3.1 Groups, Lie algebras, and graded formality

In this section, we study two graded Lie algebras associated to a finitely generated group

and the graded formality property.
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3.1.1 Central filtrations on groups

We start with some general background on lower central series and the associated graded
Lie algebra of a group. For more details on this classical topic, we refer to Lazard [39] and
Magnus et al. [102].

Let G be a group. For elements z,y € G, let [z,y] = zyx~'y~! be their group commu-
tator. Likewise, for subgroups H, K < G, let [H, K] be the subgroup of G generated by all
commutators [z,y| with x € H, y € K.

A (central) filtration on the group G is a decreasing sequence of subgroups, G = F,G >
FolG > F3G > - -+ such that [F,.G, F,G| C F,.sG. It is readily verified that, for each k > 1,
the group Fy,1G is a normal subgroup of F,G, and the quotient group grf (G) = FG/Fp11G

is abelian. As before, let QQ be a field of characteristic 0. The direct sum

g’ (G;Q) = P art (G) ©2Q (3.1)

k>1

is a graded Lie algebra over QQ, with Lie bracket induced from the group commutator: If
r € F.G and y € F,G, then [z + F, 1 1G,y + Fo1G] = xyz~ 'y + Fris1G. We can
view gr” (—; Q) as a functor from groups to graded Q-Lie algebras. Moreover, gr” (G;K) =
gr’ (G; Q) ®g K, for any field extension Q C K. (Once again, if the underlying ring in a
tensor product is understood, we will write ® for short.)

Let H be a normal subgroup of G, and let Q = G/H be the quotient group. Define
filtrations on H and @ by j—v"kH = F.GNH and F,Q = FkG/j}kH, respectively. We then

have the following classical result of Lazard.

Proposition 3.1.1 (Theorem 2.4 in [39]). The canonical projection G — G/H induces a

natural isomorphism of graded Lie algebras,

er”(G)/ gr” (H) =g (G/H) .
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3.1.2 The associated graded Lie algebra

Any group G comes endowed with the lower central series (LCS) filtration {I'yG};>1, defined
inductively by I'/G = G and

TeniG = [[4G, G). (3.2)

If I'yG # 1 but I'y11G = 1, then G is said to be a k-step nilpotent group. In general, though,
the LCS filtration does not terminate.

The Lie algebra gr(G; Q) = gr' (G; Q) is called the associated graded Lie algebra (over
Q) of the group G. For instance, if F' = F), is a free group of rank n, then gr(F; Q) is the
free graded Lie algebra lie(Q™). A group homomorphism f: G; — G5 induces a morphism
of graded Lie algebras, gr(f;Q): gr(Gy;Q) — gr(Gy; Q); moreover, if f is surjective, then
gr(f;Q) is also surjective.

For each k£ > 2, the factor group G/I'x(G) is the maximal (k — 1)-step nilpotent quo-
tient of G. The canonical projection G — G/T'x(G) induces an epimorphism gr(G;Q) —
gr(G/T'x(G); Q), which is an isomorphism in degrees s < k.

From now on, unless otherwise specified, we will assume that the group G is finitely
generated. That is, there is a free group F of finite rank, and an epimorphism ¢: F' — G.
Let R = ker(p); then G = F/R is called a presentation for G. Note that the induced
morphism gr(y; Q): gr(F;Q) — gr(G; Q) is surjective. Thus, gr(G; Q) is a finitely generated
Lie algebra, with generators in degree 1.

Let H <G be a normal subgroup, and let Q = G/H. If [,H =T,G N H is the induced
filtration on H, it is readily seen that the filtration I,Q = I',G / fTH coincides with the LCS

filtration on ). Hence, by Proposition 3.1.1,

gr(Q) = gr(G)/ g’ (H). (3.3)

Now suppose G = H x () is a semi-direct product of groups. In general, there is not much

of a relation between the respective associated graded Lie algebras. Nevertheless, we have the
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following well-known result of Falk and Randell [1], which shows that gr(G) = gr(H) xgr(Q)

for ‘almost-direct’ products of groups.

Theorem 3.1.2 (Theorem 3.1 in [18]). Let G = H x Q be a semi-direct product of groups,
and suppose @) acts trivially on Hy,y,. Then the filtrations {frH}rzl and {T',H},>1 coincide,

and there is a split exact sequence of graded Lie algebras,

0—=gr(H) —gr(G) —gr(Q) —0.

3.1.3 LCS ranks

The next two lemmas give explicit ways to compute the LCS ranks of a group G, under a

common rationality hypothesis for the Hilbert series of the graded Lie algebra U.
Lemma 3.1.3. Suppose there is a polynomial f(t) =1+ "  bit" € Z[t] such that
Hilb(U (gr(G)), —t) - f(t) = 1. (3.4)

Then the LCS ranks of G are given by

m(@)%Zu(g)[ )ORCERTD ) ot B CE)

dlk mi1+2mao+--+nmn=d j=1 J

where 0 < m; € Z, s, = Z[n 12] Mo;, m =Y ., m; — 1 and p is the Mébius function.

1=

Proof. From formula (2.12) and assumption (3.4), we have that

oo

(1 —tF)el@ =1 4 zn: bi(—t)". (3.6)

k=1

Taking logarithms on both sides, we find that

Comparing the coefficients of t* on each side gives

So@f= Y om0 (33)

dlk mi+2mo+--+nmp==k j=
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where s,, = ZEZQ] mg; and m =Y, m; — 1. Finally, multiplying both sides by k and using

the Mobius inversion formula yields the desired formula. O

The advantage of Lemma 3.1.3 is that it is easy to use it to compute low-index LCS

ranks. For instance, we obtain the following formulas for a group G satisfying (3.4):

1
$2(G) = 5(—b1 + b3) — b,
1
(bg(G) — 5(—191 + b?) - ble —|— bg,
1
$4(G) = Z(—bf + 20y + b} + 2b3) — biby + bybs — by,

1
¢5(G) = g(—bl + b?) + blb% - blb4 + b%bg - b?bg - bgbg + b5.

An alternative way of computing the LCS ranks of a group G satisfying the assumptions

from Lemma 3.1.3 was given by Weigel in [150].

Lemma 3.1.4 ([150]). Suppose there is a polynomial f(t) =1+ Y1 bit" € Z[t] such that
Hilb(U(gr(G), —t)) - f(t) = 1. Let z1,. .., z, be the (complex) roots of f(—t). Then the LCS

ranks of G are given by

@)= ¥ Su(h) % 39)

1<i<n dlk

Proposition 3.1.5. Suppose the group G is graded-formal, and its cohomology algebra,
A= H*(G;C), is Koszul. Then Hilb(U(gr(G)),—t) - Hilb(A,t) = 1.

Proof. Let U = U(gr(G)). and let U' be its quadratic dual. By assumption, gr(G) = h(A)
is a quadratic Lie algebra. Thus, U is a quadratic algebra. Furthermore, since A is also
quadratic, U = U(h(A)) is isomorphic to A', the quadratic dual of A, see [126].

On the other hand, since A is Koszul, the Koszul duality formula gives Hilb(A', —t) -

Hilb(A,t) = 1. The conclusion follows. O

Corollary 3.1.6. Suppose the group G is graded-formal, and its cohomology algebra is Koszul
and finite-dimensional. Then the LCS ranks ¢i(G) are given by formula (3.5), where b; =
bi(G).
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3.1.4 The holonomy Lie algebra

The holonomy Lie algebra of a finitely generated group was introduced by Kohno [21] fol-

lowing the work of K.-T. Chen [28], and further studied in [105, 117].

Definition 3.1.7. Let GG be a finitely generated group. The holonomy Lie algebra of G is

the holonomy Lie algebra of the cohomology ring A = H*(G;Q), that is,

h(G;Q) = lie(H1(G;Q))/(im 0g), (3.10)
where Jg is the dual to the cup-product map Ug: H(G;Q) A HY(G; Q) — H*(G;Q).

By construction, h(G;Q) is a quadratic Lie algebra. If f: Gy — G5 is a group homo-
morphism, then the induced homomorphism in cohomology, f*: H'(Gy; Q) — H'(Gy; Q)
yields a morphism of graded Lie algebras, h(f;Q): h(G1;Q) — h(G2; Q). Moreover, if f is
surjective, then h(f; Q) is also surjective. Finally, h(G;K) = h(G;Q) ®q K, for any field
extension Q C K

In the definition of the holonomy Lie algebra of GG, we used the cohomology ring of a
classifying space K (G, 1). As the next lemma shows, we may replace this space by any other

connected CW-complex with the same fundamental group.

Lemma 3.1.8. Let X be a connected CW-complex with m(X) = G. Then h(H*(X;Q)) =
h(G; Q).

Proof. We may construct a classifying space for G by adding cells of dimension 3 and higher
to X in a suitable way. The inclusion map, j: X — K(G, 1), induces a map on cohomology
rings, j7*: H*(K(G,1); Q) — H*(X;Q), which is an isomorphism in degree 1 and an injection
in degree 2. Consequently, j2 restricts to an isomorphism from im(Ug) to im(Ux). Taking

duals, we find that im(0dx) = im(d¢). The conclusion follows. O

In particular, if K¢ is the 2-complex associated to a presentation of G, then h(G;Q) =

h(H*(Kg;Q)). Let ¢,(G) := dimb,(G;Q) be the dimensions of the graded pieces of the
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holonomy Lie algebra of G. The next corollary is an algebraic version of the LCS formula

from Papadima and Yuzvinsky [126], but with no formality assumption.

Corollary 3.1.9. Let X be a connected CW-complex with m(X) = G, let A= H*(X;Q) be

its cohomology algebra, and let A be the quadratic closure of A. Then Hn21(1 — t)on(G) =

> is0 bit', where by = dim Ext’,(Q, Q);. Moreover, if A is a Koszul algebra, then

[ =% = Hilb(A, —1).

n>1

Proof. The first claim follows from Lemma 3.1.8, the Poincaré-Birkhoff-Witt formula (2.12),
and Lofwall’s formula from Proposition 2.2.6. The second claim follows from the Koszul

duality formula stated in Corollary 2.2.8. O

3.1.5 A comparison map

Once again, let G be a finitely generated group. Although the next lemma is known, we

provide a proof, both for the sake of completeness, and for later use.
Lemma 3.1.10 ([105, ). There exists a natural epimorphism of graded Q-Lie algebras,
Pq: h(G;Q) —=gr(G; Q) , (3.11)

mducing isomorphisms in degrees 1 and 2. Furthermore, this epimorphism is natural with

respect to field extensions Q C K.

Proof. As first noted by Sullivan [117] in a particular case, and proved by Lambe [27] in

general, there is a natural exact sequence
0— ([2,G/T4G © Q) > H'(G;Q) A HY(G; Q) 2~ H(G; Q) , (3.12)

where 3 is the dual of Lie bracket product. In particular, im(dg) = ker(3*).
Recall that the associated graded Lie algebra gr(G; Q) is generated by its degree 1 piece,

H,(G;Q) = gr(G) ® Q. Hence, there is a natural epimorphism of graded Q-Lie algebras,

e lie(H1(G;Q)) —=gr(G; Q) , (3.13)
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restricting to the identity in degree 1, and to the Lie bracket map [,]: A’gr,(G;Q) —
gry(G; Q) in degree 2. In the exact sequence (3.12), the image of Jg coincides with the
kernel of the Lie bracket map. Thus, the morphism ¢ factors through the desired morphism
®g. The fact that &g commutes with the morphisms h(G; Q) — h(G;K) and gr(G; Q) —

gr(G; K) readily follows. O

Corollary 3.1.11. Let V = H{(G;Q). Suppose the associated graded Lie algebra g =
gr(G; Q) has presentation lie(V')/t. Then the holonomy Lie algebra h(G; Q) has presentation

lie(V))/(va), where vy =t N lies(V). Furthermore, if A= U(g), then h(G;Q) = h(A").

Proof. Taking the dual of the exact sequence (3.13), we find that im(0Jg) = ker(5*), where
B: VAV — lieg(V) is the Lie bracket in lie(V). Hence, (o) = (im(0g)) as ideals of lie(V);

thus, h(G; Q) = lie(V)/(ra). The last claim follows from Corollary 2.2.5. O

Recall we denote by ¢,(G) and ¢,(G) the dimensions on the n-th graded pieces of
gr(G; Q) and h(G;Q), respectively. By Lemma 3.1.10, ¢,(G) > ¢,(G), for all n > 1,
and equality always holds for n < 2. Nevertheless, these inequalities can be strict for n > 3.

As a quick application, let us compare the holonomy Lie algebras of G' and its nilpotent

quotients.

Proposition 3.1.12. Let G be a finitely generated group. Then,

h(G;Q)/b(G; Q) for k=2,
h(G/T'G;Q) = GnE) (3.14)

hH(G; Q) for k > 3.
In particular, the holonomy Lie algebra of G depends only on the second nilpotent quotient,

G/T5G.

Proof. The case k = 2 is trivial, so let us assume k£ > 3. By a previous remark, the pro-
jection G — G/T'x(G) induces an isomorphism gr,(G; Q) — gry(G/I'y(G); Q). Furthermore,
H,(G;Q) = H (G/T\(G); Q). Using now the dual of the exact sequence (3.12), we see that

im(0Jg) = im(Jg/r,(e)). The desired conclusion follows. O
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3.1.6 Graded-formality

We continue our discussion of the associated graded and holonomy Lie algebras of a finitely

generated group with a formality notion that will be important in the sequel.

Definition 3.1.13. A finitely generated group G is graded-formal (over Q) if the canonical

projection ®¢: h(G; Q) — gr(G;Q) is an isomorphism of graded Lie algebras.

This notion was introduced by Lee in [91], where it is called graded 1-formality. Next,

we give two alternate definitions, which oftentimes are easier to verify.

Lemma 3.1.14. A finitely generated group G is graded-formal over Q if and only if gr(G; Q)

1S quadratic.

Proof. The forward implication is immediate. So assume gr(G;Q) is quadratic, that is, it
admits a presentation of the form lie(V')/(U), where V' is a Q-vector space in degree 1 and
U is a Q-vector subspace of lies(V'). In particular, V = gr,(G; Q) = H1(G; Q).

From the exact sequence (3.12), we see that the image of dg coincides with the kernel
of the Lie bracket map [,]: A”gr,(G;Q) — gry(G;Q), which can be identified with U.
Hence the surjection ¢g: lie(Gg) — gr(G;Q) induces an isomorphism ®g: h(G;Q) =
gr(G; Q). O
Lemma 3.1.15. A finitely generated group G is graded-formal over Q if and only if

dimg b, (G; Q) = dimg gr,,(G; Q), for alln > 1.

Proof. The homomorphisms (®¢),: h,(G; Q) — gr,,(G; Q) are always isomorphisms for n <
2 and epimorphisms n > 3. Our assumption, together with the fact that each Q-vector
space b, (G; Q) is finite-dimensional implies that all homomorphisms (®),, are isomorphisms.

Therefore, the map ®¢: h(G; Q) — gr(G; Q) is an isomorphism of graded Lie algebras. [

The lemma implies that the definition of graded formality is independent of the choice

of coefficient field K of characteristic 0. More precisely, we have the following corollary.
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Corollary 3.1.16. A finitely generated group G is graded-formal over K if and only if is

graded-formal over Q.

Proof. The dimension of a finite-dimensional vector space does not change upon the exten-

sions of scalars Q C K. The conclusion follows at once from Lemma 3.1.15. O

3.1.7 Split injections

We are now in a position to state and prove the main result of this section, which proves the

first part of Theorem 1.2.2 from the Introduction.

Theorem 3.1.17. Let G be a finitely generated group. Suppose there is a split monomor-

phism v: K — G. If G is a graded-formal group, then K is also graded-formal.

Proof. In view of our hypothesis, we have an epimorphism o: G — K such that o o = id.
In particular, K is also finitely generated. Furthermore, the induced maps h(¢) and gr(c) are
also injective.

Let m: F — G be a presentation for G. There is then an induced presentation for K,
given by the composition om: F' — K. By Lemma 3.1.10, there exist epimorphisms ®; and

® making the following diagram commute:

h(K; Q) —% gr(K; Q) (3.15)
b(s) =0
h(G;Q) —=gr(G; Q).

If the group G is graded-formal, then @ is an isomorphism of graded Lie algebras. Hence,

the epimorphism ® is also injective, and so K is a graded-formal. O

Theorem 3.1.18. Let G = K X Q be a semi-direct product of finitely generated groups, and

suppose G s graded-formal. Then:

1. The group Q 1is graded-formal.
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2. If, moreover, Q) acts trivially on K,y, then K s also graded-formal.

Proof. The first assertion follows at once from Theorem 3.1.17. So assume ) acts trivially
on K,,. By Theorem 3.1.2, there exists a split exact sequence of graded Lie algebras, which

we record in the top row of the next diagram.

0 — gr(K; Q) — gr(G; Q) — gr(Q; Q) —0 (3.16)

Let t: K — G be the inclusion map. By the above, we have an epimorphism o from
gr(G; Q) to gr(K;Q) such that o o gr(:) = id. Consequently, gr(K; Q) is finitely generated.
By Corollary 3.1.11, the map o induces a morphism ¢: h(G;Q) — h(G;Q) such that
g obh(¢) = id. Consequently, h(¢) is injective. Therefore, the morphism h(K; Q) — gr(K; Q)

is also injective. Hence, K is graded-formal. O]

If the hypothesis of Theorem 3.1.18, part (2) does not hold, the subgroup K may not be
graded-formal, even when the group G is 1-formal. We illustrate this phenomenon with an

example adapted from [120].

Example 3.1.19. Let K = (z,y | [z, [z,9]], [y, [z,y]]) be the discrete Heisenberg group.
Consider the semidirect product G = K X Z, defined by the automorphism ¢: K — K
given by + — y, y — xy. We have that b;(G) = 1, and so G is 1-formal, yet K is not

graded-formal.

3.1.8 Products and coproducts

We conclude this section with a discussion of the functors gr and f and how the notion of

graded formality behaves with respect to products and coproducts.
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Lemma 3.1.20 ([95, ). The functors gr and b preserve products and coproducts, that

18, we have the following natural isomorphisms of graded Lie algebras,

gr(Gy x G2; Q) = gr(G1;Q) x gr(G2; Q) h(G1 x G2;Q) = h(G1;Q) x h(G2: Q)

and

gr(G1 + Go; Q) = gr(G; Q) * gr(Go; Q), H(G1* G2; Q) = h(G1;Q) * (G2 Q).

Proof. The first statement on the gr(—) functor is well-known, while the second statement

is the main theorem from [95]. The statements regarding the h(—) functor can be found in

[125]. 0

Regarding graded-formality, we have the following result, which sharpens and general-
izes Lemma 4.5 from Plantiko [127], and proves the first part of Theorem 1.2.3 from the

Introduction.

Proposition 3.1.21. Let Gy and Gs be two finitely generated groups. Then, the following

conditions are equivalent.
1. Gy and Go are graded-formal.
2. Gy * Gy is graded-formal.
3. G1 x Gy is graded-formal.

Proof. Since there exist split injections from G and G5 to the product G; x Gy and the
coproduct G x Gy, Theorem 3.1.17 shows that implications (2)=-(1) and (3)=-(1) hold.
Implications (1)=-(2) and (1)=-(3) follow from Lemma 3.1.20 and the naturality of the map

¢ from (3.11). O

3.2 Malcev Lie algebras and filtered formality

In this section we consider the Malcev Lie algebra of a finitely generated group, and study

the ensuing notions of filtered formality and 1-formality.

64



3.2.1 Prounipotent completions and Malcev Lie algebras

Once again, let G be a finitely generated group, and let {I'yG}r>1 be its LCS filtration.
The successive quotients of G by these normal subgroups form a tower of finitely generated,

nilpotent groups,
o —= G TG —— G/T3G —— G /TG = Gy, . (3.17)

Let Q be a field of characteristic 0. It is possible to replace each nilpotent quotient
Ny = G/T'\G by N ® Q, the (rationally defined) nilpotent Lie group associated to the
discrete, torsion-free nilpotent group Ny /tors(Ny) via a procedure which will be discussed

in more detail in §9.1.1. The corresponding inverse limit,
MG Q) = lim (G/T4C) © Q). (3.18)
k

is a prounipotent Q-Lie group over QQ, which is called the prounipotent completion, or Malcev
completion of G over Q. Let Lie((G/TxG) @ Q) be the Lie algebra of the nilpotent Lie group

(G/T+G) ® Q. The pronilpotent Lie algebra
m(G; Q) := lim Lie((G/1G) ® Q), (3.19)
k

with the inverse limit filtration, is called the Malcev Lie algebra of G (over Q). By construc-
tion, m(—; Q) is a functor from the category of finitely generated groups to the category of
complete, separated, filtered Q-Lie algebras.

In [131], Quillen gave a different construction of this Lie algebra, as follows. The group-
algebra QG has a natural Hopf algebra structure, with comultiplication A: QG — QG QG
given by A(g) = g®g for g € G, and counit the augmentation map €: QG — Q. The powers
of the augmentation ideal I = kere form a descending filtration of QG by two-sided ideals;
let @E’ = I&Ilk QG/I* be the completion of the group-algebra with respect to this filtration.
The comultiplication map A extends to a map A @C\J — @5 ®@Z¥, making @a into a

complete Hopf algebra. An element x € @5’ is called ‘primitive’ if Az = 2®1 + 1&z. The
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set of all primitive elements in @E’, with bracket [z,y] = zy — yz, and endowed with the

induced filtration, is a Lie algebra, isomorphic to the Malcev Lie algebra of G,
m(G; Q) = Prim (QG). (3.20)

The filtration topology on @E’ is a metric topology; hence, the filtration topology on
m(G; Q) is also metrizable, and thus separated. We shall denote by gr(m(G;Q)) the associ-
ated graded Lie algebra of m(G; Q) with respect to the induced inverse limit filtration.

A non-zero element r € @E’ is called ‘group-like’ if Az = 2®z. The set of all such
elements, with multiplication inherited from @E’, forms a group, which is isomorphic to
M(G; Q). The group G naturally embeds as a subgroup of 9(G;Q). Composing this
inclusion with the logarithmic map log: M(G; Q) — m(G;Q), we obtain a map p: G —
m(G; Q); see Massuyeau [109] for details. As shown by Quillen in [132], the map p induces

an isomorphism of graded Lie algebras,

gr(p): gr(G; Q) —=gr(m(G;Q)) . (3.21)

In particular, gr(m(G;Q)) is generated in degree 1. If G admits a finite presentation, one can
use this approach to find a presentation for the Malcev Lie algebra m(G;Q), see Massuyeau

[109] and Papadima [116].

3.2.2 Minimal models and Malcev Lie algebras

Every group G has a classifying space K(G,1), which can be chosen to be a connected
CW-complex. Such a CW-complex is unique up to homotopy, and thus, up to rational
homotopy equivalence. Hence, by the discussion from §2.3.8 the weak equivalence type of
the Sullivan algebra A = Apy(K(G,1)) depends only on the isomorphism type of G. By
Theorem 2.3.5, the ¢cDGA A ®g Q has a 1-minimal model, M(A ®q Q, 1), unique up to

isomorphism. Moreover, the assignment G ~ M(A ®q Q, 1) is functorial.
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Assume now that the group G is finitely generated. Let M = M(G;Q) be a 1-minimal
model of G, with the canonical filtration constructed in (2.22). The starting point is the
finite-dimensional vector space M} = V; := H'(G;Q). Each sub-cDGA M; is a Hirsch
extension of M;_; by the finite-dimensional vector space V; := ker(H*(M;_1) — H?*(A)).

Define £(G;Q) = lim, £:(G;Q) as the pronilpotent Lie algebra associated to the 1-
minimal model M(G;Q) in the manner described in §2.3.2, and note that the assignment

G ~ £(G;Q) is also functorial.

Theorem 3.2.1 ([25, 63, 118]). There exist natural isomorphisms of towers of nilpotent Lie

algebras,

E — 21‘71(0; @) Si(G; Q)

)

~—m(G/TiG; Q) =—m(G/T;11G; Q) =~— - -
Hence, there is a functorial isomorphism £(G;Q) = m(G;Q) of complete, filtered Lie alge-

bras.

This functorial isomorphism m(G;Q) = £(G;Q), together with the dualization corre-
spondence £(G;Q) «~ M(G;Q) define adjoint functors between the category of Malcev
Lie algebras of finitely generated groups and the category of 1-minimal models of finitely

generated groups.

3.2.3 Filtered formality of groups

We now define the notion of filtered formality for groups (also known as weak formality by

Lee [91]), based on the notion of filtered formality for Lie algebras from Definition 2.1.4.

Definition 3.2.2. A finitely generated group G is said to be filtered-formal (over Q) if its

Malcev Lie algebra m(G; Q) is filtered-formal, with respect to the inverse limit filtration.

Here are some more direct ways to think of this notion.
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Proposition 3.2.3. A finitely generated group G is filtered-formal over Q if and only if one

of the following conditions is satisfied.
1. m(G;Q) = gr(G;Q) as filtered Lie algebras.
2. m(G; Q) admits a homogeneous presentation.

Proof. (1) We know from Quillen’s isomorphism (3.21) that gr(m(G;Q)) = gr(G; Q). The
forward implication follows straight from the definitions, while the backward implication
follows from Lemma 2.1.5.

(2) Choose a presentation gr(G;Q) = lie(H1(G;Q))/t, where r is a homogeneous ideal.

By Lemma 2.1.3, we have
m(G; Q) = fie(H(G: Q) /x, (3.22)

which is a homogeneous presentation for m(G; Q). Conversely, if (3.22) holds, then m(G; Q) =
g, where g = lie(H(G;Q)) /. -

The notion of filtered formality can also be interpreted in terms of minimal models.
Let M(G;Q) be the 1-minimal model of G, endowed with the canonical filtration, which
is the minimal ¢cDGA dual to the Malcev Lie algebra m(G;Q) under the correspondence
described in §2.3.2. Likewise, let N'(G;Q) be the minimal CDGA (generated in degree 1)
corresponding to the prounipotent Lie algebra gr(G;Q). Recall that both M(G;Q) and
N(G; Q) come equipped with increasing filtrations as in (2.22), which correspond to the

inverse limit filtrations on m(G; Q) and gr(G;Q), respectively.

Proposition 3.2.4. A finitely generated group G is filtered-formal over Q if and only if one

of the following conditions is satisfied.
1. there is a filtration-preserving CDGA isomorphism between M(G;Q) and N(G;Q).

2. there is a CDGA isomorphism between M(G; Q) and N (G; Q) inducing the identity on

first cohomology.
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Proof. (1) Recall Proposition 3.2.3 that G is filtered-formal if and only if m(G; Q) = gr(G; Q),
as filtered Lie algebras. Dualizing, this condition becomes equivalent to M(G; Q) = N (G;Q),
as filtered CDGA’s.

(2) Recall that G is filtered-formal if and only if m(G; Q) = gr(m(G; Q)) inducing identity
on their associated graded Lie algebras.

Likewise, both M} and N} can be canonically identified with gr,(G;Q)* = H(G;Q).

The desired conclusion follows. O

Here is another description of filtered formality, suggested to us by R. Porter.

Theorem 3.2.5. A finitely generated group G is filtered-formal over Q if and only if the
canonical 1-minimal model M(G;Q) is filtered-isomorphic to a 1-minimal model M with

positive Hirsch weights.

Proof. First suppose G is filtered-formal, and let N' = N (G; Q) be the minimal cpGA dual
to £ = gr(G,Q). By Proposition 3.2.4, this CDGA is a 1-minimal model for G. Since by
construction £ = gr(£), Lemma 2.3.6 shows that the differential on A is homogeneous with
respect to the Hirsch weights.

Now suppose M is a 1-minimal model for G over QQ, with homogeneous differential on
Hirsch weights. By Lemma 2.3.6 again, the dual Lie algebra £(M) is filtered-formal. On
the other hand, the assumption that M = M(G; Q) and Theorem 3.2.1 together imply that

(M) =2 m(G;Q). Hence, the group G is filtered-formal by Definition 3.2.2. O

We would like to thank Y. Cornulier for asking whether the next result holds, and for

pointing out the connection it would have with [37, Theorem 3.14].

Proposition 3.2.6. Let G be a finitely generated group, and let Q C K be a field extension.

Then G 1is filtered-formal over Q if and only if G is filtered-formal over K.
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3.3 Filtered-formality and 1-formality

In this section, we consider the 1-formality property of finitely generated groups, and the way
it relates to Massey products, graded-formality, and filtered-formality. We also study the

way various formality properties behave under free and direct products, as well as retracts.

3.3.1 1-formality of groups
We start with a basic definition. As usual, let Q be a field of characteristic 0.

Definition 3.3.1. A finitely generated group G is called 1-formal (over Q) if a classifying

space K (G, 1) is 1-formal over Q.

Since any two classifying spaces for G are homotopy equivalent, the discussion from
§2.3.8 shows that this notion is well-defined. A similar argument shows that the 1-formality
property of a path-connected space X depends only on its fundamental group, G = 7 (X).

The next, well-known theorem provides an equivalent, purely group-theoretic definition of
1-formality. Although proofs can be found in the literature (see for instance Markl-Papadima
[105], Carlson-Toledo [24], and Remark 3.3.3 below), we provide here an alternative proof,

based on Theorem 2.3.10 and the discussion from §3.2.2.

Theorem 3.3.2. A finitely generated group G is 1-formal over Q if and only if the Malcev

Lie algebra of G is isomorphic to the degree completion of the holonomy Lie algebra h(G; Q).

Proof. Let M(G;Q) = M(Ap(K(G,1)),1) ®g Q be the 1-minimal model of G. The group
G is 1-formal if and only if there exists a CDGA morphism M(G;Q) — (H*(G;Q),d = 0)
inducing an isomorphism in first cohomology and a monomorphism in second cohomology,
i.e., M(G;Q) is a 1-minimal model for (H*(G;Q),d = 0).

Let £(G;Q) be the dual Lie algebra of M(G;Q). By Theorem 3.2.1, the Malcev Lie
algebra of G is isomorphic to £(G;Q). By Theorem 2.3.10, the degree completion of the

holonomy Lie algebra of G is isomorphic to £(G; Q). This completes the proof. O
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Remark 3.3.3. Theorem 3.3.2 admits the following generalization: if GG is a finitely gener-
ated group, and if (A, d) is a connected CDGA with dim A! < co whose 1-minimal model is
isomorphic to M(G; Q), then the Malcev Lie algebra m(G; Q) is isomorphic to the completion
with respect to the degree filtration of the Lie algebra h(A, d) := le((AY)*)/Gm((d")* + u%)).
A proof of this result is given by Berceanu et al. in [13]; related results can be found in work

of Bezrukavnikov [16], Bibby—Hilburn [17], and Polishchuk—Positselski [125].

An equivalent formulation of Theorem 3.3.2 is given by Papadima and Suciu in [120]: A
finitely generated group G is 1-formal over Q if and only if its Malcev Lie algebra m(G; Q)
is isomorphic to the degree completion of a quadratic Lie algebra, as filtered Lie algebras.
For instance, if by (G) equals 0 or 1, then G is 1-formal.

Clearly, finitely generated free groups are 1-formal; indeed, if F' is such a group, then

m(F;Q) = [iAe(Hl(F ;@Q)). Other well-known examples of 1-formal groups include funda-

mental groups of compact Kéahler manifolds, cf. Deligne et al. [39], fundamental groups of
complements of complex algebraic hypersurfaces, cf. Kohno [31], and the pure braid groups
of surfaces of genus different from 1, cf. Bezrukavnikov [16] and Hain [65].

3.3.2 Massey products

A well-known obstruction to 1-formality is provided by the higher-order Massey products
(introduced in [107]). For our purposes, we will discuss here only triple Massey products of
degree 1 cohomology classes.

Let 71, 72 and 3 be cocycles of degrees 1 in the (singular) chain complex C*(G;Q), with
cohomology classes u; = [;] satisfying u; Uus = 0 and uy Uug = 0. That is, we assume there
are 1-cochains 715 and 793 such that dy;s = v, Uy, and dvyeg = 15 U~s. It is readily seen that
the 2-cochain w = v19 U3 + 71 UYo3 is, in fact, a cocycle. The set of all cohomology classes
[w] obtained in this way is the Massey triple product (uy,us,us) of the classes uy, us and ug.

Due to the ambiguity in the choice of ;5 and 93, the Massey triple product (u;, us, u3) is a
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representative of the coset
H*(G;Q)/(w UHY(G;Q) + H'(G; Q) U ug). (3.23)

In [129], Porter gave a topological method for computing cup products products and
Massey products in H?(G; Q). Building on work of Dwyer [11], Fenn and Sjerve gave in [55]
another method for computing these products in the second cohomology of a commutator-
relators group, directly from a presentation of the group. We will briefly review the latter
method in Remark 4.2.8, and use it in the computations from Examples 3.3.6, 9.2.12, and
9.2.15.

If a group G is 1-formal, then all triple Massey products vanish in the quotient QQ-vector
space (3.23). However, if G is only graded-formal, these Massey products need not vanish.
As we shall see in Example 9.2.12, even a one-relator group G may be graded-formal, yet

not 1-formal.

3.3.3 Filtered formality, graded formality and 1-formality

The next result pulls together the various formality notions for groups, and establishes the

basic relationship among them.

Proposition 3.3.4. A finitely generated group G is 1-formal if and only if G is graded-formal

and filtered-formal.

Proof. First suppose G is 1-formal. Then, by Theorem 3.3.2, m(G; Q) = E(G; Q), and thus,
gr(G; Q) = h(G;Q), by (3.21). Hence, G is graded-formal, by Lemma 3.1.14. It follows that
m(G; Q) = gr(G;Q), and hence G is filtered-formal, by Proposition 3.2.3.

Now suppose G filtered-formal. Then, by Proposition 3.2.3, we have that m(G;Q) =

gr(G; Q). Thus, if G is also graded-formal, m(G; Q) = /f)\(G; Q). Hence, G is 1-formal. ]

Using this proposition, together with Proposition 3.2.6 and Corollary 3.1.16, we obtain

the following corollary.
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Corollary 3.3.5. A finitely generated group G is 1-formal over Q if and only if G is 1-formal

over K.

In other words, the 1-formality property of a finitely generated group is independent of
the choice of coefficient field of characteristic 0.

In general, a filtered-formal group need not be 1-formal. Examples include some of the
free nilpotent groups from Example 9.1.1 or the unipotent groups from Example 9.1.7. In
fact, the triple Massey products in the cohomology of a filtered-formal group need not vanish

(modulo indeterminacy).

Example 3.3.6. Let G = FQ/FgFQ = <[E17ZL’2 | [ZEI,[ZL’l,CL’QH = [1]2,[5(]1,1‘2]] = 1> be the
Heisenberg group. Then G is filtered-formal, yet has non-trivial triple Massey products

(u1,uy, us) and {(ug, uy, us) in H?(G; Q). Hence, G is not graded-formal.

As shown by in Hain in [65, 66] the Torelli groups in genus 4 or higher are 1-formal, but

the Torelli group in genus 3 is filtered-formal, yet not graded-formal.

Example 3.3.7. In [11], Bartholdi et al. consider two infinite families of groups. The first
are the quasitriangular groups QTr,,, which have presentations with generators z;; (1 <1 #
Jj < n), and relations x;;xy,xjr = T;Tixi; and x;;TE = T for distinet 4,7, k, 1. The
second are the triangular groups Tr,, each of which is the quotient of QTr,, by the relations
of the form x;; = xj; for i # j. As shown by Lee in [91], the groups QTr, and Tr, are all
graded-formal. On the other hand, as indicated in [11], these groups are non-1-formal (and
hence, not filtered-formal) for all n > 4. A detailed proof of this fact will be given in Chapter
7.

3.3.4 Propagation of filtered formality

The next theorem shows that filtered formality is inherited upon taking nilpotent quotients.
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Theorem 3.3.8. Let G be a finitely generated group, and suppose G is filtered-formal. Then

all the nilpotent quotients G/T;(G) are filtered-formal.

Proof. Set g = gr(G;Q) and m = m(G;Q), and write g = P, gx- Then, for each i > 1,
the canonical projection ¢;: G — G/T";G induces an epimorphism of complete, filtered Lie
algebras, m(¢;): m — m(G/I';G; Q). In each degree k > ¢, we have that fkm(G/FiG; Q) =0,

and so m(¢;)(T'ym) = 0. Therefore, there exists an induced epimorphism
®py: m/Tpm —=m(G/1,G; Q) . (3.24)

Passing to associated graded Lie algebras, we obtain an epimorphism gr(®;,) from
gr(m/Tym) to gr(m(G/T;G;Q)), which is readily seen to be an isomorphism for k = i.
Using now Lemma 2.1.2, we conclude that the map ®;; is an isomorphism of completed,

filtered Lie algebras.

On the other hand, our filtered-formality assumption on G allows us to identify m =g
>

[I;>1 9% Using now formula (2.7), we find that m/Tym = §/T%g = g/Tsg, for all k > 1.

Using these identifications for k = 4, together with the isomorphism ®,; from above, we
obtain isomorphisms

m(G/T:G; Q) = g/T'ig = gr(G/I:G; Q). (3.25)

This shows that the nilpotent quotient G/I';G is filtered-formal, and we are done. n

Proposition 3.3.9. Suppose ¢: G1 — G5 is a homomorphism between two finitely generated
groups, inducing an isomorphism H1(G1; Q) — Hi(G2; Q) and an epimorphism Ho(G1; Q) —

Hy(G2;Q). Then we have the following statements.
1. If Gy 1s 1-formal, then G is also 1-formal.
2. If G5 is filtered-formal, then Gy s also filtered-formal.

3. If Gy is graded-formal, then G is also graded-formal.
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Proof. A celebrated theorem of Stallings [135] (see also Dwyer [11] and Freedman et al. [57])
insures that the homomorphism ¢ induces isomorphisms ¢ : (G1/I'vG1)®@Q — (Gy/TrGa) ®
Q, for all £ > 1. Hence, ¢ induces an isomorphism m(¢): m(Gq; Q) — m(Ga; Q) between
the respective Malcev completions, thereby proving claim (1). The other two claims follow

directly from (3.21). O

3.3.5 Split injections

We are now ready to state and prove the main result of this section, which completes the

proof of Theorem 1.2.2 from the Introduction.

Theorem 3.3.10. Let G be a finitely generated group. Suppose there is a split monomor-

phism v: K — G. The following statements then hold.

1. If G is filtered-formal, then K 1is also filtered-formal.

2. If G is 1-formal, then K is also 1-formal.

Proof. By hypothesis, we have an epimorphism o: G — K such that o ot = id. It follows

that the induced maps m(:) and gr(¢) are also split injections.

Let m: F — G be a presentation for G. We then have an induced presentation for K,
given by the composition 7; := om: F' — K. There is also a map ¢;: F' — F which is a lift
of ¢, that is, tm; = m1y. Consider the following diagram (for simplicity, we will suppress the

coefficient field Q from the notation).
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-1 0
ﬁ/ @,
I < fie(F) m(K) gr(1)
I (3.26)
S ie(F) G(G)
/ m(1) 9/ m(¢) o
I fie(F) m(G)
We have m(t1) = gr(s;). By assumption, G is filtered-formal; hence, there exists a

filtered Lie algebra isomorphism ®: m(G) — gr(G) as in diagram (3.26), which induces the
identity on associated graded algebras. It follows that ® is induced from the identity map of
[iAe(F ) upon projecting onto source and target, i.e., the bottom right square in the diagram
commutes.

First, we show that the identity map id: [iAe(F ) — [/i\e(F ) in the above diagram induces an
inclusion map I; — J;. Suppose there is an element ¢ € [/i\e(F) such that ¢ € I and ¢ ¢ Ji,
ie., [c] =0in m(K) and [c] # 0 in gr(G). Since gr(c) is injective, we have that gr(¢)([c]) # 0,
i.e., gr(e1)(c) ¢ I. We also have m(¢)([¢]) = 0 € m(G), i.e., m(t1)(c) € J. This contradicts
the fact that the inclusion I < J is induced by the identity map. Thus, I; C J;.

In view of the above, we may define a Lie algebra morphism ®;: m(K) — gr(K) as the
quotient of the identity on [iAe(F ). By construction, ®; is an epimorphism. We also have
gr(t) o = ®om(e). Since the maps m(¢), gr(:) and ¢ are all injective, the map ®; is also
injective. Therefore, ®; is an isomorphism, and so the group K is filtered-formal.

Finally, part (2) follows at once from part (1) and Theorem 3.1.17. O

This completes the proof of Theorem 1.2.2 from the Introduction. As we shall see in
Example 3.3.7, this theorem is useful for deciding whether certain infinite families of groups

are 1-formal.
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We now proceed with the proof of Theorem 1.2.3. First, we need a lemma.

Lemma 3.3.11 ([12]). Let Gy and Gy be two finitely generated groups. Then m(G; X
G2; Q) = m(G1; Q) x m(G2; Q) and m(Gy * G2; Q) = m(Gy; Q)+ m(G2; Q).

Proposition 3.3.12. For any two finitely generated groups Gi and Gs, the following con-

ditions are equivalent.
1. G and G are filtered-formal.
2. G % Gy is filtered-formal.
3. Gy x Gy 1s filtered-formal.

Proof. Since there exist split injections from G; and G5 to the product Gy x G5 and coproduct
G1 % G5, we may apply Theorem 3.3.10 to conclude that implications (2)=-(1) and (3)=-(1)

hold. Implications (1)=-(2) and (1)=-(3) follow from Lemmas 2.1.8, 2.1.9, and 3.3.11. O

Remark 3.3.13. As we shall see in Example 9.2.17, the implication (1)=-(3) from Propo-
sition 3.3.12 cannot be strengthened from direct products to arbitrary semi-direct products.
More precisely, there exist split extensions of the form G = F,, x, Z, for certain automor-
phisms a € Aut(F},), such that the group G is not filtered-formal, although of course both

F,, and Z are 1-formal.

Corollary 3.3.14. Suppose G and G5 are finitely generated groups such that Gy is not
graded-formal and Gy is not filtered-formal. Then the product Gy X G and the free product

G x Gy are neither graded-formal, nor filtered-formal.
Proof. Follows at once from Propositions 3.1.21 and 3.3.12. O]

As mentioned in the Introduction, concrete examples of groups which do not possess
either formality property can be obtained by taking direct products of groups which enjoy

one property but not the other.
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Chapter 4

Magnus expansions and the holonomy

Lie algebra

The free differential calculus on free groups, defined by R. Fox in the 1950s, is an important
tool in the study of Alexander invariants and Alexander polynomials in knot theory. Closely
related to the Fox derivatives, the Magnus expansion is a ring homomorphism from the
group ring of a free group to a non-commutative power series ring. The Magnus expansion
is important in studying the group cohomology in low degrees and holonomy Lie algebras.
In this chapter, we construct a similar Magnus expansion for a finitely presented group. We
use this Magnus-type expansion to compute cup products, and find an explicit presentation
for the holonomy Lie algebra. This chapter is based on the work in my paper [113] with

Alex Suciu.

4.1 Magnus expansions for finitely generated groups

In this section, we introduce and study a Magnus-type expansion for an arbitrary finitely

generated group.
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4.1.1 The Magnus expansion for a free group

We start by reviewing some standard material on Fox calculus and Magnus expansions,
following the exposition from Magnus et al. [102], Fenn—-Sjerve [55], and Matei-Suciu [1 10].

As before, let Q denote a field of characteristic 0. Let F' be the free group generated
by x = {z1,...,2,}, and set Fy = F,, ® Q. The completed tensor algebra f(FQ) can be
identified with Q((x)), the power series ring over Q in n non-commuting variables.

Let QF be the group ring of F', with augmentation map ¢: QF — Q given by €(z;) = 1.
There is a well-defined ring morphism M : QF — Q((x)), called the Magnus expansion, given
by

M(z)=1+z; and M(z;)=1—o;+27 — 2> +---. (4.1)

The Fox derivatives are the ring morphisms 0;: ZF — ZF defined by the rules 9;(1) = 0,
0;(z;) = 0,5, and 0;(uv) = 0;(u)e(v) + wd;(v) for u,v € ZF. The higher Fox derivatives
Oiy.....i, are then defined inductively.

The Magnus expansion can be computed in terms of Fox derivatives, as follows. Given
y € F,if we write M (y) = 1+ > arxy, then a;y = €;(y), where I = (iy,...,is), and €; = €00y
is the composition of e: QF — Q with 0;: QF — QF'. Let M, be the composite

My,

QF ——T(Fg) —>gny(T(Fp)) (4.2)

n

In particular, for each y € F, we have M;(y) = Y., €(y)x;, while for each y € [F, F| we

have

My(y) = erj(y)(@im; — ;). (4.3)

i<j
Notice that Ms(y) is a primitive element in the Hopf algebra T (Fg), which corresponds to

the element >, ;€ ;(y)[;, ;] in the free Lie algebra lie(Fp).

Remark 4.1.1. The map M extends to a map M : @}\7 — T\(F@) which is an isomorphism

of complete, filtered algebras, but M is not compatible with the respective comultiplications
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if rank F > 1. On the other hand, X. Lin constructed in [J6] an exponential expansion,
exp: QF > T (Fg), while Massuyeau showed in [109] that the map exp is an isomorphism
of complete Hopf algebras. Restricting this map to the Lie algebras of primitive elements

gives an isomorphism m(F; Q) =» [/i\e(F@).

4.1.2 The Magnus expansion for finitely generated groups

Given a finitely generated group G, there exists an epimorphism ¢: F' — G from a free group
F of finite rank. Let 7 be the induced epimorphism in homology from Fy := H;(F;Q) to

Definition 4.1.2. The Magnus expansion for a finitely generated group G, denoted by k,

is the composite
K

= ()

QF T(Fy)

T(Gg), (4.4)

where M is the classical Magnus expansion for the free group F', and the epimorphism T (m)

from T(Fy) to T(Gg) is induced by the projection 7: Fy — Gg.

In particular, if the group G is a commutator-relators group, then 7 identifies Gg with
Fy, and the Magnus expansion x coincides with the classical Magnus expansion M.

More generally, let G' be a group generated by x = {z1,...,z,}, and let F' be the free
group generated by the same set. Pick a basis y = {y1,...,y} for G, and identify T\(GQ)

with Q((y)). Let x(r); be the coefficient of y; := y;, - - - y;, in k(r), for I = (i1,...,is). Then

s

we can write
k(r) =1+ Z K(r)r-yr. (4.5)
I
Lemma 4.1.3. If r € ['vF, then k(r); = 0, for |I| < k. Furthermore, if r € I'sF, then
K(r)ij = —k(r)ji-
Proof. Since M (r); = €;(r) = 0 for |I| < k (see for instance [110]), we have that x(r); = 0 for

|I| < k. To prove the second assertion, identify the completed symmetric algebras S/y?n(F@)
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and %(GQ) with the power series rings Q[x] and Q[y] in the following commutative
diagram of linear maps.

QF - T(Fg) —*> Sym(Fy) (4.6)

\ jﬂw) ls”y?n(ﬂ

T(Gg) —* Sym(Gy).
When r € [F, F], we have that ay o k(1) = S/y?n(w) oajoM(r)=1. Thus, x;(r) =0 and

k(r)ig + k(r)ji = 0. O
Lemma 4.1.4. Ifu,v € F satisfy k(u); = k(v); =0 for all |J| < s, for some s > 2, then
k(uv)r = k(u)r + k(v)r,  for|I| =s.

Moreover, the above formula is always true for s = 1.

Proof. We have that x(uv) = k(u)k(v) for u,v € F. If k(u); = k(v); = 0 for all |J]| < s,

then r(u) =1+ > ;_, £(u)ryr up to higher-order terms, and similarly for (v). Then

k(uv) = k(u)k(v) =1+ Z(H(U)] + k(u)r)ys + higher-order terms. (4.7)
[I|=s
Therefore, k(uv); = k(u); + k(v);, and so k(uv); = k(u); + K(v). O

4.1.3 Truncating the Magnus expansions

Recall from (4.2) that we defined truncations My, of the Magnus expansion M of a free group
F. In a similar manner, we can also define the truncations of the Magnus expansion « for

any finitely generated group G.

Lemma 4.1.5. The following diagram commutes.

QF M T(Fo) — gr,(T(Fy) = @' Q" (4.8)

N e

T(Go) —= (T (Go)) = @ Q"
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Proof. The triangle on the left of diagram (4.8) commutes, since it consists of ring homo-
morphisms by the definition of the Magnus expansion for a group.
The morphisms in the square on the right side of (4.8) are homomorphisms between

Q-vector spaces. The square commutes, since 7 is a linear map. ]

In diagram (4.8), denote the composition of x and gr, by ky.

Kk

QF —*—T(Go) —~an,(T(G)) (49)
In particular, £, (r) = S.0_, k(r)iy; for 7 € F. By Lemma 4.1.3, if r € [F, F], then
Ra(r) = Y k()i (v — yivi). (4.10)
1<i<j<b

The next lemma provides a close connection between the Magnus expansion x and the

classical Magnus expansion M.

Lemma 4.1.6. Let (a; ) be the b x n matriz for the linear map 7: Fo — Gq, and let r € F

be an arbitrary element. Then, for each 1 < 1,7 <b, we have

R(r)i = Y ais€s(r), (4.11)

K(r)ig = Y (aisa0604(r)) . (4.12)

s,t=1

Proof. By assumption, we have 7(xg) = Z?Zl a;sy;. By Lemma 4.1.5 (for k = 1), we have

n

ki(r) =mo Mi(r) =7(>_e(r)as) =D > aises(r)yi,

s=1 s=1 i=1
which gives formula (4.11). By Lemma 4.1.5 (for k£ = 2), we have

n n b
Ka(r)=m@moMy(r)=m@m (Z €st(r)Ts ® xt> = Z Z €s4(1)ai s 1Y @ Yj,

s,t=1 st=114,j=1

which gives formula (4.12). O
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4.1.4 Echelon presentations

Let G be a group with finite presentation P = F'//R = (x | w) where x = {xy,...,2,} and
w = {wi,...,wy,}. Then R is a free subgroup of F' generated by the set w, and R, is a
free abelian group with the same generating set.

Let Kp be the 2-complex associated to this presentation of G. We may view x as a
basis for C}(Kp; Q) and w as a basis for Cy(Kp; Q) = Q™. With this choice of bases, the

matrix of the boundary map df: Cy(Kp;Q) — C1(Kp;Q) is the m x n Jacobian matrix

Jp = (&i(wy)).

Definition 4.1.7. A group G has an echelon presentation P = (x | w) if the matrix (¢;(wg))

is in row-echelon form.

Example 4.1.8. Let G be the group generated by z1, . .., zg, with relations wy = zizix3z],

3,.—2

wy = 222, %xd, wy = wirs 2wl and wy = [v1, T5]. The given presentation is already an echelon

presentation, since the matrix

o O

5 =

oooH

==

oon

onijm
o

S W =~ O

has the required form.

The next proposition shows that for any finitely generated group, we can construct a
group with an echelon presentation such that the two groups have the same holonomy Lie

algebra.

Proposition 4.1.9. Let G be a group with a finite presentation P. There exists then a group
G with an echelon presentation P and a surjective homomorphism p: GG inducing the

following isomorphisms:

(i) po: Hi(Kp; Q) = Hi(Kp; Q) fori=1,2;
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(ii) p*: H{(Kp:Q) = H{(KpQ) fori=1,2;

(iii) B(p): H(G;Q) = H(G; Q).

Proof. Suppose G has presentation P = (x | r), where x = {z1,...,z,}andr = {ry,...,r,}.

Consider the diagram

Hy(Kg: Q) — = Co( K Q) —2o Oy (K3 Q) — = Gy (4.13)

TN D

H*(Kg; Q) = C?(K¢; Q) <-— CY(Kg; Q) <—— H'(K¢; Q),

where the vertical arrows indicate duality isomorphisms. By Gaussian elimination over Z,
there exists a matrix C' = (¢1) € GL(m;Z) such that C - (dS)* is in row-echelon form. We
define a new group,

G={(x1,...,0, | Wy, ..., W), (4.14)

where wy, = r{* 5 o for 1 < k < m. The surjection p: G — G, defined by sending

a generator x; € G to the same generator z; € G for 1 <14 < n, induces a chain map from

the cellular chain complex C,(Kz; Q) to C.(K¢; Q), as follows:

Co(Ke; Q) 2= 01 (K: Q) <5 (K, @) —— 0~ - (4.15)

Tp()id ]plid TPZ [
d¥=0 ds

CU(K@S Q) =~ Cl(Kf;; Q) ~— CQ(K@; Q) 0=
The map ps is given by the matrix C, while dg; is given by the composition d5ops. The ho-
momorphism p induces isomorphisms on homology groups. In particular, p,: Hi(Kg; Q) —
Hi(Kq; Q) is the identity. Then, we see that 7q = 7g.

The last statement follows from the functoriality of the cup-product and Lemma 3.1.8. [

4.2 Group presentations and (co)homology

We compute in this section the cup products of degree 1 classes in the cohomology of a

finitely presented group in terms of the Magnus expansion associated to the group.

84



4.2.1 A chain transformation

We start by reviewing the classical bar construction. Let G be a discrete group, and let
B.(G) be the normalized bar resolution (see e.g. Brown [22], and Fenn and Sjerve [55]),
where B,(G) is the free left ZG-module on generators [gi]...|g,], with ¢; € G and g; # 1,
and By(G) = ZG is free on one generator, [ |. The boundary operators are G-module

homomorphisms, d,: B,(G) — B,_1(G), defined by

p—1
dlol - 1go) = gilgal - Ngp) + D (= 1'lgnl - - |gigial - |gp) + (=1)P[on] - |gp1].  (4.16)
=1

In particular, di[g] = (9 — 1)[ ] and dy[g1|92] = g1[92] — [9192] + [91] Let €: Bo(G) — Q be

the augmentation map. We then have a free resolution of the trivial G-module Q,

do dy

o By(G) —2+ By (G) —2> By(G) >~ Q—0 . (4.17)

As before, Q will denote a field of characteristic 0. We shall view Q as a right QG-module,
with action induced by the augmentation map. An element of the cochain group B?(G; Q) =
Homga(B,(G), Q) can be viewed as a set function u: G? — Q satisfying the normalization

condition u(gi,...,g,) = 0 if some ¢g; = 1. The cup-product of two 1-dimensional classes

u, v’ € HY(G;Q) & BYG;Q) = Hom(G, Q) is given by

uU ' [g1]g2] = u(g1)u'(g2). (4.18)

Now suppose the group G = (x1,...x, | r1,...,7,y) is finitely presented. Let p: FF — G
be the presenting homomorphism, and let K¢ be the 2-complex associated to this presenta-
tion of G. Denote the cellular chain complex (over Q) of the universal cover of this 2-complex

by C’*(lf(\z;) The differentials in this chain complex are given by

(A, A Z)\ (4.19)

m

Oa(fi1s - ooy fm) = (Z,UJ‘P dwy), Zlu]wawj )

for )\Z‘,,u]' € 7ZG.
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Lemma 4.2.1 ([55]). There ezists a chain transformation T : C’*(If(\é) — B.(G) commuting

with the augmentation map,

%Qy:AH,YﬂMPHAJZE:&mL To(pir, ) = Y 1 Tida(e;),  (4.20)

j=1
wheree; = (0,...,0,1,0,...,0) € (ZG)™ has a 1 only in position j, and 79: By(G) — B1(G)

and 11: B1(G) — Bs(G) are the homomorphisms defined by

70(9[]) = 9] and 71(g9]g1]) = [9]g1], (4.21)

for all g, g1 € G.

4.2.2 Cup products for echelon presentations

Now let G be a group with echelon presentation G = (x | w), where x = {x1,...,2,} and
w = {wy,..., Wy}, as in Definition 4.1.7. Suppose the pivot elements of the m x n matrix
(€;(wy)) are in position {iy,...,iq}, and let b =n — d.

Lemma 4.2.2. Let K be the 2-complex associated to the above presentation for G. Then

(i) The vector space Hi(Kq; Q) = Q" has basis y = {y1,...,y}, where y; = x;,, . for

1<j<b.

(ii) The vector space Ho(Kg; Q) = Q™4 has basis {wqy1,. .., wn} which coincide with the

augmentation of the basis {eqi1,...,em} in Lemma .2.1.

Proof. The lemma follows from the fact that the matrix (¢;(wy)) is in row-echelon form. O
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We will choose as basis for H'(Kg; Q) the set {ui,...,u}, where u; is the Kronecker

dual to y;.

Lemma 4.2.3. For each basis element u; € H'(Kg; Q) = HY(G;Q) as above, and each

r € F', we have that

n
E 65 azs—/{z T)

s=1

where (a; s)oxn @S the matriz for the projection map w: Fo — Gy.

Proof. If r € F, then ¢(r) € G and [¢(r)] € B1(G). Hence,

n n

w(lp(r)]) = Y elryui(fe) = Y e(r)ass = rilr). (4.22)

s=1 s=1
Since H'(G;Q) = B'(G;Q) = Hom(G, Q), we may view u; as a group homomorphism.
This yields the first equality. Since 7(z;) = 2?21 a;sy; and u; = yf, the second equality

follows. The last equality follows from Lemma 4.1.6. [

Theorem 4.2.4. The cup-product map H'(Kg; Q) AN H'(K¢g; Q) — H*(Kg; Q) is given by
(u; U, wy) = k(wg)ij,

for1<iu,7<bandd+ 1<k <m, where k is the Magnus expansion of G.

Proof. Let us write the Fox derivative 0;(wy,) as a finite sum, ) . pho, for 1 <t < n, and
1 <k <m. We then have

Ty(ex) = 1 T1(d2(ex)) by (4.20)

= 1T (9(0(wy), - ., 9(On(wy))) by (4.19) (4.23)

= n(ig@(axwk))[xt]) by (4.20)

S AR by (4.21)

t=1 zeF

87



The chain transformation 7': C’*(I/(\Z;) — B,(G) induces an isomorphism on first coho-
mology, T*: H(G;Q) — H'(Kg; Q). Let us view u; and u; as elements in H'(G; Q). We

then have
(wi Uuj, 1 @z¢er) = (w; Uuj, 1 ®z6 Th(er))

(us Uy, Z Zptk r)|7y)) by (4.23)

t=1 zcF
- Z meuz ))u; (1) by (4.18)
t=1 xeF
= ZprkUi(%D(m))aj,t by Lemma 4.2.3
t=1 z€F

- i prk i i 5€5(T)ajz by Lemma 4.2.3

t=1 z€F s=1

n n
= Z Z (a;10; s€s1(wy)) Fox derivative

t=1 s=1

= k(W )i, by Lemma 4.1.6
and this completes the proof. O]

Example 4.2.5. Let K¢ be the presentation 2-complex for the group G in Example 4.1.8,
with the homology basis as in Lemma 4.2.2. A basis of H(Kg; Q) = Q3 is {xs, 75, 26} while
a basis of Hy(Kg; Q) = Q is {w,}, and a basis of H'(Kg; Q) is {uy, us,uz}. With these

choices, we have that (u; U ug, wy) = 8/3, (uy Uug, wy) = —7, and (ug U uz, wy) = 0.

4.2.3 Cup products for finite presentations

Let G be a group with a finite presentation (x | r). By Proposition 4.1.9, there exists
a group G with an echelon presentation (x | w). Let us choose a basis y = {y1,..., 7}
for Hi(Kq; Q) = Hi(Kg; Q) and the dual basis {ug,...,u} for H'(Kq;Q) = H'(Kg Q).
Choose also a basis {ry, ...,y } for C3(K¢; Q) and a basis {wy, ..., w,,} for Co(Kg; Q). Set

m

Ve = pu(wy) = ch,m : (4.24)



Then {v; | 1 < k < m} is another basis for Cy(Kg; Q). Furthermore, {wgi1,...,w,} is a
basis for Hy(Kg; Q) and {Vat1, ..., Ym} is a basis for Hy(Kg; Q). Thus, H?*(K¢; Q) has dual
basis { a1, - Pm}-

Theorem 4.2.6. The cup-product map U: H'(Kg; Q) A HY(K¢; Q) — H?(Kg; Q) is given

by the formula

m

u; Uuy = Z k(W )i B

k=d-+1
That is, (u; Uu;,v) = w(wg);; for all 1 <i,7 <b.

Proof. By Proposition 4.1.9, we have that v, := p.(wi) = p.(1®,5€x), for all d+1 < k < m.

Hence,
(wi U, i) = (w; Uug, pu(l @ya er))
= (p*(ul U uj), 1 ®Z@ 6k>
= (uZ Uuj, 1 ®,5 ek) since p*(u;) = w;
= k(W )i by Theorem 4.2.4.
The claim follows. O

Corollary 4.2.7 ([55]). For a commutator-relators group G = (x | r), the cup-product map

H'(Kg; Q) N HY (Kg; Q) — H*(Kg; Q) is given by
(ul- U Uj, Tk> = M(T}Qiﬁ' >
for1<i,7<nand1<k<m.

Remark 4.2.8. In [55], Fenn and Sjerve also gave formulas for the higher-order Massey
products in a commutator-relator group, using the classical Magnus expansion. For instance,
suppose G = (x | r), where the single relator r belongs to [F,F| and is not a proper
power. Let I = (iy,...,ix), and suppose €, ; ,(r) = 0forall 1 < s <t < k+1,

(s,t) # (1,k + 1). Then the evaluation of the Massey product (—u;,,...,—u; ) on the
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homology class [r] € Ha(G;Z) equals €/(r). For an alternative approach, in a more general

context, see [129, Theorem 2.

4.3 A presentation for the holonomy Lie algebra

In this section, we give a presentation for the holonomy Lie algebra and the Chen holonomy
Lie algebra of a finitely presented group. In the process, we complete the proof of the first

two parts of Theorem 1.2.4 from the Introduction.

4.3.1 Magnus expansion and holonomy

In view of Theorem 4.1.9, for any group with finite presentation (x | r), there exists a group
with echelon presentation P = (x | w) such that the two groups have the same holonomy
Lie algebras.

Let G = F/R be a group admitting an echelon presentation P as above, with x =
{z1,...,2,} and w = {wy,...,w,}. We now give a more explicit presentation for the
holonomy Lie algebra h(G; Q) over Q.

Let 0;(wy) € ZF be the Fox derivatives of the relations, and let ¢;(wy) € Z be their
augmentations. Recall from Lemma 4.2.2 that we can choose a basis y = {yi,...,y} for
H,(Kp;Q) and a basis {wg1, ..., wn,} for Hy(Kp; Q), where d is the rank of Jacobian matrix
Jp = (&i(wy)), viewed as an m x n matrix over Q. Let lie(y) be the free Lie algebra over Q
generated by y in degree 1. Recall that ks is the degree 2 part of the Magnus expansion of
G given explicitly in (4.10). Thus, we can identify kq(wy) with ij k(W) iy, y;] in lie(y)

ford+1<k<m.

Theorem 4.3.1. Let G be a group admitting an echelon presentation G = (x | w). Then

there exists an isomorphism of graded Lie algebras

h(G: Q) — lie(y)/ideal(ka(wys1), - - . , Ko(wm)) -
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Proof. Combining Theorem 4.2.4 with the fact that (u; A u;, U (wy)) = (U(w; A w;), wy), we

see that the dual cup-product map, U*: Hy(Kp; Q) — Hi1(Kp; Q) A Hi(Kp; Q), is given by

U (we) = > w(w)ig (v Ayy). (4.25)

1<i<j<b

Hence, the following diagram commutes.

H2<KP§@)U_*>H1(KP;Q) A Hi(Kp; Q) (4.26)

Co(Kp; Q) = H\(Kp; Q) ® Hi(Kp; Q)
Using now the identification of ko(wy) and 3, _; r(wy)ij[yi, y;] as elements of lie(y), the
definition of the holonomy Lie algebra, and the fact that h(G; Q) = h(Kp;Q), we arrive at

the desired conclusion. O

Corollary 4.3.2. The universal enveloping algebra U(h) of h(G; Q) has presentation

U(h) = Q(y)/ ideal(ka(wy_pr1), - - -, Ka(wpm))-

Recall that, for r € [F, F], the primitive element M(r) in @(F@) corresponds to the

element 3, € ;(r)[xi, 7;] in liez(x).

Corollary 4.3.3 ([117]). If G = (x| r) is a commutator-relators group, then
h(G; Q) = lie(x) /ideal{ N () | v e r}.
i<j
Corollary 4.3.4. For every quadratic, rationally defined Lie algebra g, there exists a com-

mutator relators group G such that h(G; Q) = g.

Proof. By assumption, we may write g = lie(x)/a, where a is an ideal generated by elements
of the form ¢, = > ¢ijplxs, x;] for 1 < k < m, and where the coefficients ¢;j; are in Q.
Clearing denominators, we may assume all ¢;;;, are integers. We can then define words
i = [[[zi, z;]* in the free group generated by x, and set G = (x| r1,..., 7). The desired

conclusion follows from Corollary 4.3.3. O
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4.3.2 Presentations for the holonomy Chen Lie algebras

The next result (which completes the proof of Theorem 1.2.4 from the Introduction) sharpens

and extends the first part of Theorem 7.3 from [117].

Theorem 4.3.5. Let G = (x| r) be a finitely presented group, and set h = h(G;Q). Let

y ={y1,...,yp} be a basis of Hi(G;Q). Then, for each i > 2,

b/6@ = lie(y)/(ideal(ko(Wp—p11), - - - , £2(wn)) + lie® (),
where b = b1 (G) and wy, is defined in (4.14).

Proof. By Theorem 4.3.1, the holonomy Lie algebra b is isomorphic to the quotient of the
free Lie algebra lie(y) by the ideal generated by kao(wpn—pi1),- .., K2(wm). The claim follows

from Lemma 2.1.1. O
Using Corollary 4.3.3, we obtain the following corollary.

Corollary 4.3.6. Let G = (xq,...,2, | 71,...,7m) be a commutator-relators group, and
b = b(G;Q). Then, for each i > 2, the Lie algebra b/h%) is isomorphic to the quotient of

the free Lie algebra lie(x) by the sum of the ideals (My(ry), . .., My(ry,)) and lie® (x).

Now suppose G is 1-formal. Then, in view of Corollary 6.1.7, the Chen Lie algebra
gr(G/G"; Q) is isomorphic to h(G;Q)/h(G; Q)®, which has presentation as above.

4.3.3 Koszul properties

We now use our presentation of the holonomy Lie algebra h = h(G; Q) of a group G with
finitely many generators and relators to study the Koszul properties of the corresponding
universal enveloping algebra.

Computing the Hilbert Series of U(h) directly from Corollary 4.3.2 is not easy, since it

involves finding a Grébner basis for a non-commutative algebra. However, if U(h) is a Koszul
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algebra, we can use Proposition 2.2.7 and the Corollary 2.2.8 to reduce the computation to
that of the Hilbert series of a graded-commutative algebra, which can be done by a standard

Grobner basis algorithm.

Proposition 4.3.7. Let G be a group with presentation (x | r), and set m = |r|. If

rank(e;(r;)) = m or m — 1, then the universal enveloping algebra U(h(G;Q)) is Koszul.

Proof. Let h = h(G;Q). By Proposition 4.1.9 and Theorem 4.3.1,

lie(x) if rank(e;(r;)) = m,
h= (4.27)

lie(y)/ideal(ko(wy,)) if rank(e;(r;)) =m — 1.
In the first case, U(h) = T'(x), which of course is Koszul. In the second case, Corollary

4.3.2 implies that U(h) = T(y)/I, where I = ideal(ka(w,,)). Clearly, I is a principal ideal,

generated in degree 2; thus, by [58], U(h) is again a Koszul algebra. O

Of course, the universal enveloping algebra of the holonomy Lie algebra of a finitely
generated group is a quadratic algebra. In general, though, it is not a Koszul algebra (see

for instance Example 9.1.10.)

Example 4.3.8. Let h be the holonomy Lie algebra of the McCool group wP,". As shown
by Conner and Goetz in [30], the algebra U(h) is not Koszul for n > 4. For more information

on the Lie algebras associated to the McCool groups, see Chapter 8.
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Chapter 5

Resonance varieties

One idea from the theory of hyperplane arrangements is to study a family of cochain com-
plexes parametrized by the cohomology ring in degree 1. The resonance varieties are defined
from the data of these cochain complexes, capture subtle information as the loci where the
cohomology of these cochain complexes jumps. More generally, the resonance varieties of
a finite type commutative graded algebra (CGA) A over C, are homogeneous subvarieties
of A'. The resonance varieties of a space X or a group G with appropriate finiteness con-
dition are defined to be the resonance varieties of their cohomology algebras. We study
the resonance varieties of product and coproduct of cGAs. Using an explicit presentation
for the infinitesimal Alexander invariants, we provide upper and lower bounds for the first
resonance varieties, which is important for the computation of the resonance varieties of the
pure welded braid groups in a later chapter. This chapter is based on the work in my papers

[145, ] with Alex Suciu.

5.1 Resonance varieties

In this section, we first review the resonance varieties of a locally finite, connected, graded-

commutative algebra. Applying the Bernstein—Gelfand—Gelfand correspondence, we give a
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description for the first resonance variety.

5.1.1 The Bernstein—Gelfand—Gelfand correspondence

Let V be a complex vector spaces of finite dimension, and let VV* be its dual. We write
E = AV for the exterior algebra on V', and S = Sym(V*) for the symmetric algebra on V*.
Following the approach from [16], the Bernstein-Gelfand—Gelfand (BGG) correspondence is
an isomorphism between the category of linear free complexes over E and the category of
graded free modules over S.

Let {ey,...,e,} and {z1,...,2,} be dual bases for V' and V*, respectively, and identify
the symmetric algebra Sym(V*) with the polynomial ring S = C[zy, ..., z,]. If we take S to
be generated in degree 1, then FE is generated in degree —1. Let L be the functor from the
category of graded F-modules to the category of linear free complexes over S which assigns

to a graded E-module P the chain complex
L(P) : P ®c S~ P @ S — (5.1)

with differentials given by d;(p ® s) =

ejp @ x;8, forp e Pyand s € S.

7=1

5.1.2 Resonance varieties

Now let A = @izo A? be a graded, graded-commutative algebra. We shall assume that
A is connected (i.e., A = C), and locally finite (i.e., the Betti numbers b; := dim A* are
finite, for each ¢ > 1). Let {e1,...,e,} be the basis for the complex vector space V := Al
and {z1,...,x,} be the Kronecker dual basis for V*. We can view A as a module over the
exterior algebra £ = A(V).

Let P be a E-module defined by P; := A~%. The universal Aomoto complex of A is the

complex L(P) defined by (5.1), and denoted by L(A). Notice the change of degree, the
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universal Aomoto complex of A is the cochain complex of free S-modules,
L(A) : AesS—LAlgs L2085 Lx. .. (5.2)

with differentials given by
"(u® s) Zeju@m] (5.3)

for u € A" and s € S. According to [121, |, the evaluation of the universal Aomoto
complex at an element a € A! coincides with the Aomoto complex, (A;d,), which is the

cochain complex of finite-dimensional, complex vector spaces,

5} 52

§0 a A2 a_ . 7 (54)

(A,0,): A0—"2o AL

with differentials ¢ (u) = au for all u € A*. By definition, the (degree i, depth d) resonance

varieties of A are the algebraic sets
Ry(A) = {a € A" | by(A,a) > d}, (5.5)

where (A,a) is the cochain complex (known as the Aomoto complex) with differentials
6l A — A™ given by 6 = a - u, and b;(4,a) := dim H'(A, a).

Observe that b;(A,0) = b;(A). Thus, R} (A) is empty if either d > b; or d > 0 and b; = 0.
Furthermore, 0 € RY(A) if and only if d < b;. In degree zero, we have that RY(A) = {0} for
d =1 and RY(A) = 0 for d > 2. We use the convention that R}(A) = A! for d < 0. The
following simple lemma will be useful in computing the resonance varieties of the algebra

A = H*(vPy,C).

Lemma 5.1.1. Suppose A' # 0 fori <2 and A* =0 fori > 3. Then R(A) = Ry_ (A) for

d < by, where x =1 — by + by is the FEuler characteristic of A.

Proof. By the above discussion, 0 € R3(A) if and only if d < by. But this is equivalent to
0€ Ry, (A),sinced—x < by—x < by—1. Nowlet a € A'\{0}. Then by(A, a) = b1(A, a)+x.

Hence, a € R3(A) if and only if a € R}, (A), and we are done. O
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We will be mostly interested here in the degree 1 resonance varieties, RL(A). Equations
for these varieties can be obtained as follows (see for instance [111]). Let {ey,...,e,} be a
basis for the complex vector space A! = H'(G;C), and let {z1,...,z,} be the dual basis
for Ay = Hi(G;C). Identifying the symmetric algebra Sym(A;) with the polynomial ring

S = Clxy,...,x,|, we obtain a cochain complex of free S-modules,
A0®@SLA1®CSL>A2®@S5—2>-“, (5.6)

with differentials given by ' (u® 1) = z;‘l:1 eju®x; for u € A" and extended by S-linearity.
The first resonance variety R4(A) := RL(A), then, is the zero locus of the ideal of codimen-
sion d minors of the matrix §'. An equivalent description for the first resonance varieties
can be found in [124].

Now suppose X is a connected, finite-type CW-complex. One defines then the resonance
varieties of X to be the sets R (X) := Ri(H*(X,C)). Likewise, the resonance varieties of a

group G admitting a finite-type classifying space are defined as R4(G) := R4(H*(G, C)).

5.1.3 Characteristic varieties

Let X be a connected CW-complex with finite k-skeleton (£ > 1). Without lose of generality,
suppose X has only one single O-cell zy. Let C* be the group of units of C. The cellular
chain complex of X is denoted by (C;(X;C),d;). If the universal cover of X is X — X,
then CZ-(X ;C) is a chain complex of module over CG, where G = m1(X,zo). The module
structure on
CG x Cj(X;C) — Cy(X;C)

is given by ¢-e; and linear expansion. The group homomorphism Hom(G, C*) is an algebraic
group, with multiplication f; o fo(g) = fi(g)f2(g) and identity id(g) = 1 for g € G and

fi € Hom(G, C*). Since C* is abelian group, we have

Hom(G,C") = Hom(Gap, C*) = Hom(Z" & P Z/k;Z,C*) = (C)" & P T /kC".
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Let p: G — C* € Hom(G,C*). The rank 1 local system on X is a 1-dimensional C-vector
space C,. There is a is a right CG-module structure C, x G — C, given by p(g) o a for

a € C, and g € G. The homology group of X with coefficient in C, is defined by
Hi(X,C,) := Hi(C.(X,C) ®cq C,)

In particular, for p = id € Hom(G, C*) gives the homology of X with C coefficient.
The characteristic varieties of X are the jumping loci for cohomology with coefficients

in rank 1 local systems,
Vi(X) = {p € Hom(m (X),C*) | dim(H;(X;C,)) > k}. (5.7)

If a group G admitting a finite-type classifying space K (G, 1), the jump loci of a group G
are defined in terms of the jump loci of the corresponding classifying space. Best understood
are the degree 1 cohomology jump loci, Ry (X) = R}(X) and Vi (X) = V}(X), which depend
only on the fundamental group G = m;(X).

An important obstruction to 1-formality is provided by the higher-order Massey products,
but we will not make use of it in this thesis. Instead, we will use another, better suited

obstruction to 1-formality, which is provided by the following theorem.
Theorem 5.1.2 ([12]). Let G be a finitely generated, 1-formal group.

1. There exists an isomorphism between the tangent cone variety at the origin, TC1(Vi(G))

and the resonance variety Ry(G).

2. Then all irreducible components of Ry(G) are rationally defined linear subspaces of

HY(G,C), for all k > 0.

5.1.4 Resonance varieties of products and coproducts

The next two results are generalizations of Propositions 13.1 and 13.3 from [122]. We will

use these results to compute the resonance varieties of the group vPs.
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Proposition 5.1.3. Let A = B ® C' be the product of two connected, finite-type graded

algebras. Then, for all 1 > 1,

Ri(B® C) = Ry(B) x {0} U{0} x Ry(C),

Ri(BeC)= | Ri(B) x RI(C).

s+t=t
Proof. Let a = (ay,az) be an element in A' = B! @ C'. The cochain complex (A4, a) splits
as a tensor product of cochain complexes, (B, a;) ® (C,ay). Therefore,

bi(A,a) = > by(B,a1)bi(C, az), (5.8)

s+it=1
and the second formula follows. In particular, we have by(A4, (0,0)) = by (B,0) + b1(C,0),
bl(A, (07a2)) = bl(C, CLQ) if a9 §£ O, bl(A, (al,O)) = bl(B,al) if ay # 0, and bl(A,CL) = 0 if

a; # 0 and ay # 0. The first formula now easily follows. O

Proposition 5.1.4. Let A = BV C be the coproduct of two connected, finite-type graded

algebras. Then, for all i > 1,

RiBvO) = (U (RUBMOD x (RECHOD )0
(10} x R U (RI(B) x {0)),

RyBVC)= |J RUB) x RL(C), ifi>2,
j+k=d

where s =d — dim B! and t = d — dim C*.

Proof. Pick an element a = (a;,as) in A' = B! @ C'. The Aomoto complex of A splits (in
positive degrees) as a direct sum of chain complexes, (A", a) = (B*,a1) ® (C*, az). We then

have formulas relating the Betti numbers of the respective Aomoto complexes:

bi(B,ay) + b;(C,as) +1 ifi=1,and a; #0, az # 0,
bi(A,a) =
bi(B,ar) + bi(C,as) otherwise.

The claim follows by a case-by-case analysis of the above formula. O
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5.1.5 A description of the first resonance

In this thesis, we focus on the first resonance varieties, R;(A) := RI(A). It is readily seen
that this variety depends only on the multiplication map j4: A* A A! — A2

More precisely, define the quadratic closure of Aas A = E/I, where E = \(A") is exterior
algebra and I is the two-sided ideal of E generated by K = ker(ua) C A' A A'. Then we
have R1(A) = R1(A). Applying the L functor to the exact sequence 0 — I — E — A — 0,

we obtain a short exact sequence of cochain complexes (see, [133, 1341])

0 L(I) —=L(F) = L(A) 0. (5.9)

More explicitly in degrees two and three, we have a commuting diagram

0— PSS-S 2gs——0 (5.10)
dQlk dzl dQl
0—PS—EeS—A25—0.

Hence, I? = K = ker p4. Let ® be the composition *od?: I?® S — E*® S. Using this

map, we obtain an equivalent description for the first resonance variety.

Lemma 5.1.5. An element a € A' belongs to R1(A)\{0} if and only if the evaluation of ®

at a 1s not injective.

Proof. Recall we fixed a basis {e1,...,e,} for AL, that {z1,...,2,} is is the dual basis, and
that S = Clzy,...,2,]. Let a =37 | aje; € A', and let ev,: S — C be the ring morphism

given by g — g(ay, ..., a,). For each r € I?, by formula (5.3), we have
Olo(r) = (idps @evy) 0 Pod’(r@l) = Y er@evy(a;) =Y er-aj=a-r.  (5.11)
j=1 j=1

Hence, for each a € A', the map ®|,: I — E3 is given by left multiplication of a. If

a # 0, the complex (F,d,) is acyclic. Thus, we have
HY(A;0,) =2 H*(I;6,) 2 ker(0,: I? — I?) = ker(®|,: I? — E), (5.12)
and this finishes the proof. O
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5.2 Infinitesimal Alexander invariants

5.2.1 The infinitesimal Alexander invariant of a Lie algebra

We start in a more general context. Let g = @kzl gr be a finitely generated graded Lie
algebra, with graded pieces g, for £ > 1. Then both the derived algebra, g’, and the second
derived algebra g” = (g’)’, are graded sub-Lie algebras. Thus, the maximal metabelian
quotient, g/g”, is in a natural way a graded Lie algebra, with derived subalgebra g¢'/g".

Define the Chen ranks of g to be

Or(g) = dim(g/g" ). (5.13)

Following [117], we associate to g a graded module over the symmetric algebra S =
Sym(g;), as follows. The adjoint representation of g; on g/g” defines an S-action on g'/g”,

given by h -z = [h,z], for h € g; and x € g’. Clearly, this action is compatible with the

grading on ¢'/g”. The infinitesimal Alexander invariant of g is the graded S-module

B(g) =9'/9". (5.14)

Here, S is the universal enveloping algebra of g/g¢’, which can be identified with the symmetric

algebra on g;, with variables in degree 1. The exact sequence of graded Lie algebras

" "

0—=g¢'/g a/9 g/g 0

gives the graded S-module structure on B(g).

Now suppose g admits a finite, quadratic presentation, that is, g = lie(H)/(a), where
H is a finite-dimensional vector space, and a is a finite set of degree two elements in the
free Lie algebra lie(H). Then, by [117], the S-module B(g) admits a homogeneous, finite

presentation of the form

(/\3H®a>®5ﬁMA2H®S—>‘B(g)—>O, (5.15)
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where ¢ is the inclusion of ainto lie(H )y = HAH, and 05(zAyAz) = 2AYyRz—rA2Qy+yA2Q.
Assume now that the graded Lie algebra g = @k21 gr is generated in degree 1. We then
have g’ = @1@2 gr. Thus, since the grading for S starts with Sy = C, we are led to define

the grading on B(g) as
B(g)x = (9'/9" )42, for k> 0. (5.16)

We then have the following ‘infinitesimal’ version of Massey’s formula (6.16).

Proposition 5.2.1. Let g be a finitely generated, graded Lie algebra g generated in degree
1. Then the Chen ranks of g are given by

> Oi(g) - 57> = Hilb(B(g), 1). (5.17)

k>2

Proof. Since g is generated in degree 1, we have that g/g’ = g;. Using now the exact sequence
of graded Lie algebras 0 — ¢'/g"”" — g/9” — g/¢’ — 0, we find that (g/g")r = (¢'/g" ) for

all k£ > 2. The claim then follows from (5.13) and (5.16). O

5.2.2 The infinitesimal Alexander invariants of a group

Let again GG be a finitely generated group. Denote by H = G, its abelianization, and
identify b (G) = gr,(G) with H ® C. Finally, set S = Sym(H ® C). The procedure outlined
in §5.2.1 yields two S-modules attached to G.

The first one is B(G) = B(h(G)), the infinitesimal Alexander invariant of the holonomy
Lie algebra of G. (When G is a finitely presented, commutator-relators group, this S-module
coincides with the ‘linearized Alexander invariant’ from [32, 110], see [1 17]). The second one
is B(gr(G)), the infinitesimal Alexander invariant of the associated graded Lie algebra of G.

The next result provides a natural comparison map between these S-modules.

Proposition 5.2.2. The canonical epimorphism V: h(G) — gr(G) from (3.11) induces an

epimorphism of S-modules,

¥ B(h(G)) —=B(er(G)) -

102



Moreover, if G is graded-formal, then v is an isomorphism.

Proof. The graded Lie algebra map ¥: h(G) — gr(G) preserves derived series, and thus

induces an epimorphism ¢: h(G)'/H(G)" — gr(G)'/ gr(G)”. By the discussion from §5.2.1,

this map can also be viewed as a map ¥: B(h(G)) - B(gr(G)) of graded S-modules.
Finally, if G is graded-formal, i.e., if ¥ is an isomorphism, then clearly v is also an

isomorphism. O

Remark 5.2.3. For a finitely presented group G, a finite presentation for the S-module
B(h(G)) is given in [117]. This presentation may be used to compute the holonomy Chen
ranks 65 (h(G)) from the Hilbert series of B(h(G)), using an approach analogous to the one
described in Remark 6.2.1. We refer to Chapter 8, for the detailed computations for the

(upper) pure welded braid groups.

5.3 Bounds for the first resonance variety

Using the BGG correspondence, we give in this section a presentation for the infinitesimal

Alexander invariant. We then obtain upper and lower bounds for the first resonance variety.

Lemma 5.3.1. The dual of ®: [’ ® S — E3® S gives a presentation for the infinitesimal

Alezander invariant B(A).

Proof. By definition, the ideal I of the exterior algebra £ = AV is generated by the vector
space K = ker . Taking duals, we have an isomorphism K* = coker 04. Recall the map ®

from (5.10), defined as the composite
®

=
KoS 2L ANV es—L- A Vs, (5.18)

where d*(u®aAb) =uAaAb. All S-modules in the above diagram are free modules. After

taking the dual of the above diagram, we have

o+

A*/_\z*
coker(94) © S L NV 2 S Ao 8 (5.19)
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Here, * is the projection map and (d?)* is the same as d3 in (5.15). Then the infinitesimal
Alexander invariant B(G) is isomorphic to coker ®* by presentation (5.15).

]

This result generalizes the formula (2.5) in [31], where they give a presentation for the

linearized Alexander invariant for a commutator-relators group.

5.3.1 A decomposition of the resonance varieties

We now briefly review some basic facts about the elementary ideals of a module (for more
details, see [15]). Let S be a commutative ring with unit. Assume S is Noetherian and a

unique factorization domain. Let M be a S-module with a finite presentation,

gm 2. gn M 0. (5.20)

If we choose basis for S™ and S™, we shall view ¢ as a matrix 2 with m rows and n
columns. The i-th elementary ideal (or, Fitting ideal) of M, denoted by E;(M) C S, is the
ideal of S generated by the (n — i) x (n — ) minors of the m x n matrix Q. This ideal is
independent of the presentation of M. The ideal of maximal minors Ey(M) is known as the
order ideal.

The next lemma gives upper and lower bounds for the first resonance variety. The first
claim of the lemma is well-known, see e.g.,[11]; we provide a proof for completeness. The
two other claims (especially the third one) prove to be useful in the computation of the first

resonance variety; we will illustrate their usefulness in Section 8.4.

Lemma 5.3.2. Let A be a locally finite, connected, graded-commutative algebra. Let € be a

presentation matrixz of the infinitesimal Alezander invariant B = B(A).

1. We have isomorphisms of varieties

V(Eo(2)) = V(Ann(B)) = R (A).
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where Ann is the annihilator of a module, and V is the variety defined by an ideal.

2. Denote the columns of €2 by €);. Then,
UV(EO(Qi)) C Ri(A),

3. Suppose ) is a block triangular matriz, with diagonal blocks €2;. Then,
Ri(A) € UV<EO(Q’L’L))

Proof. (1) Suppose B is generated by n elements. By standard commutative algebra, we
have that Ann(8)" C Ey(Q2) € Ann(®B). Thus, V(Ey(€2)) = V(Ann(*8)). By Lemmas 5.1.5
and 5.3.1, a non-zero element a € H'(A) belongs to R;(A) if and only if the matrix €|, does
not have full rank, that is, a € V(Ey(Q)).

(2) Suppose a € V(Ey(£2;)), that is, the matrix (€2;)|, does not have full rank. Then |,
does not have full rank, either, that is, a € V(E(Q2)) = R1(A).

(3) Suppose a ¢ J, V(Eo(£;)), that is, all matrices €|, have full rank. Then |, has

full rank, and so a ¢ V(Ey(2)) = R1(A). O
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Chapter 6

Chen Lie algebras

In this chapter, we study the Chen Lie algebra of a finitely generated group G and its
relationships with the first resonance varieties and the Alexander invariants of G. K.T. Chen
studied the associated graded Lie algebras of the of the maximal metabelian quotient, which
are now called the Chen Lie algebras of G. The ranks of the Chen Lie algebras are called
the Chen ranks. Chen computed the Chen ranks of a finitely generated free group F,,, by
introducing a path integral technique. The Alexander invariants, which are original from the
study of the Alexander polynomials of knots and links, play an important role in investigating
resonance varieties, characteristic varieties and the Chen ranks. This chapter is based on

the work in my papers [1413, , 116] with Alex Suciu.

6.1 Derived series and Lie algebras

We now study some of the relationships between the derived series of a group and the derived

series of the corresponding Lie algebras.
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6.1.1 Derived series

Consider the derived series of a group G, starting at G© = G, G = G’, and G® = G”,
and defined inductively by Gt+Y = [G®) G®]. Note that any homomorphism ¢: G — H
takes G to H®. The quotient groups, G/G", are solvable; in particular, G/G’ = Gap,
while G/G" is the maximal metabelian quotient of G.

Assume G is a finitely generated group, and fix a coefficient field Q of characteristic 0.

Proposition 6.1.1. The holonomy Lie algebras of the derived quotients of G are given by

. b(G;Q)/b(G; Q)" fori=1,
h(G/G";Q) = QMG (6.1)

h(G; Q) fori> 2.

Proof. For i = 1, the statement trivially holds, so we may as well assume i > 2. It is readily

proved by induction that G® C I'yi(G). Hence, the projections
G—G/GY —= G /TG (6.2)

yield natural projections h(G; Q) — h(G/G: Q) — h(G/T%G;Q) = h(G; Q). By Proposi-
tion 3.1.12, the composition of these projections is an isomorphism of Lie algebras. Therefore,

the surjection h(G; Q) — h(G/G?; Q) is an isomorphism. O
The next theorem is the Lie algebra version of Theorem 3.5 from [117].

Theorem 6.1.2 ([I17]). For each i > 2, there is an isomorphism of complete, separated

filtered Lie algebras,
m(G/GY) 2 m(G)/m(G),

where m(G)@ denotes the closure of m(G)® with respect to the filtration topology on m(G).

6.1.2 Chen Lie algebras

As before, let G' be a finitely generated group. For each ¢ > 2, the i-th Chen Lie algebra of

G is defined to be the associated graded Lie algebra of the corresponding solvable quotient,
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gr(G/GW; Q). Clearly, this construction is functorial.
The quotient map, ¢;: G — G/GY, induces a surjective morphism between associated
graded Lie algebras. Plainly, this morphism is the canonical identification in degree 1. In

fact, more is true.

Lemma 6.1.3. For each i > 2, the map gr(q): gr,(G; Q) — gr,(G/GY;Q) is an isomor-

phism for each k < 2t —1.

Proof. Taking associated graded Lie algebras in sequence (6.2) gives epimorphisms
gr(G; Q) —=gr(G/GY; Q) —=gr(G/T%G; Q) . (6.3)

By a previous remark, the composition of these maps is an isomorphism in degrees k < 2.

The conclusion follows. O]

We now specialize to the case when ¢ = 2, which is the case originally studied by K.-T.

Chen in [27]. The Chen ranks of G are defined as
04(G) = dimg (g1, (G/G"; Q). (6.4)

The projection 7: G — G/G" induces an epimorphism, gr(m): gr(G) — gr(G/G"). It is
readily seen that gr,(m) is an isomorphism for & < 3. For a free group F, of rank n, Chen
showed that

() = k- n(" 7).

for all k& > 2. Let us also define the holonomy Chen ranks of G as 0,(G) = dimg(h/b"),

(6.5)

where b = h(G; Q). It is readily seen that 0;(G) > 0(G), with equality for k < 2.

Lemma 6.1.4. The Chen Lie algebra of the product of two groups G and Gy is isomorphic

to the direct sum gr(G1/GY) @ gr(G2/GY), as graded Lie algebras.

Proof. The canonical projections G; X Gy — G; for ¢ = 1,2 restrict to homomorphisms on

the second derived subgroups, (G; X G2)” — GY. Hence, there is an epimorphism ¢: G X
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G2/(G1 X Gy)" — G1/GY x Go/GY, inducing an epimorphism
gr(¢): gr((Gr x G2)/(Gh x Gy)") —=gr(G1/GY) @ gr(G2/GY) - (6.6)
By [32, Corollary 1.10], we have that
0,(G1 X Ga) = (G + 0x(Go). (6.7)

Hence, the homomorphism gr(¢) is an isomorphism of graded Lie algebras. ]

6.1.3 Chen Lie algebras and formality

We are now ready to state and prove the main result of this section, which (together with

the first corollary following it) proves Theorem 1.2.5 from the Introduction.

Theorem 6.1.5. Let G be a finitely generated group. For each i > 2, the quotient map

¢i: G — G/GY induces a natural epimorphism of graded Q-Lie algebras,
Ve (G Q) gr(G: Q)Y —=gr(G/GD; Q).

Moreover, if G is a filtered-formal group, then \Ifg) 15 an tsomorphism and the solvable

quotient G /G is filtered-formal.

Proof. The map ¢;: G — G /G induces a natural epimorphism of graded Q-Lie algebras,
gr(q): gr(G;Q) — gr(G/GYW: Q). By Proposition 3.1.1, this epimorphism factors through
an isomorphism, gr(G;Q)/gr(G®;Q) = gr(G/GY:;Q), where gr denotes the graded Lie
algebra associated with the filtration ka(i) =T.GNGY,

On the other hand, as shown by Labute in [36, Proposition 10], the Lie ideal gr(G; Q)@ is

contained in gr(G®; Q). Therefore, the map gr(g;) factors through the claimed epimorphism
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\Ifg), as indicated in the following commuting diagram,

(G5 Q) (6.9
i gr(g:)
er(G: Q)/ £:(G: Q) ¢ gr(G/G; Q)

e

gr(G; Q) /gr(GY; Q)
Suppose now that G is filtered-formal, and set m = m(G;Q) and g = gr(G; Q). We
may identify g = m. Let g — g be the inclusion into the completion. Passing to solvable

quotients, we obtain a morphism of filtered Lie algebras,
0@ g/g) —>m/m . (6.9)
Passing to the associated graded Lie algebras, we obtain the following diagram:

(i)
a/a" — ¢~ g1(G/G; Q) (6.10)

All the graded Lie algebras in this diagram are generated in degree 1, and all the mor-
phisms induce the identity in this degree. Therefore, the diagram is commutative. Moreover,
the right vertical arrow from (6.9) is an isomorphism by Quillen’s isomorphism (3.21), while
the lower horizontal arrow is an isomorphism by Theorem 6.1.2.

Recall that, by assumption, m = g; therefore, the inclusion of filtered Lie algebras g <— g

induces a morphism between the following two exact sequences,

0—>§r(flw)—>gr(m) —>gr(m)/§;~r(m(")) —0 (6.11)

o)

0 gt g g/g" 0.

Here gr means taking the associated graded Lie algebra corresponding to the induced fil-

tration. Using formulas (2.2) and (2.9), it can be shown that gr(m(®) = g». Therefore,
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the morphism g/g® — gr(m)/gr(m®) is an isomorphism. We also know that gr(m/m®) =

gr(m)/gr(m®). Hence, the map gr(¢®) is an isomorphism, and so, by (6.10), the map \Ilg)

is an isomorphism, too.

By Lemma 2.1.2, the map ¢ induces an isomorphism of complete, filtered Lie algebras
between the degree completion of g/g* and m/ m®. Asshown above, \I’g) is an isomorphism;
hence, its degree completion is also an isomorphism. Composing with the isomorphism from
Theorem 6.1.2, we obtain an isomorphism between the degree completion gr(G/G®;Q)
and the Malcev Lie algebra m(G/G; Q). This shows that the solvable quotient G/G® is

filtered-formal. O

Remark 6.1.6. As shown in [0, §3], the analogue of Theorem 6.1.5 does not hold if the
ground field Q has characteristic p > 0. More precisely, there are pro-p groups G for which

the morphisms \Ifg) (¢ > 2) are not isomorphisms.

Returning now to the setup from Lemma 3.1.10, let us compose the canonical projection
gr(g): er(G;Q) — gr(G/GW;Q) with the epimorphism ®¢: h(G; Q) — gr(G;Q). We
obtain in this fashion an epimorphism b(G; Q) — gr(G/G®; Q), which fits into the following

commuting diagram:

h(G/GY) gr(G/GO) (6.12)

Putting things together, we obtain the following corollary, which recasts Theorem 4.2
from [117] in a setting which is both functorial, and holds in wider generality. This corollary

provides a way to detect non-1-formality of groups.

Corollary 6.1.7. For each for i > 2, there is a natural epimorphism of graded Q-Lie

algebras,
o H(G:Q)/H(G: QY —=gr(G/G;Q) .
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Moreover, if G is 1-formal, then CIDg) 18 an isomorphism.

Corollary 6.1.8. Suppose the group G is 1-formal. Then, for each for i > 2, the solvable

quotient G/GW is graded-formal if and only if b(G; Q)@ vanishes.

Proof. By Proposition 6.1.1, the canonical projection ¢;: G — G/G® induces an isomor-
phism b(g;): b(G; Q) — h(G/GD; Q). Since we assume G is 1-formal, Corollary 6.1.7 guar-
antees that the map ®%: h(G;Q)/h(G; Q)P — gr(G/GM; Q) is an isomorphism. The claim

follows from the left square of diagram (6.12). O

6.2 Chen Lie algebras and Alexander invariants

In this section, we discuss the relationship between the Chen Lie algebra and the Alexander

invariant of a finitely generated group.

6.2.1 Alexander invariants

Once again, let G be a finitely generated group. Let us consider the C-vector space H, (G, C) =
G'/G" ® C. This vector space can be viewed as a (finitely generated) module over the group
algebra C[H|, with the abelianization H = G /G’ acting on G'/G" by conjugation. Following
[106], we denote this module by B¢ (G), or B(G) for short, and call it the Alexander invariant
of G. We refer to [106, 32, , 123] for ways to compute presentations for the module B(G)
in various degrees of generality.

The module B = B(G) may be filtered by powers of the augmentation ideal, I =
ker(e: C[H] — C), where ¢ is the ring map defined by e¢(h) = 1 for all h € H. The
associated graded module,

gr(B) = P I*B/I"'B, (6.13)

k>0

then, is a module over the graded ring gr(C[H]) = @, [*/I**". We call this module the

associated graded Alexander invariant of G.

112



Work of W. Massey [106] implies that the map j: G'/G” — G/G" restricts to isomor-
phisms

I"B ——=T}2(G/G") (6.14)

for all k£ > 0. Taking successive quotients of the respective filtrations and tensoring with C,

we obtain isomorphisms
gr(7): grp(B(G)) — gry15(G/G") for k > 0. (6.15)

Consequently, the Chen ranks of G can be expressed in terms of the Hilbert series of the

graded module gr(B(G)), as follows:

> 0,(G) - "7 = Hilb(gr(B(G)), 1). (6.16)
k>2
Remark 6.2.1. If the group G = (x1,..., 2, | 71,...,7m) is a finitely presented, commu-

tator-relators group, then the Hilbert series of the module gr(B(G)) may be computed using
the algorithm from [31, 33]. To start with, identify C[H] with A = C[t{',...,t]. The

Alexander invariant of G admits then a finite presentation for the form

d3+vg

AG) @ am 2 7)) B(G) ——0, (6.17)

Here, ¢; is the i-th differential in the standard Koszul resolution of C over A, and v is a
map satisfying d, o vg = D¢, where D¢ is the abelianization of the Jacobian matrix of Fox
derivatives of the relators. Next, one computes a Grébner basis for the module B(G), in a
suitable monomial ordering. An application of the standard tangent cone algorithm yields
then a presentation for gr(B(G)), from which ones computes the Hilbert series of gr(B(G)).

Finally, the Chen ranks of G are given by formula (6.16).

6.2.2 Another filtration on G'/G”

Next, we compare the module B(gr(G)) to another, naturally defined S-module associated

to the group G. Let grf(G’ /G") be the associated graded Lie algebra of G'/G" with respect
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to the induced filtration
T (G )G") = (G')G") NTW(G/G"). (6.18)
The terms of this filtration fit into short exact sequences
0——=T4(G"/G") —=T4w(G/G") —=T}(G/G) —=0 . (6.19)
Noting that I'y(G/G") = 0 for k > 2, we deduce that
TG )G") = TW(G/G"), for k > 2. (6.20)

As before, it is readily checked that the adjoint representation of gr,(G/G") = H® C
on gr(G/G") induces an S-action on grf(G’/G”), preserving the grading. Hence, the Lie

algebra €(G) := grf(G/ /G") can also be viewed as a graded module over S, by setting
(G, = gry4(G'/G"). (6.21)

Proposition 6.2.2. The canonical morphism of graded Lie algebras V: gr(G)/ gr(G)" —

gr(G/G") from Theorem 6.1.5 induces an epimorphism of S-modules,
p: B(gr(G)) —=&(G) .
Moreover, if G is filtered-formal, then ¢ is an isomorphism.

Proof. The map @ fits into the following commutative diagram of graded Lie algebras,

0 ——gr(G)/ gr(G)" —=gr(G)/ gr(G)" —=gr(G)/ gr(G) —=0 (6.22)

. o o

0— g (G"/G") — s or(G/G") er(G/G") — 0.

Thus, ¥ induces a morphism of graded Lie algebras, ¢: gr(G)'/gr(G)" — grf(G’/G”),

as indicated above. By the Five Lemma, ¢ is surjective. Observe that gr(G)/gr(G) =

gr(G/G") =2 H®C acts on both the source and target of ¢ by adjoint representations. Hence,
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upon regrading according to (5.16) and (6.21), the map ¢: B(gr(G)) - €(G) becomes a
morphism of S-modules.
If G is filtered-formal, then, according to Theorem 6.1.5, the map V¥ is an isomorphism

of graded Lie algebras. Hence, the induced map ¢ is an isomorphism of S-modules. O

6.2.3 Comparison with the associated graded Alexander invariant

Finally, we identify the associated graded Alexander invariant gr(B(G)) with the S-module
¢(G) defined above. To do that, we first identify the respective ground rings.

Choose a basis {1, . .., x,} for the torsion-free part of H = G,,. We may then identify the
group algebra gr(C[H]) with the polynomial algebra R = C[sy, ..., s,], where s; corresponds
to x; — 1 € I/I?, see Quillen [132]. On the other hand, we may also identify the symmetric
algebra S = Sym(H ® C) with the polynomial algebra C[zq,...,z,]. The desired ring

isomorphism, R = 5, is gotten by sending s; to x;.

Proposition 6.2.3. Under the above identification R = S, the graded R-module gr(B(G))

is canonically isomorphic to the graded S-module €(G).

Proof. Recall from §6.2.1 that the inclusion map j: G'/G" — G/G" restricts to an isomor-
phism I* B(G) — ya(G/G") for each k > 0. Using the induced filtration I from (6.18) and
the identification (6.20), we obtain C-linear isomorphisms I*B(G) 2 Ty o(G//G"), for all
k > 0. Taking the successive quotients of the respective filtrations and regrading according
to (6.21), we obtain a C-linear isomorphism gr(B(G)) = €(G).

Under the identification gr(C[H]) = R, the associated graded Alexander invariant of G

may be viewed as a graded R-module, with R-action defined by

si(Z) = (v, — NZ=aem; ' — 2= [15,2)2 — 2 = [15,2] + T — Z = [13, 2], (6.23)

for all z € G'. (In this computation, we follow the convention from [106], and view the

Alexander invariant B(G) = G'/G” as an additive group; however, when we consider the

115



induced filtration I' on G'/G”, we view it as a multiplicative subgroup of G/G".)

Finally, recall that €,(G) = grf_z(G’ /G") is an S-module, with S-action given by z;(Z) =
[z, 2]. Hence, the aforementioned isomorphism R 2 S identifies the R-module gr(B(G)) with
the S-module €(G). O

6.2.4 Discussion

In the 1-formal case, we obtain the following corollary, which can also be deduced from [12,

Theorem 5.6].

Corollary 6.2.4. Let G be a 1-formal group. Then gr(B(G)) = B(G), as modules over the

polynomial ring S = gr(C[H]).

Proof. Follows at once from Propositions 5.2.2, 6.2.2, and 6.2.3. ]

Using those propositions once again, we obtain another corollary.
Corollary 6.2.5. Let G be a finitely generated group. The following then hold.
1. Ox(gr(@)) < 0k(b(GR)), with equality if k < 2, or if G is graded-formal.

2. 0k(G) < Or(gr(Q)), with equality if k < 3, or if G is filtered-formal.

The graded-formality assumption from part (1) of the above corollary is clearly necessary
for the equality 0x(gr(G)) = 0x(b(G)) to hold for all k. On the other hand, it is not clear
whether the filtered-formality hypothesis from part (2) is necessary for the equality 0, (G) =
0r(gr(G)) to hold in general. In view of several computations (some of which are summarized
in the next section), we are led to formulate the following question. Suppose G is a graded-

formal group. Does the equality 0x(G) = 6x(gr(G)) hold for all k?
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6.3 Resonance varieties and Chen ranks

In this section, we detect the relationship among the Chen ranks, the Alexander invariants

and the resonance varieties.

6.3.1 Chen ranks and Alexander invariants

Let G be a finitely generated group. The terms of the lower central series of G are defined
inductively by I''G = G and I';G = [G,T';_1G] for i > 2. The associated graded Lie algebra

of G is the locally finite graded vector space

er(G) = PIG/rinG) e, (6.24)
i>1
with Lie bracket [, |: gr;(G) x gr;(G) — gr;;;(G) induced by the group commutator.
Following [27, 28], let us define the Chen ranks of G as the LCS ranks of G/G", the

quotient of GG by its second derived subgroup:
0x(G) := dime(gr,(G/G")). (6.25)

For the free group of rank n, Chen showed that

0u(F,) = (k — )(” +Z - 2) for all k > 2. (6.26)

The (complex) Alezander invariant of G is defined as B(G) := (G'/G") ® C, with G/G’
acting on the cosets of G” via conjugation, that is, ¢G’ - hG" = ghg 'G", for g € G, h € G'.
Hence, B = B(G) can be viewed as a module over the ring R = C[G//G'], and may be filtered
by the powers of the augmentation ideal [ := ker(e: R — C), where €¢(>_ny4g) = > n,.

Let gr;(B) := @,50I"B/I""'B be the associated graded object, viewed as a graded
module over the ring S := gr;(R) = Sym(G/G' ® C). In [106], W. Massey expressed the
Chen ranks of G in terms of the Hilbert series of the Alexander invariant of G, as follows:

S 0h2(G) - #* = Hilb(gr, (B(G). ), (627)
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6.3.2 Chen ranks and resonance varieties

Let G be a finitely generated group, and suppose the cohomology algebra A = H*(G;C) is
locally finite. The resonance varieties of the group G are defined to be Ri(G) := Ri(A). The

first resonance variety of G can be described as,
R4(G) ={a € H'(G,C) | H(A,C);d,) > d}. (6.28)

Suppose G is a finitely presented, commutator-relators group. As shown in [110], for each d >
1, the resonance variety R}(G) coincides, at least away from the origin 0 € H(G;C), with
the support variety of the annihilator of d-th exterior power of the infinitesimal Alexander
invariant; that is, )
RYG) = V(Ann (/\ %(U(G)))). (6.29)
The first author conjectured in [110] that for £ > 0, the Chen ranks of an arrangement
group G are given by the Chen ranks formula
Ok(G) = hin(G) - O(F), (6.30)
m>2
where h,,(G) is the number of m-dimensional irreducible components of R1(G). A positive
answer to this conjecture was given in [34] for a class of 1-formal groups which includes
arrangement groups.
Using Hilbert series of the Alexander invariants, the Chen ranks formula (6.30) translates
into the equivalent statement that

Hilb(gr(B(G)),1) — Y huu(G) - Hilb(gr(B(F)), 1) (6.31)

m>2
is a polynomial (in the variable t).

Recently, D. Cohen and Schenck proved the Chen ranks conjecture. To state this result,
recall that a subspace U C H(G; C) is called isotropic if the cup product UAU — H?(G;C)

is the zero map.
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Theorem 6.3.1 ([31]). Let G be a finitely presented, commutator-relators 1-formal group.
Assume that the components of R1(G) are isotropic, projectively disjoint, and reduced as a

scheme. Then, for k> 0, the Chen ranks of G are given by formula 6.30.

Proposition 6.3.2. Theorem 6.5.1 is still true without the “commutator-relators” assump-

tion.

Proof. Let G = F'/R be a group satisfying all assumptions of Theorem 6.3.1 except for the
requirement that R C [F, F]. By Corollary 4.3.4, there exists a commutator-relators group
G, such that h(G) = h(G,). It follows that B(G) = B(G,); thus, R1(G) = R1(G.), and so
hin(G) = hpm(G.) for all m > 0. The group G. may not be 1-formal. However, from [31], we

have that

Ok(Ge) = > hin(Ge) - Ou(F),

m>2

where 0;(G.) := dim;(h(G.)/h(G.)") are the holonomy Chen ranks of G. By Corollary 6.2.4,

(&)

we have that gr(B(G)) = B(G), for any finitely generated 1-formal group. Hence

0k(G) = 04(G) = 04(Ge) = Y hn(Ge) - Ox(Frn) = D hin(G) - Op(Fp).

m>2 m>2
This finishes the proof. O
Example 6.3.3. The pure braid group P, is an arrangement group, and thus satisfies the
hypothesis of Theorem 6.3.1. In fact, we know from Proposition 7.3.1 that the resonance
variety R1(P,) has (§) + (}) = ("}") irreducible components, all of dimension 2. Thus, the
computation from (7.18) agrees with the one predicted by formula (6.30), for all £ > 3.

As noted in [34], it is easy to find examples of non-1-formal groups for which the Chen
ranks formula does not hold. For instance, if G = F,/I's(F,) is the Heisenberg group,
then R{(G) = H'(G,C) = C?, and thus formula (6.30) would predict in this case that
0r(G) = 0x(Fy) for k large enough, where in reality 0;(G) = 0 for £ > 3. On the other
hand, here is an example of a finitely presented, commutator-relators group which satisfies

the Chen ranks formula, yet which is not 1-formal.
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Example 6.3.4. Using the notation from [110], let A = A(31425) be the ‘horizontal” ar-
rangement of 2-planes in R* determined by the specified permutation, and let G be the
fundamental group of its complement. From [110, Example 6.5], we know that R1(G) is an
irreducible cubic hypersurface in H'(G,C) = C°. Hence, by Theorem 5.1.2, the group G is
not 1-formal (for an alternative argument, see [12, Example 8.2]). On the other hand, the
singularity link determined by A has all linking numbers +1, and thus satisfies the Murasugi
Conjecture, that is, 0, (G) = 0,(Fy), for all k > 2, see [108, 117]. Therefore, the Chen ranks

formula holds for the group G.

6.3.3 Products and coproducts

We now analyze the way the Chen ranks formula (6.30) behaves under (finite) products and

coproducts of groups.

Lemma 6.3.5. Let Gy and G5 be two finitely generated groups. The number of m-dimen-
sional irreducible components of the corresponding first resonance varieties satisfies the fol-

lowing additivity formula,

Proof. We start by identifying the affine space H'(G; x Go; C) with H'(G1;C) x H'(G5; C).

Next, by Proposition 5.1.3, we have that
Ri(G1 x Gy) = Ri(G1) x {0} U {0} x R{(Gy). (6.33)

Suppose Ri(G1) = U;_; A and R}(G2) = U;:l B; are the decompositions into irre-
ducible components for the respective varieties. Then A; x {0} and {0} x B; are irreducible
subvarieties of R}(G1 x Gg). Observe now that R1(G;) x {0} and {0} x R}(G2) intersect
only at 0. It follows that

s t
RY(Gy x Go) = | JA: x {0} U J{0} x B; (6.34)
i=1 j=1
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is the irreducible decomposition for the first resonance variety of G; x G3. The claimed

additivity formula follows. n

Corollary 6.3.6. If both G; and Gs satisfy the Chen ranks formula, then G, x Gy also

satisfies the Chen ranks formula.
Proof. Follows at once from formulas (6.7) and (6.32). O

However, even if both G; and G5 satisfy the Chen ranks formula, the free product G * G,
may not satisfy this formula. We illustrate this phenomenon with an infinite family of

examples.

Example 6.3.7. Let G,, = Z * Z"'. Clearly, both factors of this free product satisfy the
Chen ranks formula; in fact, both factors satisfy the hypothesis of Theorem 6.3.1. Moreover,

G, is 1-formal and R'(G,,) is projectively disjoint and reduced as a scheme. Using Theorem

4.1(3) and Lemma 6.2 from [1 18], a short computation reveals that
1—(1—¢)~!
> (Gt =t 1=a-9v (6.35)
= (1—1t)m

On the other hand, if n > 2, then R{(G,) = H'(G,,C), by Proposition 5.1.4. Thus,
formula (6.30) would say that 0x(G,) = Ok(F,) for k > 0. However, comparing formulas
(7.16) and (6.35), we find that

k

Or(Fr) — 0(Gr) = Z 0i(Fn-1). (6.36)

i=2
Hence, if n > 3, the group G,, does not satisfy the Chen ranks formula. Note that G,
also does not satisfy the isotropicity hypothesis of Theorem 6.3.1, since the restriction of the

cup product to the factor Z"~! is nonzero, again provided that n > 3.
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Chapter 7

Pure virtual braid groups

The virtual braid groups were first introduced by Kauffman in 1999 in the context of the
study of virtual knot theory. As in the theory of the classical braid groups, the kernel of
the canonical epimorphism from virtual braid group to the corresponding symmetric group
is called a pure virtual braid group. Bardakov gave presentations for the pure virtual braid
groups and defined a class of subgroups known as the upper pure virtual braid groups.
Bartholdi, Enriquez, Etingof, and Rains independently defined and studied these groups,
which they called the quasitriangular groups and triangular groups respectively, as a group-
theoretic version of the set of solutions to the Yang-Baxter equations. In this chapter, we
investigate the resonance varieties, lower central series ranks, and Chen ranks of the pure
virtual braid groups and their upper-triangular subgroups. As an application, we give a
complete answer to the 1-formality question for this class of groups. This chapter is based

on the work in my papers [113, | with Alex Suciu.

7.1 Pure braid groups and pure virtual braid groups

In this section, we look at the pure virtual braid groups and their upper-triangular subgroups

from the point view of combinatorial group theory.
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7.1.1 Backgrounds of virtual braids

Virtual knot theory, as introduced by Kauffman in [78], is an extension of classical knot
theory. This new theory studies embeddings of knots in thickened surfaces of arbitrary genus,
while the classical theory studies the embeddings of circles in thickened spheres. Another
motivation comes from the representation of knots by Gauss diagrams. In [62], Goussarov,
Polyak, and Viro showed that the usual knot theory embeds into virtual knot theory, by
realizing any Gauss diagram by a virtual knot. Many knot invariants, such as knot groups,
the bracket polynomial, and finite-type Vassiliev invariants can be extended to invariants of

virtual knots, see [78, (2].

The virtual braid groups vB,, were introduced in [78] and further studied in [6, 9, 79, 7, 76].
As shown by Kamada in [70], any virtual link can be constructed as the closure of a virtual
braid, which is unique up to certain Reidemeister-type moves. In this paper, we will be
mostly interested in the kernel of the canonical epimorphism vB, — S,, called the pure
virtual braid group, vP,, and a certain subgroup of this group, vP;", which we call the upper

pure virtual braid group.

In [11], Bartholdi, Enriquez, Etingof, and Rains independently defined and studied the
group vP,, which they called the n-th quasitriangular groups QTr,, as a group-theoretic
version of the set of solutions to the Yang—Baxter equations. Their work was developed in
a deep way by P. Lee in [91]. The authors of [11, 91] construct a classifying space for vP,
with finitely many cells, and find a presentation for the cohomology algebra of vP,, which
they show is a Koszul algebra. They also obtain parallel results for a quotient group of vF,,
called the the n-th triangular group, which has the same generators as vF,, and one more

set of relations. It is readily seen that the triangular group Tr, is isomorphic to vP;.
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7.1.2 Presentations and classifying spaces of P,

We first review the results of the pure braid groups P,. Let Aut(F,) be the group of (right)
automorphisms of the free group F,, on generators zi,...,z,. Magnus [101] showed that
the map Aut(F,) — GL,(Z) which sends an automorphism to the induced map on the
abelianization (F,)* = Z" is surjective, with kernel denoted by IA,. Furthermore, the

kernel of this homomorphism, denoted by IA,,, is generated by automorphisms a;; and a;ji

1 1

(1 <i# j # k <n) which send z; to xjxia:j_l and TiTTRT; Ty respectively, and leave
invariant the remaining generators of Fj,.

An automorphism of the free group F,, is called a symmetric automorphism if it sends
each generator z; to a conjugate of x,(;, for some permutation o € ¥,. Recall that the
Artin braid group B,, consists of those permutation-conjugacy automorphisms which fix the
word z1---x, € F,. For each 1 < i < n, let 0; be the braid automorphism which sends z;
to z;zi17; L and Ziy1 to x;, while leaving the other generators of F), fixed. As shown for

instance in [18], the braid group B, is generated by oy, ..., 0,_1, subject to the well-known

relations

0i0i410; = 01410011, 1 <i<n—2,
(R1)

0,05 = 0404, ’Z—j| 22
On the other hand, the symmetric group S, has a presentation with generators s; for

1 <4 <n—1 and relations

(
8iSi118; = Si18iSit1, 1 <1< n—2,

SiS5 = 8554, ‘Z - ]| 2 2. (R’2>

The canonical projection from the braid group to the symmetric group, which sends the
elementary braid o; to the transposition s;, has kernel the pure braid group on n strings,

P, = ker(B,, — S,) = B, NIA,. A generating set for P, are the n-braids

_ 2 _—1 -1 -1
Aij = 0j10j2 0100, -+ 0550, 4
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Figure 7.1: The pure braids A;; for i < j.

for 1 <1< j <mn, (see Figure 7.1,) subject to the relations (see, e.g., [69])

(

Ajj ifi<r<s<jorr<s<i<jy
Al

A" ifr<i=s<y

Al = (7.1)

Af_lAf_l

A7 ifi=r<s<j
AsjArAG AL . .

A ‘ ifr<i<s<y.

\

L2y is the conjugation in a group.

where ¥ =y~

As is well-known, the center of P, (n > 2) is infinite cyclic, and so we have a direct
product decomposition of the form P, = P,, x Z. The first few groups in this series are easy
to describe: P = {1}, P, = Z, and P3; = Fy X Z, where F,, denotes the free group on n

generators.

The configuration space of n ordered points in a connected manifold M is defined to be
Conf, (M) = {(x1, -+ ,x,) € M" | x; # x; for i # j}. (7.2)
There is a natural free right action of S, on the configuration space Conf,, (M),
p : Conf, (M) x S™ — Conf, (M),

defined by permutation of coordinates, pi((z1, -+, 2n), @) = (1, -+, Tn) a0 = (Taq1), "+, Ta(m))-
Denote the orbit space for the free action pu by C,,(M) = Conf,(M)/S,,. The configuration
space Conf,(C) is a classifying space for the Artin pure braid group P,, while the space

C,(C) is a classifying space for the Artin braid group B,,. See [69, §1.3] for more details.
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7.1.3 Presentations and classifying spaces of vF,

As shown by Bardakov in [7], the virtual braid group vB, has presentation with generators

o;and s; for i =1,...,n — 1, and relations (R1), (R2) and

80 = 0;8i, i—jl =2,
(R3)
0iSi118; = Si418i0i11, 1 <1< n—2,

The pure virtual braid group vP, has presentation with generators z;; with 1 < ¢ # j <n

(see Figure 7.1 for a description of the corresponding virtual braids), and relations

TijTikTjk = TjkLikTij for distinct i,j, k‘, (73)
TijTp = TpTsj for distinct 7, 5, k, [.
1 =1 4 i+l j—1 j j+1 n 1 =1 i i+l j—1 j j+1 n

Figure 7.2: The virtual pure braids z;; and zj; for ¢ < j.

The upper-triangular pure virtual braid group, vP,, is the subgroup of v P, generated by

those elements z;; with 1 <+¢ < j < n. Its defining relations are

TijTikTjk = TjkTikTij for i < 7 < k, (74)

TijTp = Tii%ij fori£j#k#1i<j,and k <.

Of course, both vP, and vP;" are the trivial group. It is readily seen that vP,” = Z,
while vP;f 2 Z x Z2. Likewise, v P, is isomorphic to Fb.

A classifying space for the group v P, is identified in [1 1] as the quotient space of the (n—
1)-dimensional permutahedron Per,, by actions of certain symmetric groups. More precisely,

let Per,, be the convex hull of the orbit of a generic point in R™ under the permutation
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action of the symmetric group 5, on its coordinates. Then Per,, is a polytope whose faces
are indexed by all ordered partitions of the set [n] = {1,...,n}; see Figure 7.3. For each
r € [n], there is a natural action of S, on the disjoint union of all (n — r)-dimensional faces,
CiU---Uu . Similarly, a classifying space for vP, can be constructed as a quotient space

of Per,, x S,,.

7.1.4 Split monomorphisms

n» While

In [11], the group vP, is called the quasi-triangular group, and is denoted by QTr
the quotient group of QTr, by the relations of the form z;; = x; for ¢ # j is called the

triangular group, and is denoted by Tr,,.
Lemma 7.1.1. The group Tr,, is isomorphic to vP;.

Proof. Let ¢: Tr, — vP; be the homomorphism defined by ¢(z;;) = x;; for i < j and
¢(xi;) = xj; for i > j, and let ¢: vP; — Tr, be the homomorphism defined by ¢ (z;;) = x;;
for i < j. It is easy to show that ¢ and v are well-defined homomorphisms, and ¢ o ¢ = id

and 1 o ¢ = id. Thus, ¢ is an isomorphism. [
Corollary 7.1.2. The inclusion j,: vP} < vP, is a split monomorphism.

Proof. The split surjection is defined by the composition of the quotient surjection v P, — Tr,

and the map ¢: Tr, — vP;} from Lemma 7.1.1. O]

There are several other split monomorphisms between the aforementioned groups.

Lemma 7.1.3. For each n > 2, there are split monomorphisms v,: vP, — vP,.1 and
L vPF — oPh .

Proof. The maps ¢, and ¢} are defined by sending the generators of vP, to the generators
of vP, 1 with the same indices. The split surjection 7, : vP,;1 — vP, sends x;; to zero for
i=n+1orj=n+1, and sends z;; to z;; otherwise. The split surjection m,} : vP, | — vP,

is defined similarly. O
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Per;
(2,1,3) (2,3,1)

(1,3,2) (3,1,2)

Per,
(1234) (1243)
. (1423)

“.(1342)

(1432)%

(2314) \

“f ,"‘ ~~‘.~":
L(3214) FLaziy (4123)
(4132)
(2341) 1(3412)

S

(4312)
(4231)

(3421)
(4321)

Figure 7.3: Permutahedrons.
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As noted by Bardakov in [7, Lemma 6], the pure virtual braid group vF, admits a semi-
direct product decomposition of the form vP, = Fyu) x vP,_;, where ¢(1) = 2 and ¢(n) is
infinite for n > 2. Furthermore, as shown in [/ 1], there exits a monomorphism from P, to

vP,.

7.1.5 A free product decomposition for vP;

The pure virtual braid group vPj is generated by 19,291, %13, T31, T23, T30, subject to the

relations
T12713T23 = X23T13T12, T21T23%13 = XL13T23T21, XL13T12T32 = T32X12713,
T31T32L12 = T12T32X31, T23T21X31 = XT31T21L23, XT32X31L21 = X21X31T32-

The next lemma gives a free product decomposition for this group, which will play an

important role in the proof that vPj is 1-formal.
Lemma 7.1.4. There is a free product decomposition vPs =2 Py x 7.

PTOOf. As shown in [ ], if we set a1 = X13723, b1 = T13%12, bQ = X91%31, 9 = T32X31,C1 =
T13%31, Co = X13, then there is a free product decomposition, vP; = G5 * Z, where Gjy is

generated by {a,as, by, by, c1}, subject to the relations
a1, b1] = [a2,bo] =1, 7' =b{2, o' =a, b5 =103, a5 =ay®,

where y* = 7 lyx. Replacing the generators in the presentation of G by 1, s, x3, T4, xgl,
respectively, and simplifying the relations, we obtain a new presentation for the group Gj,

with generators x1,..., s and relations
T1T3 = T3T1, Toly = TyT2, T5T3T2 = T3X2x5 = T2X5X3, T1XT4XL5 = T4L5X1] = T5L1L4.

On the other hand, as noted for instance in [31], the group P, has a presentation with

generators zi,..., 25 and relations

-1 -1
RQR3 = Z3R2, Z9 R4R9R1 = Z1R9 R4Z2, R5RZ3Z1 = Z3Z1R%5 = R125R3, R5R4R2 = Z4R225 = Z9Z5Z24.
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Define a homomorphism ¢: G5 — Py by sending x1 — 29, To > 21, T3 > 23, Ty —> 22_12422
and x5 — 25. A routine check shows that ¢ is a well-defined homomorphism, with inverse
v Py — Gy sending z, +— Xa, 2o —> Xy, 23 > T3, 24 —> x1x4xf1, and z5 +—> x5. This

completes the proof. O

As a quick application of this lemma, we obtain the following corollary, which was first

proved by Bardakov et al. [10] using a different method.
Corollary 7.1.5. The pure virtual braid group vPs is a residually torsion-free nilpotent
group.
Proof. 1t is readily seen that two groups G; and G are residually torsion-free nilpotent if
and only their direct product, G; x Gs, is residually torsion-free nilpotent. Now, as shown
by Falk and Randell in [19], the pure braid groups P, are residually torsion-free nilpotent.
Hence, the subgroup P, C P, is also residually torsion-free nilpotent.

On the other hand, Malcev [103] showed that if G; and G, are residually torsion-free

nilpotent groups, then the free product G, x G5 is also residually torsion-free nilpotent. The

claim follows from the decomposition vP; = P,  Z. O]

A more general question was asked by Bardakov and Bellingeri in [3]: Are the groups

vP, or vP residually torsion-free nilpotent?

7.2 Cohomology rings and Hilbert series of P, and vP,

In this section we discuss what is known about the cohomology rings of the pure (virtual)

braid groups, and the corresponding Hilbert series.

7.2.1 Hilbert series and generating functions

Recall that the (ordinary) generating function for a sequence of power series P = {p,,(¢) },,>1

is defined by F(u,t) :== Y p,(t)u". Likewise, the exponential generating function for P
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is defined by E(u,t) := > o2 pn(t)%r.
Now let G = {G,, },>1 be a sequence of groups admitting classifying spaces K (G, 1) with
finitely many cells in each dimension. We then define the exponential generating function

for the corresponding Poincaré polynomials by

. . u"
Poin(G,u,t) :=1+ Z Poin(G,, t)g (7.5)
n=1
In particular, if we set ¢ = —1, we obtain the exponential generating function for the Euler

characteristics of the groups G, denoted by x(G).
For instance, the Poincaré polynomial of a free group of rank n is Poin(F),,t) = 1 + nt.
Thus, the exponential generating function for the sequence F = {F, },>1 is Poin(F,u,t) =

(14 tu)e.

7.2.2 Pure braid groups

A classifying space for the pure braid group P, is the configuration space Conf(C,n) of n
distinct points on the complex line. This space has the homotopy type of a finite, (n — 1)-
dimensional CW-complex. The cohomology algebras of the pure braid groups are computed

by Arnold in [3].

Theorem 7.2.1 ([3]). The cohomology ring A, = H*(Py;Z) is the skew-commutative ring

generated by degree 1 elements e;; (1 <i < j <n), subject to the relations
eineir = €ij(ejr — eix) for i < j <k. (7.6)

Clearly, this algebra is quadratic. In fact, A, is a Koszul algebra ([137]), that is to
say, Ext%n(C,C)j = 0 for ¢ # j. Furthermore, the Poincaré polynomial of Conf(C,n), or,

equivalently, the Hilbert series of A,,, is given by

n—1 n—1
Poin(P,, t) = [J(1+kt) =) e(n,n—i)t', (7.7)
k=1 =0
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where ¢(n,m) are the (unsigned) Stirling numbers of the first kind, counting the number
of permutations of n elements which contain exactly m permutation cycles. The associated

graded Lie algebra of P, is computed by Kohno [30] and Falk-Randell [15].

Theorem 7.2.2. The graded Lie algebra gr(P,; Q) is generated by s;; for 1 < i # j < n,

subjects to the relations s;; = Sji, [Sjk, Sik + Sij] =0 and [s;j, sk =0 fori# j # 1.
In particular, the pure braid group P, is graded-formal.

Proposition 7.2.3. The exponential generating function for the Poincaré polynomials of

the pure braid groups P, is given by

Poin(P, u,t) = exp <—M> )

t

Proof. 1t is known (see, e.g. [139]) that the exponential generating function for the unsigned

Stirling numbers ¢(n, k) is given by
exp(—z-log(1—2)) = 3% e(n, k)z* . (7.8)

Setting x = t~! and z = tu, we obtain

log(1 — tu) ) g U
exp( > ZZ c(n, k)t :1+Z c(n,n — 1)t o (7.9)
n=0 k=0 n=1 =0
where we used ¢(0,0) = 1 and ¢(n,0) = 0 for n > 1. This completes the proof. O
7.2.3 Pure virtual braid groups
In [11], Bartholdi et al. describe classifying spaces for the pure virtual braid group v P, and

vPF. Let us note here that both these spaces are finite, (n — 1)-dimensional CW-complexes.
The following theorem provides presentations for the cohomology algebras of the pure
virtual braid groups and their upper triangular subgroups.

Theorem 7.2.4 ([11, 91]). For each n > 2, the following hold.
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1. The cohomology algebra A, = H*(vP,;C) is the skew-commutative algebra generated
by degree 1 elements a;; (1 <1 # j < n) subject to the relations a;ja;; = a;;a;, — ag;,

ik, = Q3505 — A5Gk, and a;ja;; = 0 for 1,7,k all distinct.

2. The cohomology algebra A} = H*(vP;;C) is the skew-commutative algebra generated
by degree 1 elements a;; (1 < i # j < n), subject to the relations a;; = —aj; and

a;jGjr = a0k fori # j # k.

Corollary 7.2.5. The cohomology algebra H*(vP;};C) has a simplified presentation with
generators e;j in degree 1 for 1 <i < j <n, and relations e;;(e;, — €;i) and (e;; — e )eji for

1< j <k.

Proof. Let AT be the algebra given by the above presentation. The morphism ¢: AF — AF
defined by ¢(a;;) = e;; for i < j and ¢(a;;) = —e;; for i > j is easily checked to be an

isomorphism. O

In [11], Bartholdi et al. also showed that both A, and A are Koszul algebras, and

computed the Hilbert series of these graded algebras, as follows:

n—1

Poin(vP,,t) = Z L(n,n —1i)t, (7.10)
Poin(vP,t) = Z S(n,n —i)t".

Here L(n,n — i) are the Lah numbers, i.e., the number of ways of partitioning [n] into
n — i nonempty ordered subsets, while S(n,n — i) are the Stirling numbers of the second
kind, i.e., the number of ways of partitioning [n] into n — i nonempty (unordered) sets.
The polynomial Poin(vP;", ) is the rank-generating function for the partition lattice IT,,, see
e.g. [139, Exercise 3.10.4]. All roots of these polynomial are negative real numbers.

It is now readily seen that the exponential generating function for the polynomials

Poin(vP,,t) and Poin(vP,;,t) are exp (%) and exp (%), respectively.

133



Finally, let us note that Dies and Nicas [10] showed that the Euler characteristic of vP,
is non-zero for all n > 2, while the Euler characteristic of v P, is non-zero for all n > 3, with

one possible exception (and no exception if Wilf’s conjecture is true).

7.3 Resonance varieties of P, and vP,

7.3.1 Pure braid groups

Since P, admits a classifying space of dimension n — 1, the resonance varieties RY(P,) are
empty for i > n. In degree i = 1, the resonance varieties R%(P,) are either trivial, or a union

of 2-dimensional subspaces.

Proposition 7.3.1 ([33]). The first resonance variety of the pure braid group P, has de-

composition into irreducible components given by

Ri(Pn) = U Lz‘jk U U Lijkl?

1<i<j<k<n 1<i<j<k<i<n
where
Lijk = {xij + xir, + 25, = 0 and zy = 0 if {s,t} ¢ {i,j, k}},

Liw = 2 payctighay Toe =05 Tij = Tu, Tjk = Taty Tip = T,
Y ZUStZO Zf{S,t}¢{Z,],k’,l}

Furthermore, Ry(P,) = {0} for2 < d < (3), and Ry(P,) =0 for d > ().

Recall that P, = P, x Z, where P,, is the quotient of P, by its (infinite cyclic) center.
Thus, the resonance varieties of the group P, can be described in a similar manner, using

Proposition 5.1.3.

7.3.2 Resonance varieties of vP;

A partial computation of the resonance varieties RY(vP3) was done in [10] for ¢ = 1 and

d=1,5,6,aswell asi =2 and d = 2, 6. We use the preceding discussion to give a complete
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computation of all these varieties.

Proposition 7.3.2. For d > 1, the resonance varieties of the pure virtual braid group vPij

are given by
.

RL (Py) xC, fori=1,d<5
_ {0} fori=1,d=6,
RZ(UP;;) =
R ,(Py) xC  fori=2,d<6

0 otherwise.

\

Consequently, Ri(vPs) = C8, while RY(vPs) is a union of five 3-dimensional subspaces,

pairwise intersecting in the 1-dimensional subspace Ri(vP3) = Ri(vPs) = Ri(vP3).

Proof. By Lemma 7.1.4, we have an isomorphism vP; = P4 * Z, which yields an isomor-
phism H'(vP3;C) = H'(P4;C) @ C. Under this identification, Proposition 5.1.4 shows that
RL(wPs) 2 RY [ (Py) x C for d <5, and Ri(vPs3) = {0}.

The same proposition also shows that R2(vP;) = R2(P4) x C. On the other hand, by
Lemma 5.1.1, we have that R2(P,) = R} ,(Py) for d < 6, since P, admits a 2-dimensional
classifying space, and x(P,) = 2. Finally, the description of the resonance varieties R} (v Ps)

for d < 6 follows from Proposition 7.3.1. O

Let aio, a3, ass, as;, as, ass be the basis of H'(vP3, C) specified in Theorem 7.2.4, and
let x;; the corresponding coordinate functions on this affine space. Tracing through the
isomorphisms H'(vP3;,C) & H'(P,,C) x C = H'(P,,C), we see that the components of

Ri(vPs) have equations

{19 — x93 = T12 + X320 = T12 + 91 = 0},
{x13 + x93 = T12 + T32 = w1 + w31 = 0},
{213 + 223 = 213 — T30 = @13 + w31 = 0},
{12+ 213 = 212 + T21 = 212 — 231 = 0},
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{12 + 13 = Tog + 91 = w31 + 230 = 0},

while their common intersection is the line {z1y = —x91 = —x13 = 31 = Xa3 = —x32}.

7.3.3 Resonance varieties of v P}

We now switch to the upper-triangular group vP,", and compute its degree 1 resonance
varieties. Let ey, €13, €23, €14, €24, €34 be the basis of H(v P}, C) specified in Corollary 7.2.5,

and let x;; be the corresponding coordinate functions on this affine space.

Lemma 7.3.3. The depth 1 resonance variety Ri(vP,") is the irreducible, 3-dimensional
subvariety of degree 6 inside H'(vP;",C) = Cb defined by the equations

T19%24 (213 + Ta3) + T13034(T12 — T23) — ToaT34(T12 + 713) = 0,
T19%23(T14 + T24) + T12034(T23 — T14) + T14734(T23 + Tog) = 0,
(
(

276139023(9014 + 11324) + X14T24(T13 + $23) + 9634(95139623 - 37149024) =0,

$12($13$14 - $233324) + x34(T13%23 — 1U141U24) =0.

The depth 2 resonance variety Ri(vP;") consists of 13 lines in CS, spanned by the vectors

€12, €13, €23, €14, €24, €34, €12 — €13 + €23,
€12 — €14 + €94, €13 — €14 + €34, €93 — €24 t+ €34,

€13 — €23 — €14 + €24, €19+ €93 — €14 + €34, €12 — €13 1+ €24 — €34.

Finally, RY(vP;) = {0} if 3 <d <6, and RY(vP) =0 ifd > 7.

Proof. Let A = H*(vP;",C) be the cohomology algebra of vP;", as described in Corollary

7.2.5. The differential §': A' ® S — A% ® S in the cochain complex (5.6) is then given by

—x34 0 0 0 0 Z12
—T13 — T23 X12 —X23  T12 + T13 0 0 0
0 —T94 0 0 Z13 0
(51 = 0 0 —X14 23 0 0
—T14 — T24 0 0 T12 — T24 T12 + T14 0
0 —T14 — T34 0 T13 — T34 0 13 + T14
0 0 —To4 — T34 0 To3 — X34 Tz + Toyg

Computing with the aid of Macaulay2 [9%] the elementary ideals of this matrix and finding

their primary decomposition leads to the stated conclusions. O
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7.3.4 Resonance varieties of vP;"

We now switch to the upper-triangular group vP;", and compute its degree 1 resonance
varieties. Let €19, €13, . . ., 45 be the basis of H!(vPs", C) specified in Corollary 7.2.5, and let
x;; be the corresponding coordinate functions on this affine space. Computing with the aid

of Macaulay?2 [95], we get the first resonance variety of vP;".

Lemma 7.3.4. The depth 1 resonance variety Ri(vPs) = |J;2, Ci is the 4-dimensional

subvariety inside H'(vPs", C) = C'° with 15 irreducible components.

C: {1'24 — Ty5 = Togz — X35 = T13 = T14 = T34 = T12 + T15 = 0}

Cy: {Tas = Tos + T35 = T14 = Tog + T34 = T12 + T13 = 215 = 0}
Cy: {To = To3 + Toy = T14 = T34 — Ty5 = T12 = T13 + 215 = 0}
Cy: {$45 = T9q = X5 = T14 + T34 = T12 — To3 = T15 + T35 20}

Cs 1 {35+ T45 = o5 = To3 + Tog = 13 + T1g = T12 = 115 = 0}
Co: {45 = T35 = T13 + Tog = T14 + Tog = T34 = T15 + Tp5 = 0}
Cr: {35 = @25 + Tus = T13 = —Ta3 + T34 = T2 + T1g = T15 = 0}
Cs: {4+ T25 = o3 = T13 = T34 + X35 = T12 = T14 + 115 = 0}
Cy : {9324 = T23 = XT13 — X35 = T14 — T45 = T34 = T12 — Tg5 = 0}

Cro: {x35 = o5 = To3 = —X13 + T3y = T12 — Tog = T15 + 245 = 0}

Ch1 is defined by the equations

Tog = To5 = Tz = 112 =0

—T13%14735 — T13T34035 — T13T14T45 + L14034T45 + T13T35245 + 14735045 = 0
T13T14%15 + T13014035 + T13T14T45 — T13T35T45 — L14T35245 — T15235245 = 0
T13W34T15 + T13T34735 + T13T34045 — T13T15T45 + T34 15045 + T15035T45 = 0

T14234T15 + T13T14035 + T13T34235 + T14L34T35 + T14T15T35 + T34T15235

+X13%14T45 — T13T35T45 — T14T35T45 — 15035045 = 0
C1o is defined by the equations

T35 = To3 = T13 = T34 = 0

T12T14T25 + T12T24%25 + T12T14T45 — T14T24T45 — T12T25T45 — T14T25045 = 0
T14%24% 15 + T14T24T25 + T14T15T25 + T24T 15T 25 + T14T24T45 — T15T25T45 = 0
T12T24T15 + T12T24T25 + T12T24T45 — T12T15T45 + ToaT 15045 + T15T25T45 = 0

T12T14T15 — T12T24T25 + T14T24T45 — T15T25T45 = 0
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C13 1s defined by the equations

( —_ —_ —_ —_
Tas = T35 = Tz = T15 = 0

—T13T23%14 — T13T23T24 — T13T14T24 — T23T14T24 — T13T23T34 + T14T24T34 = 0
12713014 — T13T23T14 — L12T23T24 — T13T23T24 — T13L14T24 — T23T14T24 = 0
T12T13T24 + T12T23T24 + T12T13%34 — T13T23T34 — T12T24T34 — T13T24T34 = 0

—X12X23%14 — T13L23T14 — L12X23L24 — L13T23T24 — L13X14L24 — T23L14T24

| — 712723734 — 13023034 + T12014T34 — T23T14T34 = 0

Ch4 18 defined by the equations

)
Tys = Tog = Ty = 234 =0

T12T13T25 + T12T23T25 + T12T13%35 — T13T23T35 — T12T25T35 — L13T25T35 = 0
T13T23%15 + T13T23T25 + T13T15T25 + T23T15T25 + T13T23%35 — T15T25L35 = 0

T12T23T15 + T12T23T25 + T12T23%35 — T12T15T35 + T23T15T35 + T15T25T35 = 0

| T12713%15 — T12893%25 + T13%2335 — T15T25235 = 0

C15 1s defined by the equations

T3=Tyu=22=o15=0

T93T24T25 + T23W24T35 + T23T24T 45 — T23T35T45 — T24T35%45 — T25235%45 = 0
T94W34To5 + T24T34T35 + T24T25035 + T34 L2535 + To4T34T45 — TosT35T45 = 0
T93T24T35 + T23T34%35 + L2324 W45 — T24T34T45 — T23T35L45 — T4 35045 = 0

T93X34T25 — T23T24X35 — T23L24T45 + T23T34L45 + L24T34T45 — T23T25T45

[ T234T25%45 + T23T35T45 + T4 035045 + TosT352L45 = 0

Here, the degree of C; equals 1 for 1 <1 <10, equals 3 for 11 < i < 15.

The degree 1, depth 1 resonance varieties of the virtual pure braid groups vP; and vF,
can be computed in a similar fashion, at least for small values of n. We record in the following
table the dimensions and the degrees of these varieties, in the range we were able to carry

out those computations.

dm(RYwPH) |03 34|56 |7

deg(RYwP)) | 1] 1]6 40|15 |21 |28 (7.11)
dim(RY(vP,)) | 2 |6 | 6
deg(Ri(vP,)) | 0| 1 |4
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7.4 Formality properties

7.4.1 Graded algebras associated to P,, vP, and vP;

We start with the pure braid groups P,. As shown by Kohno [$0] and Falk-Randell [1%], the
graded Lie algebra gr(P,) is generated by degree 1 elements s;; for 1 < i # j < n, subjects

to the relations

Sij = Sji7 [Sjk, Sik + Sij] = 0, [Sz’j7 Skl] =0 fOl" ) 7&] 7& l. (712)
In particular, the pure braid group P, is graded-formal. The universal enveloping algebra
U(gr(P,)) is Koszul with Hilbert series [[}—; (1 — kt)~!. Furthermore, the ranks ¢(P,) can
be computed from formulas (2.12) and (7.7), as follows:

5P = 3 0ulF) =+ 35 ulk/d)s". (7.13)

s=1 d|k

Next, we give a presentation for the holonomy Lie algebras of the pure virtual braid
groups, using a method described in Corollary 4.3.3. The Lie algebra h(vP,) is generated

by ri;, 1 <14 # j < n, with relations
(735, Tike] + [Tijs 7] + [7ik, 7] = O for distinct 4, 7, k, (7.14)

and [r;;, i) = 0 for distinct ¢, j, k, . The Lie algebra h(vP;) is the quotient Lie algebra of
h(vP,) by the ideal generated by 7;; + rj; for distinct ¢ # j. Similarly as Corollary 7.2.5,
the Lie algebra h(vP;) has a simplified presentation with generators r;; for i < j and the

corresponding relations of h(vFP,).

Theorem 7.4.1 ([11, 91]). The Lie algebra h(vP,) is isomorphic to the Lie algebra gr(vP,).

Likewise, the Lie algebra b(vP,") is isomorphic to the Lie algebra gr(vP]).

As shown in [11], there exist isomorphisms of graded algebras, H*(vP;}; C) = U(gr(vP;}))'
and H*(vP,;C) = U(gr(vP,))". Hence, the LCS ranks ¢, (vP;}) and ¢ (vP,) can be com-

puted by means of Lemma 3.1.3, and formulas (2.12) and (7.10).
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7.4.2 Formality properties of vP, and vP;

Recall that the pure virtual braid groups vF, and vP, are graded-formal for all n > 1.

Furthermore, vPy" = Z and vP, = F», and so both are 1-formal groups.
Lemma 7.4.2. The groups vP; and vPs are both 1-formal.

Proof. From Propositions 3.1.21 and 3.3.12, the free product of two 1-formal groups is 1-
formal. Hence vP;" = Z?  Z is also 1-formal.

Since the pure braid group P, = P4 x Z is 1-formal, Theorem 3.3.10 ensures that the
subgroup Py is also 1-formal. On the other hand, we know from Lemma 7.1.4 that vP; =

P, Z. Thus, by, Theorem 3.3.10, the group vP; is 1-formal. O
Lemma 7.4.3. The group vP," is not 1-formal.

Proof. As shown in Lemma 7.3.3, the resonance variety R1(vP;") is an irreducible subvariety
of H'(vP;",C). Thus, this variety doesn’t decompose into a finite union of linear subspaces,

and so, by Theorem 5.1.2, the group vP;" is not 1-formal. O]
Theorem 7.4.4. The groups vP, and vP, are not 1-formal for n > 4.

Proof. As shown in Lemma 7.1.3, there is a split injection from vP; to vP,, . Since vP;" is
not 1-formal, Theorem 3.3.10, then, insures that the groups v P, are not 1-formal for n > 4.

By Corollary 7.1.2; there is a split monomorphism vP;} — vP,. From Theorem 7.4.4,
we know that the group vP;" is not 1-formal for n > 4. Therefore, by Theorem 3.3.10, the

group v P, is not 1-formal for n > 4. O]
Corollary 7.4.5. The groups vP, and vP, are not filtered formal for n > 4.

To summarize, the groups vP, and vP, are always graded-formal. Furthermore, they
are 1-formal (equivalently, filtered-formal) if and only if n < 3. This completes the proof of

Theorem 1.2.7 from the Introduction.
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7.5 Chen ranks of P, and vPFP,

7.5.1 Chen ranks of the free groups

As shown in [27], the Chen ranks of the free group F,, are given by 6,(F,,) = n and

0,(F,) = <” ”; N 2) (k—1) for k> 2. (7.15)

Equivalently, by Massey’s formula (6.16), the Hilbert series for the associated graded Alexan-
der invariant of F), is given by

1

Hilb(gr(B(F,)). 1) = -5 - (1 - (1 — ?)tn) , (7.16)

an identity which can also be verified directly, by using the fact that B(F),) is the cokernel
of the third boundary map of the Koszul resolution A(Z") @ C[Z"].

From formula (7.16), we see that the generating and exponential generating functions
for the Hilbert series of the associated graded Alexander invariants of the sequence of free
groups F = {F, },,>1 are given by

u2

;Hilb(gr(B(Fn)),t) " = I TEr—r (7.17)

= u et ew/(1-1) tu
> I (BN 1 = 5+ <1_t—1).

7.5.2 Chen ranks of the pure braid groups

A comprehensive algorithm for computing the Chen ranks of finitely presented groups was
developed in [31, 33], leading to the following expressions for the Chen ranks of the pure

braid groups:

0,(P,) = (2) 05(P,) — (g) and 0x(P,) = (k — 1)(" N 1) for k>3 (7.18)

or, equivalently,

Hilb(gr(B(P,)), t) = <” . 1) ﬁ _ (Z) (7.19)
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It follows that the two generating functions for the Hilbert series of the associated graded
Alexander invariants of the sequence of pure braid groups P = {P,},>; are given by

’LLS

;Hﬂb(gr(B(Pn)),t) = T ((1 s ) : (7.20)

ZHﬂb(gr(B(Pn)),t) ’ Z_r: - 6;13 <(1Lj_;§2 - u) :

7.5.3 Chen ranks of vP; and vP;

We now return to the pure virtual braid groups, and study their Chen ranks. Recall that

UP2+ =7 and vP, = F5,, so we may as well assume n > 3. We start with the case n = 3.

Proposition 7.5.1. The groups vP;" and vP3 do not satisfy the Chen ranks formula, despite
the fact that they are both 1-formal, and their first resonance varieties are projectively disjoint

and reduced as schemes.

Proof. Recall that vP;f = 7% % Z. Thus, the claim for vP; is handled by the argument from
Example 6.3.7.

Next, recall that vP; = P4 % Z. We know from Lemma 7.4.2 that vP; is 1-formal.
Furthermore, we know from Proposition 7.3.2 that Ri(vP;) = H'(vP3,C). Clearly, this
variety is projectively disjoint and reduced as a scheme. Using the algorithm described in

Remark 6.2.1, we find that the Hilbert series of the associated graded Alexander invariants

of vP5 is given by
Hilb(gr(B(vPs)),t) = (9 — 20t + 15¢% — 4t* +1°) /(1 — t)°. (7.21)
On the other hand, as noted above, R}(vP;) = C°. Using (7.16) and (7.21), we compute
Hilb(gr(B(vPs)),t) — Hilb(gr(B(Fg)),t) = (—6 + 6t° — 5t* +1°) /(1 — t)°. (7.22)

Since this expression is not a polynomial in ¢, we conclude that formula (6.30) does not hold

for vP3, and this ends the proof. O
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Remark 7.5.2. The resonance varieties of vP;" and v P are not isotropic, since both groups
have non-vanishing cup products stemming from the subgroups Z? and P,, respectively.
Thus, once again, the groups vP;" and v P illustrate the necessity of the isotropicity hypoth-

esis from Theorem 6.3.1.

7.5.4 Holonomy Chen ranks of vF, and vP,

We conclude with a summary of what else we know about the Chen ranks of the pure
virtual braid groups, as well as the Chen ranks of the respective holonomy Lie algebras and

associated graded Lie algebras.

Proposition 7.5.3. The following equalities of Chen ranks hold.
1. Ok(h(vP)) = Ox(gr(vPr)) and Ox(b(vP,)) = Ox(gr(vP,)), for all n and k.
2. Ox(b(vP)) = Ok(vP) for n <6 and all k.
3. O(h(vP,)) = Ok (vP,) forn <3 and all k.

Proof. (1) Recall from Theorem 7.4.1 that the pure virtual braid groups vP, and vP, are
graded-formal. Therefore, by Corollary 6.2.5, claim (2) holds.

For n < 3, claims (2) and (3) follow from the 1-formality of the groups vP;" and vP, in
that range, and Corollary 6.2.5.

Using now the algorithms described in Remarks 6.2.1 and 5.2.3, a Macaulay2 [98] com-

putation reveals that

> 0P = (b (0P = (8 = 3t +£7) /(1 — 1), (7.23)
k>2 k>2
D 0P = (P )t = (20 + 15t + 5t7) /(1 — t)*,
k>2 k>2
D 0P = (P )t = (40 + 35t — 40> — 20£%) /(1 — 1)°.
k>2 k>2
This establishes claim (2) for 4 < n < 6, thereby completing the proof. O
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It would be interesting to decide whether the equalities in parts (2) and (3) of the above

proposition hold for all n and all k.

Finally, let us address the validity of the Chen ranks formula (6.30) for the pure virtual
braid groups on n > 4 strings. We know from Lemma 7.3.3 that R}(vP;") has a single
irreducible component of dimension 3. Lemma 7.3.3 shows that R{(vP;") has 15 irreducible
components, all of dimension 4. Using now (7.23), it is readily seen that the Chen ranks
formula does not hold for either vP;" or vP:;". Based on this evidence, and some further
computations, we expect that the Chen ranks formula does not hold for any of the groups
vP, and vP with n > 4. At last, we list some more computation results for the Hilbert

series of the infinitesimal Alexander invariants using Macaulay2 [95].

70+ 70t — 210¢* 4 35t° + 56t*
N (1-1)°

= 70 + 490t 4 1680¢* + 4165¢> + 8596t* + 15771¢> + 26656t° +- - - -

Hilb (B (vP), t)

112 + 126t — 644t% + 476t + 84t* — 126¢°
(1—1)7

= 112 + 910t + 3374¢> + 8904t + 19488¢* + 37898t + 67914¢5 + - - -

Hilb(B(vP), ) =

168 + 210t — 1554¢% + 2016t* — 588¢* — 462t> + 246t°
(1—-1)°

= 168 + 1554t + 6174¢% + 173043 + 40236¢* 4 83286t> + 159090¢° + - - -

Hilb(B(vPy),t) =

240 + 330t — 3240¢2 + 6000t> — 4080t* — 905 + 1320¢° — 435¢7
(1—1)?

= 240 + 2490t + 10530¢* + 31290t + 77370t* + 170820¢° + 3485405 + - - -

Hilb(B(vPs),t) =

Let h; = Hilb(*B(vF;), t), then we have
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~ 30— 16t — 39t? — 59¢3 + 276t — 290¢° + 61¢° + 100t” — 75¢% + 16¢°

h
! (1—1)°
= 30 + 164t + 4952 + 1051¢> + 1987t* + 34875 + 57276 + . ..
h 70 + 80t — 265t% — 355¢% 4+ 1430t* — 1460t° + 305t% + 500t” — 375¢% + 80¢°
5 p—

(1—1)°
= 70 + 500t + 1685¢ + 3655t> + 7035¢* + 12545¢° + 20805t° + - - -

135 + 380t — 7952 — 1155¢% + 4345t — 4390¢° + 915¢° + 1500¢7 — 1125¢° + 240¢°
6 =
(1-1)°

= 135 + 1190t + 4320¢? 4 9615t + 19010¢* + 34805t + 59100t + - - -

The Hilbert series hy = Hilb(B(vFPr),t) is given by

231 + 805t — 2800t2 — 10153 + 13027t — 204615 + 12390t6 + 1365t7 — 6125t% + 3185t — 560¢0

(1=2)7
= 231 + 2422t + 9303t2 + 21329¢3 + 43652t* + 82880t° + 1460136 + - - -
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Chapter 8

Pure welded braid groups

The group of basis-conjugating automorphisms of the free group of rank n is called the pure
welded braid group wP,. McCool gave a presentation for the pure welded braid group (also
known as the McCool group), with a subgroup called the upper McCool group wP;. Using
a Grobner basis computation, we find a simple presentation for the infinitesimal Alexander
invariant of this group. As an application, we compute the resonance varieties and the Chen
ranks of the upper McCool groups. This computation reveals that, unlike for the pure braid
group P, and the full McCool group wP,, the Chen ranks conjecture does not hold for wP;,
for any n > 4. As an application, we show that wP, is not isomorphic to P, in that range,

thereby answering a question of Cohen et al [29]. This chapter is based on the work in papers

[143, 146].

8.1 The McCool groups

8.1.1 McCool groups

An automorphism of the free group F), is called a symmetric automorphism if it sends each
generator x; to a conjugate of z,(;), for some permutation o € ¥,. The set of all such auto-

morphisms forms a subgroup wB,, of Aut(F,,) is also known as the braid-permutation group,
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(29, 54, 30] or the welded braid group, [6]. The welded braid group wB,, has presentation

with generators o; and s; for i = 1,...,n — 1, and relations (R1), (R2), (R3) and
8i0i410; = 01103811, 1<i<mn—2. (R4)

The group of basis-conjugating automorphisms, wP, = ker(wB,, — S,,) is also known as the
pure welded braid group, or the McCool group, and can be realized as the pure motion group
of n unknotted, unlinked circles in S®. This group is generated by the automorphisms ;, for
all 1 <i# j <n. It is generated by the automorphisms «;; (i # j) which send z; to xjxixj_l

and leave invariant the other generators of F,, together with the automorphisms 7;; (i < j)

which interchange z; and z;. McCool [112] gave a presentation of the basis-conjugating group

(McCool group) wh,.

Theorem 8.1.1 ([112]). The McCool group wP, are generated by «;; fori # j corresponding
to relations qijajou, = qupayio; for i, 4,k distinet; Jog;, as] = 1 if {j,k} N {s,t} = 0;

(s, o] = 1 for i, j, k distinct.

Proposition 8.1.2. There exist monomorphisms and epimorphisms making the following

diagram commute.

B, —% yB, T wB,

| ] J

P, — vP, —— wpkP,

Furthermore, the compositions of the horizontal homomorphisms are also injective.

Proof. There are natural inclusions ¢,,: B, — vB,, and v¢,,: B, — wB,, that send o; to o;,
as well as a canonical projection m,: vB, — wB,, that matches the generators o; and s; of
the respective groups. By construction, we have that m, o v, = 1,.

We claim that these homomorphisms restrict to homomorphisms between the respective
pure-braid like groups. Indeed, as shown in [11], the homomorphism ¢, restricts to a map

P, — vP,, given by

Aij —> aj—l,j . ai+1,jozi,jaj7i(aj_17j Ce Oéi+17j)_1. (8].)
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Clearly, the projection m,, restricts to a map vFP, —» whP, that sends «;; to a;;. Using these
observations, together with work of Bardakov [7], we see that the homomorphism v, restricts

to an injective map P, — wk,. O

The welded braid group wB,, is the fundamental group of the ‘untwisted ring space’,
which consists of all configurations of n parallel rings (i.e., unknotted circles) in R3 see
Figure 1.2. However, as shown in [20], this space is not aspherical. The pure welded braid
group wh, can be viewed as the pure motion group of n unknotted, unlinked circles in
R3, cf. [61]. The group wP; is the fundamental group of the subspace consisting of all
configurations of circles of unequal diameters in the ‘untwisted ring space’, see [20, 12].

In [75], Jensen, McCammond, and Meier computed the cohomology ring of wP,, thereby

verifying a long-standing conjecture of Brownstein and Lee.

Theorem 8.1.3 ([75]). For each n > 2, the ring H*(wP,;Z) is the graded-commutative ring
generated by degree 1 elements e;; (1 <1i # j < n), subject to the relations e;je;; = 0 fori # j

and ejier; = exi(ex; — €ij) for distinct i, j, k. The Hilbert series of this ring is (1 + nt)" !

As shown in [36], the cohomology algebra H*(wP,;Q) is not Koszul for n > 4. The
graded Lie algebra gr(wP,) is generated by z;; for 1 < # j < n with relations [z;;, z5] = 0

for {i,7} N {s,t} =0, [xi, ij + ;] = 0 and [z, 2] = 0 for 4, j, k distinct.

i—1 ¢ «+1 j—1 7 3J 1 =1 ¢ +1 j—1

W T

Figure 8.1: The pure welded braids z;; and x;; for i < j.
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8.1.2 Upper McCool groups

The upper-triangular McCool group, wP;", is the subgroup of the McCool group generated

by the automorphisms «a;; with ¢ < j. In [29], Cohen, Pakhianathan, Vershinin, and Wu
computed the cohomology ring of wP, and found presentations for the associated graded
Lie algebras of wP; as the quotient of the free Lie algebra on xs1,...,Zn,—1 by the ideal
generated by [wx;,xs] = 0 if {j,k} N {s,t} = 0, [zgj, 2] = 0 if {s,k} N {j} = 0, and
[Tik, i + 2] = 01if j < k <.

Work of Berceanu and Papadima [15] shows that the McCool groups as well as their
upper subgroups are 1-formal.

McCool gave a presentation of the basis-conjugating group (McCool group) wP, with
generators x;; for i # j ([L12]). The subgroup of wP, generated by z;; for i > j is called

the upper triangular McCool group, denoted by wP;f. The integral cohomology of wP; was

computed by Cohen, Pakhianathan, Vershinin, and Wu, as follows.

Theorem 8.1.4 ([29]). The cohomology algebra A = H*(wP;;C) = E/I is a graded, graded-
commutative (associative) algebra, generated by degree 1 elements u;; for 1 < j < i < n,

subject to the relations w;j(wy, — ujp) = 0 for k < j <.

8.2 The infinitesimal Alexander invariant of wP;

In this section, we give a presentation for the infinitesimal Alexander invariant of the upper

McCool groups. We also simplify this presentation to a reduced presentation.

8.2.1 Basis of free modules

We will use Theorem 8.1.4 to compute a presentation for the infinitesimal Alexander invariant

B, = B(wP;). We first choose an order for the basis of H!(wP,; C) by setting

Ui, if 1>k, orif i =4k and j > (8.2)
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Let x = {z;; | 1 <j < i < n} be the dual of the basis {u;;} of H'(wP,; C), and let S = Q[x]

be the coordinate ring of H'(wP,;C). The relations
{T:jk = (ug — ujp)uij | 1 <k <j<i<n} (8.3)

of the cohomology algebra A = E/I from Theorem 8.1.4 give a basis for 12, as well as for the

free S-module I?’® S = 5(5). Choose an order of the basis of the free S-module I’®S = 5(5)

given by
Tl =Ty i >1 orif i=1land j>s, orifi=1j=sand k > t. (8.4)

That is,
{Pmn—tm—2 = +++ = Tes4 = Te53 > Tes2 = Te51 > Tea3 = *** = Taz1 > Tag1 = T'321} (8.5)

The set {ug i | wij=wp=ug} gives a basis for E®, and a basis for the free S-module

N
3

oS5 =55)for N= ().

8.2.2 A presentation for ‘5,

We first give a detailed description of the composite ®: I? ® S — E? ® S, using the above

basis.

Lemma 8.2.1. The S-linear map ®: I’ ® S — E2>® S is given by
D(rig) = —(wa + j1) - ugpuipuyg + Z T+ Ust(Ujp — Wik ) Wi (8.6)
s>t,{s,t}¢ {i.j.k}
Proof. Recall that ® is the composition of the differential d*: E? — E? from (5.3) with the

inclusion ¢: I? — E?. Hence,

O(ryyy) = d(riy, ® 1) = Z UgtTijk & T = Z UstUij (Uik — Ujk) @ Tyt (8.7)

1<t<s<n 1<t<s<n

Simplifying the last formula using graded-commutativity yields (8.6). O
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From formula (8.6), we can see that each entry of the matrix of ® is of the form x;;, + x4
or xg for {s,t} € {i,j, k}, t < s and k < j < i. For our purposes here, we are interested in
the transpose of the presentation matrix of ®.

By Lemmas 5.3.1 and 8.2.1, the dual of ®: I’ ® S — E*® S gives a presentation for the

S-module B,,. The infinitesimal Alexander invariant 5, has presentation

(B3 @8 2= (1) ® S —=B,. (8.8)

8.2.3 A reduced presentation of ‘B,

In this section, we simplify the presentation of the S-module B,, = B(wP;}) from (8.8). We
also single out some properties of the simplified presentation. Let {rijx | 1 <k < j <i <n}

be the dual basis of I? ® S from (8.3).

Lemma 8.2.2. The submodule im ®* of (I*)* ® S = S() s generated by B = | B;jx, where
Bijk, 1 <k < j<i<n, contains the following elements: (We give two notations for each
class of elements. If there is no confusion, we use the short notation.)

3)

_ o0 _ _
81 = ijiok = (—Tjk — Tik) * Tijio + Tty * Tijh hg =h;5 = Tk - Tij

_ 2 _ _nh®@
82 = 8ijisk = Tjk " Tijly T Tily * Tijk hy =hy = @ik - Tigk

_ o0 _ w3 _
83 = i,k = —Ljk * Titsj + Tity - Tijh hs =hy o = 5 - ik

(8.9)

_ o0 _nh®@
84 = 8l ijk = Tjk " Tlij + Tigi " Tijk he = by = @i - Tige
h: = h.. —(. + xg. + ) h—h(3) —
1 = Nk, = (Tigy X1y Tkly ) * Tijk 7T — Mgk — Ligj " Tigjk
hy = hyj, = (i + zji) - Tijk hg = hyijr = g - riji

where 1 <l <k <lp<j<lz<i<ly<mnand{st}N{ijk}=0.

Proof. Write @} for the restriction of ®* to the subspace spanned by the basis vectors of
cardinality ¢ := #{7, j, k,(, s,t}. The map ®* can then be decomposed as the block-matrix
Q5B Of B O d P;. We now analyze formula (8.6) case by case, according to the cardinality

q=3,4,5,6.
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When g = 3, we have [ = i,s = j,t = k. Then ®5((ujnwirwi;)*) = — (@i + ;1) - 7ijx, and
so ®F contributes elements of the form h, to B.

When ¢ = 4, suppose ¢ > j > k > [; there are (g) — (g) = 16 possible combinations:

3 ((uprujiwi)*) = 0

) ((umujiwir)™) = —xji - ri

3 (urujinig)") = Tr - i
qDZ((ukluijil)*) = Tl * Tjki

Q) (upujptin)*) = =T - Tikg + Tig - Tji

Q% ((wrrwrui;)*) = T - Tijle + Tij ~ Tjkl

Q) ((uguiij)*) = —xi - Tij1
Q) ((UriUirtif)*) = =T - Tijie + Tij - Tigl
O ((wjiugpua)’) = —za - Tl
Oy ((wjpujpuir)*) = =i - ik

O3 ((wjiunuif)™) = Tj1 - Tigk — Tjk * Tigt — Tij - Tjkl

Q) ((wjuguig)*) = —xj1 - gy

qDZ((ujluikuij)*) = —Zj1 " Tijk — Tik * Tiji

Q) ((wjpwitin)™) = —Tjk - ik

Q) ((wjnuittij)*) = =i - ijl — Tjk - Tiji
‘I)Z((Uiluz‘kuz‘j)*) = =Ty Tijk + Tik * Tijl — Tij * Tikl

The image of ®} is generated by (x4 + j + ) - 745, and

Tl - Tijl L1 - Tikl Tl - Tjkl
(=it — Trt) ~ Tigr + Tk - T Ljk * Tikl Lik * Tjkl
Tji - Tijk + Tik " Tiji —Tpl  Tijk T Tij * Tikl Tl * Tijk + Tij * Tjkl

Hence, the image of ®} contributes hy = (24, + xji, + zx, ) - 745 for [; < k — 1, contributes
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gl,gg,hgfork<l2<j<i,g3, h4, h5f0rk<j<l3<i, andg4, h6,h7fork<j<i<l4.
When ¢ = 5, the only possible situation for which ®f # 0 is when [ = j, or | = 4, or

s =k, or s = [. Suppose u;; > uj; > ug. Using formula (8.6) again, we then have

(
Tst * Tijk =y

—Tst Tk =1
* *

D5 ((ustwnuig)”™) = Tij T S=Kk

—Tij T S =1

0 otherwise

\
Hence, the map ®; will contribute hy, = x - 745 for {s,t} N {4, 5, k} =0 to B.

When g = 6, we have Of((usiupuij)*) = 0. This completes the proof. O

Lemma 8.2.2 gives a minimal presentation for the infinitesimal Alexander invariant 28,
of the form

gm ¥ g .m,. (8.10)

Corollary 8.2.3. The matriz of W is block lower triangular, with diagonal vector vyjj for

1 <k <j<i<n. The vector v, has myj, = (Z) — 2k entries given by xy + x5 + T

for 1 <1 < k—1, zy + x5, and xg for {s,t} ¢ {i,5,k, 1}, 1 <1 < k—1. Here m =

+5n(40 — 73n + 43n? — 1103 + n?).

Proof. By Lemma 8.2.2, the matrix of ¥ has the claimed form. We find that m;;, = (") —2k.

2

The matrix of ¥ is a block triangular matrix, we have that

m= Y (mg)

1<k<j<i<n

Il
bl

3
—
Y
3
N |
™
~_
VR
o3
~__
|
[N
NA
~__



_ e 2
= 1540 — 73n +43n

This finishes the proof.

— 11n® +n).

Example 8.2.4. The matrix ¥ for n = 4 looks like

vgzz 0
* V431
* *
% *

0 0

0 0|
vir 0 |

% U321

T4 + 231 + x21
T42 + T32
0

—x31 — T21
0

31

T21

Example 8.2.5. The matrix ¥ for n = 5 looks like

VU543 0 0 0 0 0
*  usge 0 0 0 0
* *  wvsyr 0 0 0
* * 0 V532 0 0
* * 0 * VUr31 0
* * 0 * 0 U521
* * 0 * 0 0
* * 0 * 0 0
* * 0 * 0 0
* * 0 * 0 0
31
T51+T41+231 izg
where VUsq3 = | ®s2t+Ta2+32 | Uggo = T51+Ta1+T21
T53+x43 T5o+T42
53
21 31
32 32
T41 T41
T42 T42
Us31 = T43 Us21 = T43 V432 =
T51+x31 T51+T21
52 53

T54

T54
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U532 = r51+x31+T21
T52+T32

0 0 0
0 0 0
21 0 0
32 0 0
T41 +x31 O 0
Z49 0 0
0 31 0
0 32 0
0 T41 +x01 O
0 243 0
0 0 r31 + T21
0 0 41
0 0 T42
0 0 43
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
V432 0 0 0
* V431 0 0
* 0 V421 0
* 0 0 V321
21
31
15
Us41 = 43
T51+T41
T52
53
21
T41+2x31+221 T32
T42+T32 x411‘+1’51
pcsy U431 = o1
53 52
T54 Z53

41
T42
43

T54



T31 r31+x21

32 41
T41+x21 T42
43 — 43
T51 U321 = 51
52 52
53 53
54 T54

8.3 A Grébner basis for B(wP)")

In this section, we compute a Grobner basis for the infinitesimal Alexander invariant, which
will be crucial in the computation of the resonance varieties and the Chen ranks of the upper

McCool groups.

8.3.1 Grobner basis for modules

Before proceeding, we recall some background material on Grobner basis for modules, fol-
lowing Eisenbud [15]. Let R = Clxy,...,x,] be a polynomial ring and F be a free R-module
with basis {eq,...,e,}. A monomial in F is an element of form m = x%¢; and a term in F
is an element of the form ¢ - x%¢;, where ¢ € C is the coefficient.

A monomial order on F'is a total order > on the monomials of F' such that if m; and ma

are monomials of F" and n # 1 is a monomial in R, then m; > my implies nm; > nmsy > ms.

Example 8.3.1. A graded reverse lexicographic (‘grevlex’) order on R is defined by ordering
x® > x7 if deg(a) > deg(f3), or deg(a) = deg(3) and the right-most entry in a— /3 is negative.
One way to extend a ‘grevlex’ order on R to a monomial order on F' is to declare x%¢; > x"e;

if i < j, orif i = j and x* > x%.

Given a monomial order > on F' and f € F, the initial term of f is the largest term of f,
denoted by in. (f). If I is a submodule of F', then in.. I denotes the submodule generated by
{in(f) | feI}. If g1,...,¢gs generate I such that {in-(g1),...,in>(gs)} generates in (F),

then we will call {g1,...,9s} a Grébner basis for module I.

Theorem 8.3.2 ([15], Theorem15.26). Let M = F/I be a finitely generated, graded R-

module given by generators and relations, where F is a free R-module with a homogeneous
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basis and I is a submodule generated by homogeneous elements. Then
Hilb(M,t) = Hilb(F/in(I),t).

A Grébner basis g1, .. ., gs such that in(g;) does not divide in(g;) for any i # j is called
a minimal Grobner basis. A Grobner basis gy, ..., gs such that in(g;) does not divide any
term of g; for any i # j is called a reduced Grobner basis.

Let {g1,...,9:} be a set of nonzero elements in F. Let € Re; be the free module on
{€1,...,€} corresponding to {gi1,...,g:}. If in.(g;) and in- (g;) involve the same basis ele-

ment of F, then define

in- (g;) in (g;)
S(9is 95) = . . - Gi — . . - g 8.11
90 cdlin (g).ins(a) ? T edlins(g).ins(g) P O
Using the division algorithm, &(g;, g;) has a standard expression
S(gi.95) = Y _ S g + by, (8.12)

where ins (f7gr) < LCM(ins(g;),ins(g;)). We say that the G-polynomial of g; and g;
vanishes, if h;; = 0. If in.(g;) and in-(g;) involve distinct basis elements of F', then set

hij =0.

Theorem 8.3.3 (Buchberger’s criterion). The elements gy, ..., g; form a Grébner basis if

and only if h;j =0 for all i and j.

Let M be an S-module with a finite presentation, S™ % S — M — 0, i.e., M = S/
where J = im(p). Choosing basis {ry,...,r,} and {ej,...,e,} for the free modules S™ and
S™, respectively, we can view the S-linear map ¢ as an m X n matrix €2, and J as the module
generated by the entries of the matrix Q- (e, ..., e,)". A Grobner basis for the module J is

also called a Grobner basis for the matrix €.

Lemma 8.3.4. Let ) be a presentation matriz for the S-module M, and let G be a Grobner

basis for Q. Then rank(f)|,) = rank(G|,). Furthermore, if G is a block triangular matrix
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with diagonal blocks Gy;, then
V(Eo(G)) € UV<E0(G1¢))'

Proof. The G-polynomials arise from elementary row operations, and these operations do

not change the rank of a matrix. The second statement follows from (3) in Lemma 5.3.2. O

8.3.2 A Grobner basis for ‘B,

Let S = C[x] be the coordinate ring of H'(wP,;C) with variables ordered as
xi; > gy, if i >k, orif i =k and j > 1. (8.13)

We use the graded reverse lexicographical monomial order (grevlex) on the polynomial ring
S. We use the basis and orders of basis from §8.2.1. Recall the presentation of %, in (8.10)

sm 2 () B,. From Lemma 8.2.2, the module im (W) is generated by B = | Biji-

Theorem 8.3.5. A reduced Grobner basis for im(V) is given by G = |J G;ji, where
Gijk = Biji U{TrTrs - Tij, Tjexps - Tijr | 1 < s <1<k —1,1 <t <k}

Proof. We use two steps to prove that G is a Grébner basis for im ().

Step 1. We first show that
Bi = {xmxks - Tijis TipTrs - Tigr | 1 <s <U<k—-1,1<t<k} (8.14)

are elements in the submodule im(¥). From Lemma 8.2.2, we know that the following
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elements are in the module im(V¥) forn >i>j>k>0l>1and k >v > 1:

fi = (=2 — o) - rigs + g T
f5 = x5 - rijr + Tig - iyt

f5 = —2p - i+ Tij - Tk
f1=ap - Tijl

f5 = xpy - 1y for v # 1

fo = xji - rin

£ =25 i

fs = xj, - iy for v # 1

Direct computation shows that

o - gk = (g + w)fs — ap(f + )
ThiTho  Tijk = (Tjr + 2)fs — 2o (£ + £2)
et - Tijk = Tijfe — x;1f3
LTkl - Tijk = xijf7 - Slef?,

Tjulkl - Tijk = xiij - fBjuf:s

from which we conclude that B; C im(WV).

Step 2. In view of Lemma 8.2.2, we need to check the vanishing of the G-polynomials

among
By = {gb g2, g37g4}a (8-15)

and the G-polynomials between G, and
B3 = B, U {hy, hy, h3, hy, hs, hg, hy, hy } (8.16)

We have
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6(gi,82) = (xilngk + Tj1, Tk + xilgxlzk)'rijlg
= (Tity + Tj1y) (Tjk + Tiok) Tijly = TjlTigk Tijl, (8.17)

= (T + Tior)Nijiy — TjiTipkeTij,

and this “vanishes” as in the expression (8.12).

In order to verify the vanishing of all the G-polynomials, we relabel the index for (8.9)

here, by writing l; = 1, k=2,lo =3, j =4,13=5,i =6, [, = 7.

g1 = (—$42 - !1532) “T643 T T43 * To42 h3 = 235 - 7642
82 = T42 - T643 + T3 * T'642 hy = 257 - 7642
83 = —T42 " T654 T T65 * T'642 hs = 254 - 642
84 = T42 " T764 1+ T76 * T'642 hg = 275 - 142
hy = (x61 + Ta1 + Za1) - T6a2 h7 = 274 - 7642
hy = (%’2 + $42) * T642 hy = 24 - resn.

Here, hy; can be hys, hrs, hyq, hss, hsy, hs;. The reason we relabel the index here is that
we can reduce the computation to wP;". Then, we can calculate the &-polynomials with

Macaulay 2 [98].

The G-polynomials &(h;, h;) vanishes, since they are linear after factor out 7gs0. The

vanishing of the other G-polynomials are based on the following classes of reasons:

(i) The monomials in a &-polynomial can factor out hy, hs, hg, h; or hy; in (8.9).

(ii) The monomials in a G-polynomial are contained in By in (8.14).

(iii) Rewrite the G-polynomial first, then use (i) and (ii).
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Next, we list the &-polynomials &(g;, g;) and &(g;,h;) and the reason for vanishing.

&(gs, ha1) = zppx31r76a e (i)
&(gs, h3) = zapx30m760 e (i)
&(gs, hs1) = vs12a2r706a e (i)
6&(gs, ha) = Tsoaor7s e (i)
6&(gs, hs3) = T530027764 e (i)
&(gs, hs) = Tsuzagroes e (i)
6(gs, h1) = (v61742 + TaoTa1 + TaoTo1)T76a e (iii)
S(g4, hs) = (vearan + »%212)‘7”764 ------ (ii)
&(gs, hn) = 2nizaprees e (iii)
6&(gs, he) = Trozarees e (iii)
6&(gs, hrs) = v3vazroea e (iii)
&(gs, hy) = znazaoroes e (iii)
&(gs, hrs) = wrs2a2r706a e (iii)
6&(gs, hs1) = zapw31m65a e (i)
(g3, h3) = vaoxsoresa e (i)
6&(gs, hs1) = vs1wa2resa e (ii)
6&(gs, ha) = Tsoaress e (ii)
6&(gs, hs3) = w53wa2r65a e (ii)
S(gs, hs) = Tsazaoresa e (ii)
6&(gs, h1) = (v61742 + TuoTa1 + TaoTo1)Tesa e (iii)
S(gs, hy) = (omyp + T39)Te5a e (iii)
&(gs, hn) = vnwapresa e (i)
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6(g3, h6> = T79T42°T6e54 e (1)

&(gs, hs) = w3vapresa e (i)
6&(gs, hy) = xnazaress e (i)
S(gs, hrs) = rrsva2ress e (i)
S(g3, 81) = TesTaz Tr64 + TreTazTesa e (iii)
(g, hs1) = Twpwzimes e (ii)
(g2, h3) = zaox30 643 e (ii)
6&(g2, hs1) = 51202603 e (i)
&(ge, ha) = Tsoaoress e (i)
6&(go, hs3) = Ts3za2meas e (i)
&(g2, hs) = z5aao 643 e (i)
S(g2, i) = (Te1%a2 + Ta2Ta1 + TaoT21) 603 e (i)
S(g2, h) = (weawaz + 239) 1613 e (iii)
6&(go, hny) = rnzapress e (i)
(g2, he) = zraaoreas e (i)
6&(go, hrz) = Trazaeress e (i)
6&(ge, hy) = xaaoress e (i)
&(ge, hrs) = wrs2a2ress e (i)
G(go, 83) = Te3Ta2 Te5a + TesTaoTeas e (iii)
S(g2,84) = Te3Taz T764 — Tr6Ta2z a3 e (iii)
6&(gi, hs1) = wpw31m6a3 e (ii)
S(gi,hg) = a3y reis e (ii)
6&(g1, hs1) = vsiwz0reas e (i)
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6(g17 h4) = Ts52L32°T643 e (1)

&(g1, hss) = ws3w32re0s e (i)
6&(gi, hs) = Tsaxsoress e (i)
S(g1, hy) = (o132 + T41%32 + T30%21) Tea3 0 e (iii)
&(g1, hy) = zepx30m643 e (ii)

&(g1, hn) = rnwseress e (i)
S(gi, hg) = rrow3oreas e (i)

&(g1, h) = w3wzpress e (i)
&(gi, hy) = vpuxseress e (i)

&(g1, hrs) = Trswzeress e (i)
S(g1,82) = (Te3Ta2 + TazTaz + Te3T2) Teas e (iii)
S(81,83) = TazTaoTe54 — (TesTaz + TesTaz) Toaz e (iii)
©(81,84) = TazTaz 7764 + (T76Ta2 + Tr6Ta2) a3 e (i)

Next, we list the rest G-polynomials.

S(g, gll) = X453 (Tag + T32) - Toa3 — Taz(Taz + Tyr2) - Teazs
G(gQ, g'z) = Te3/T42 * T643 — T63L42 * V643’
6(337 gé) = —Te5'Ta2 - Te54 T T65T42 * T'65'4
G(g4, gﬁ;) = L7642 " T764 — T76L42 * T7'64
We can reindex (6433'2) by (64321), reindex (655'42) by (65432), and reindex (77'642)

by (76542), and check the vanishing of the G-polynomials using the criterion (iii).

It is now easy to check that this Grébner basis G of im (V) is reduced. O

Recall from Corollary 8.2.3 that Q(n) is the presentation matrix for the presentation of

B, in (8.10).
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Corollary 8.3.6. The Grébner basis of 2(n) is given by a block lower triangular matriz
G(n) with diagonal vector w;;, for 1 < k < j <i <mn. Here, the vector w;jj is constructed
from v by adding elements {Tpxps, Tprps | 1 < s <1 < k—1,1 <t < k}. Here,

dim(wi) = (3) + (%) + (k — 3)k.

Proof. The dimension of w;j; is determined by counting its quadratic elements and using

the formula dim(v;j;) = () — 2k from Corollary 8.2.3. O

Example 8.3.7. The matrix G(4) is

T41 +x31 +x21 O 0 0
T42 + X32 0 0 0
o0 o
o0
o0
0 To1 0 0
— — 0 0
wizs 0 0 0 31 — T21 32
0 41 +x31 O 0
* w31 0 0
= | w31 T42 0 0
* ¥ wger 0
0 0 I31 0
* * k w
o2 0 0 32 0
0 0 T41 + 221 O
—Ta1 0 Z43 0
0 0 0 r31 + xo1
0 0 0 T41
0 0 0 T49
21 0 0 T43

Example 8.3.8. The matrix G(5) looks like
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wsa3 0 0 0 0 0 0 0 0 0
¥ wWsaz 0 0 0 0 0 0 0 0
* *  wsy 0 0 0 0 0 0 0
Xx * 0 * Ws31 0 0 0 0 0
* * 0 * 0 Ws21 0 0 0 0
* * 0 * 0 0 W432 0 0 0
* * 0 * 0 0 * W431 0 0
* * 0 * 0 0 * 0 way O
* * 0 * 0 0 * 0 0 W321
I51ix4liw31
T52+Ta2+T32
531243 i:ﬁ’,; 21 ig
a%l 43 31 43
a32a31 T51+x4a1+T21 ;ig T51+x31+T21
where ws3 = Girast Ws42 = o2tz Ws41 = 43 W32 = oo ta2
a4320,31 “31 m%ﬁf“ a%l
a3z a41a21 53 az1a21
a41a32 a42a21 a32a21
42032
43032
To1 w31 r41+x31+T21 T91
32 32 T4z tis2 x32
T41 T41 Z52 T41+2x31
_ T42 _ T42 _ Tos _ T42 _
Ws31 = x43 Ws21 = x43 Wy32 = bty Wy31 = x51 Wy21 =
r51+T31 r51+T21 5 52
592 53 as 53
T54 T54 asz1az1 T54
a32a21
31 r31+T21
32 41
T41+221 T42
43 — Z43
51 w321 - T51
T52 T52
53 53
T54 54

8.4 The first resonance variety of wP,'

After completing the theoretical setup and performing the Grobner basis computation for
the module *5,,, we are now ready to compute the first resonance varieties of the upper

McCool groups.

8.4.1 Resonance varieties of the McCool groups

In [38], D. Cohen computed the first resonance varieties of the McCool groups.
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Theorem 8.4.1 ([38]). The resonance varieties Ri(wP,) are given by

U cau U

1<i<j<n 1<i<j<k<n

where Cy; and Cyjy. are certain linear subspaces of of H'(wP,;C) of dimension 2 and 3,

respectively.

Now we are ready to describe the first resonance varieties of the upper McCool groups

+
wP.

Theorem 8.4.2. The resonance varieties Ri(wP;") are given by
RiwP) = |J Ly
2<j<i<n

where L;; = CI C c) s defined by the linear equations

rig+x,; =0, for 1 <l <j—-1,;
ziy=0for j+1<1<i—1; (8.18)

x5t =0for s #i,5s# j,1 <t <s.

Proof. Let L = |J Lj; be the subspace of H'(wP,;C) = c(®) with defining equations

2<j<i<n

for each component L;; given by (8.18). We will show that L = R,(wP, ), thereby proving
the claim of the theorem.
In order to prove that L C Ry (wP,"), we need to check that L;; C Ry(wP;") for all ¢ > j.

If a € L;; is non-zero, then (8.18) implies that a is of the form

j—1
a = Z au(uil — Ujl> —+ Qi Usj - (819)

=1

By Lemma 5.1.5, we only need to check that the evaluation of ® at a is not injective. By

formula (5.11), we have that

j-1
Do (rijn) = (Z ag(ui — wp) + aijuig) (v — Ujk)“ij) (8.20)
=1
7j—1

= Z az‘l(uil - Ujl)(uik - Ujk)uij-

=1, 12k
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Suppose I is a non-empty subset of {1,...,5 — 1} such that a; # 0 for [ € I. Then

@\a(z 11 aitriﬂ) =0,

IeT Al tel
and hence ®|, is not injective. Likewise, if a; = 0 for all 1 <1 < j —1, ie., if a = a;;u;j,
then ®|,(r;;x) =0, and so ®|, is not injective.
For the reverse inclusion, we use the Grobner basis of the infinitesimal Alexander invariant
B,, provided by Theorem 8.3.5. The equation w;;; = 0 gives a linear space L;;; such that
Lijr C L;jj—1 and L; j j_1 = L;j defined by equations (8.18). By Lemma 5.3.2, we have that

Ri(wP;}) C L, and the proof is finished. O

The next proposition lists some of the basic properties of the (first) resonance varieties

of the upper McCool groups.

Proposition 8.4.3. Let L;; be the components of the resonance variety of wP;.
1. L;; has basis {uj — uy, u;;, for 1 <1 <j—1}.
2. Li;N Ly, ={0} ifi #k and j # 1.

3. Li; is isotropic (i.e., the cup product map L;j A Li; — H?*(G; C) vanishes) if and only
4. Ri(wP}) = Ry(wP/ )N HY (wP;;C).
Proof. By Theorem 8.4.2, as a vector space, L;; is the subspace of H'(wP};C) = c(®)

defined by equations (8.18). By formula (8.19), L;; has basis {u;; —w, u;;, for 1 <1 < j—1}.

Using this basis, the other claims are readily verified. ]

Lemma 8.4.4 (Corollary 5.3 [118]). If a: Gy — Gq is an epimorphism, then the induced
monomorphism, o*: H'(Gy;C) — HY(Gy;C), takes Ri(G3,C) to R1(Gy,C).

There is a split injection ¢: wP, — wP, ;. However, using the first resonance varieties,

we can show the following property.
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Corollary 8.4.5. For n > 4, there is no split monomorphism from wP} to wP,.

Proof. Suppose ¢ has a splitting epimorphism a: wP, — wP,. By Lemma 8.4.4, the epi-
morphism « induces a monomorphism o* : H'(wP,;;C) — H'(wP,;C) takes Ri(wP,", C)
to Ri(wh,, C).

From Theorem 8.4.1, the first resonance R,(wP,) is a union of dimension 2 and 3 linear
spaces. On the other side, the first resonance Ri(wP,") contains dimension n — 1 linear
spaces. Hence, for n > 5, there is no epimorphism from wP, to wP;.

For n = 4, from Proposition 8.4.3, Ly3 C Ri(wP;") is not isotropic. However, from [34]
all components in Ry (whPy) are isotropic. For any a,b € Lys, such that a Ub # 0, we have
a*(a) Ua*(b) = a*(aUb) # 0, by the injectivity of a*. Hence, the monomorphism a* must

take non-isotropic component to non-isotropic component. This finish the proof. O]

8.5 The Chen ranks of wP,

We compute the Hilbert series of the infinitesimal Alexander invariant and the Chen ranks

of the upper McCool groups.

8.5.1 Hilbert series of monomial ideals

The following comes from in [15, §15.1.1]. By Theorem 8.3.2, the Hilbert series of any graded
module can be reduced to the computation of the Hilbert series of monomial module, that
is M = F/I such that I is monomials in F. Then M = @ S/I;. Since the Hilbert function
is additive, we only need to treat the case M = S/I such that I is a monomial ideal.

Let I be the monomial ideal of S generated by {my, ..., m;}. Choose a ‘perfect’ monomial
p € F, with degree d and let J be the monomial ideal generated by {p,my,...,m;}. Let I’

be the ideal generated by {mi/ged(mq,p),...,my/gcd(my, p)}. We then have a short exact
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sequence of graded modules

0—S/I'(—d) S/I—S/J—0. (8.21)
Lemma 8.5.1 ([15]). Under the above notations, we have an equation of Hilbert series
Hilb(S/I,t) = Hilb(S/J, t) + t* Hilb(S/1").

Remark 8.5.2. In the algorithm, choosing a perfect monomial p € F can make ideals I’

and J have less generators than I. By choosing perfect p we can make the process very fast.

Example 8.5.3. Let S = Clxys, T42, T41, T32, T31, T21], and order the variables as x43 > x40 >
Tg > Xzp > X3 > Toep. Using the grevlex order on monomials, let us compute Hilb(S/1),
where I is the ideal generated by 241, Z40, T32%01, 31Z01, 5. Choose p = x5 as the perfect
monomial. Then J = {x41, x40, x21} and I' = {41, 149, T32, T31, T21 }. Hence,

Hilb(S/I,t) = Hilb(S/J,t) + t - Hilb(S/I', ) = i _1 PER i ;

8.5.2 The Hilbert series of B,

We are ready to compute the Hilbert series of the infinitesimal Alexander invariant of the

upper McCool groups now.

Theorem 8.5.4. The Hilbert series of the infinitesimal Alexander invariant B, is given by

Hilb(B,,) = nz;l (;) O—tﬁ + (Z) %_t (8.22)

Proof. This computation is an application of the method from [15, §15.1.1]. Since we already
found a Grobner basis G for im(¥), by Theorem 8.3.2; we only need to compute the Hilbert
series of the resulting monomial ideals in. (im(V¥)) = (in- (G)).

Recall from Theorem &8.3.5 and Lemma 8.2.2 that
_ ThsThl * Tijk, TjtThi  Tijks 1<I<s<k-11<t<k
ins (Gijk) =
Tik - Tijks Til - Tijk, Tab - Tigks 1a,0} € {4, 7,k, 1}, 1 <1<k —1
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Denote Iij, = {Tpstri, Tjerp, 1 <1< s <k—1,1<t < ki, Tat, Tap, 10,0} & {3,5,k,1}}
Using Lemma 8.5.1, a straightforward computation shows that the Hilbert series of the

corresponding monomial ideals are given by

Hilb(S/(Lijr)) = 1 _1 t)k T 1k—t t

Hence, the Hilbert series of B, is given by

Hilb(B,,) = Y Hilb(S/(Z;j))

i>j>k

_Ef n—k Lk

B 2 (1—t)k+t "1 ¢ )"
k=1

Setting s = n — k completes the proof. m

8.5.3 The Chen ranks

We may compute the Chen ranks of wP," from the Hilbert series of its infinitesimal Alexander

invariant, which is provided by Theorem 8.5.4.

Theorem 8.5.5. The Chen ranks 6y of the Chen group of wP; are given by 6, = (;),

= (). 63 =2(7"). and
n+k—2 h In4i—2 n+1
Qk—( ol )+9k—1—;( i1 >+< 4 )

for k > 4.

Proof. We need to find the coefficient of ¢* in formula (8.22). Let
— (s n
f(t) = 2; (2) (1=t <4) t(1—1)"
Computing derivatives, we find that
nel oo\ k n
ﬂ“@%zé%(é)Lkn—s+%ﬂl—t)"“16L+M(4>ﬂ—¢)kl.
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Hence, the Chen ranks are given by

n—1 k
Ort2 = f(k Z()Hn—s+z +k'(4)
=1

s=2

Simplifying this expression, we obtain the claimed recurrence formula. ]

Corollary 8.5.6. The pure braid group B,, the upper McCool group wP;, and the product

n ’

group 11, = [ LF, are pairwise non-isomorphic for n > 4, although they all do have the

same LCS ranks and the same Betti numbers.

Proof. By [31], the fourth Chen ranks of P, and II, are given by 04(P,) = 3("}") and

04(1,) = 3("F ?). On the other hand, from Theorem 8.5.5, we see that

Ou(wPF) =2 (”I 1> + (” ; 2>. (8.23)

Comparing these ranks completes the proof. ]

8.5.4 The Chen ranks formula

In [34], Cohen and Schenck showed that the first resonance varieties of the McCool groups
satisfy the hypotheses of Theorem 6.3.1, and that the Chen ranks of these groups are given
by
n 9 n
O(wP,) = (k—1) o)t (k*—1) 5 ) for k> 0. (8.24)

By Proposition 8.4.3, the components of R;(wP,) are not isotropic. We can also verify

that the Chen ranks formula (6.30) does not hold for the group wP;, as soon as n > 4.
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Chapter 9

More Examples

In the previous two chapters, we already applied our techniques to the pure welded braid
groups and the pure virtual braid groups. In this chapter, we study some other interesting
groups, including torsion-free nilpotent groups, 1-relator groups, and the fundamental groups
of orientable Seifert manifolds. In our current and future work, we will investigate these
algebraic and geometric invariants for the pure braid groups on compact Riemann surfaces

and the picture groups from quiver representations. This chapter is based on the work in

paper [113].

9.1 Torsion-free nilpotent groups

In this section we study the graded and filtered formality properties of a well-known class
of groups: that of finitely generated, torsion-free nilpotent groups. In the process, we prove

Theorem 1.2.10 from the Introduction.

9.1.1 Nilpotent groups and Lie algebras

We start by reviewing the construction of the Malcev Lie algebra of a finitely generated,

torsion-free nilpotent group G (see Cenkl and Porter [26], Lambe and Priddy [38], and
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Malcev [104] for more details). There is a refinement of the upper central series of such a

group,

G=G,>Gy>-->G,>Gp1 =1, (9.1)

with each subgroup G; < G a normal subgroup of G, 1, and each quotient GG;/G;,1 an infinite

cyclic group. (The integer n is an invariant of the group, called the length of G.) Using

this fact, we can choose a Malcev basis {uy,...,u,} for G, which satisfies G; = (Gy1, u;).
Consequently, each element u € G can be written uniquely as uj'ug® - - - u@».

Using this basis, the group G, as a set, can be identified with Z" via the map sending

uit - ul to a = (ay,...,a,). The multiplication in G then takes the form
u‘fl .. ugln . U,lil e u%" — ull)l(a’b) e uﬁ’b(a’b)7 (92)

where p;: Z" x Z" — 7 is a rational polynomial function, for each 1 < ¢ < n. This
procedure identifies the group G with the group (Z", p), with multiplication the map p =
(P1y- -y pn): Z™ X Z™ — Z™. Thus, we can define a simply-connected nilpotent Lie group
G ® Q= (Q, p) by extending the domain of p, which is called the Malcev completion of G.

The discrete group G is a subgroup of the real Lie group G ® R. The quotient space,
M = (G ®R)/G, is a compact manifold, called a nilmanifold. As shown in [101], the Lie
algebra of M is isomorphic to m(G;R). It is readily apparent that the nilmanifold M is
an Eilenberg-MacLane space of type K(G,1). As shown by Nomizu, the cohomology ring
H*(M,R) is isomorphic to the cohomology ring of the Lie algebra m(G;R).

The polynomial functions p; have the form

pi(CL, b) = Qa; + bl + Ti(al, ceey G, bl, e ,bifl). (93)

Denote by o = (oy,...,0,) the quadratic part of p. Then Q" can be given a Lie alge-
bra structure, with bracket [a,b] = o(a,b) — o(b,a). As shown in [88], this Lie algebra is

isomorphic to the Malcev Lie algebra m(G; Q).
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The group (Z"™, p) has canonical basis {e;}!;, where e; is the i-th standard basis vec-
tor. Then the Malcev Lie algebra m(G;Q) = (Q",[, ]|) has Lie bracket given by [e;, ;] =
> n_y St e, where 575 = b(e;, ;) — bi(ej, €;).

The Chevalley-Eilenberg complex A*(m(G;Q)) is a minimal model for M = K(G,1).
Clearly, this model is generated in degree 1; thus, it is also a 1-minimal model for G. As

shown by Hasegawa in [068], the nilmanifold M is formal if and only if M is a torus.

9.1.2 Nilpotent groups and filtered formality

Let G be a finitely generated, torsion-free nilpotent group, and let m = m(G;Q) be its
Malcev Lie algebra, as described above. Note that gr(m) = Q™ has the same basis ey, ..., e,
as m, but, as we shall see, the Lie bracket on gr(m) may be different. The Lie algebra m
(and thus, the group G) is filtered-formal if and only if m = gr(m) = gr(m), as filtered Lie

algebras. In general, though, this isomorphism need not preserve the chosen basis.

Example 9.1.1. For any finitely generated free group F', the k-step, free nilpotent group
F/Ty1 F is filtered-formal. Indeed, F' is 1-formal, and thus filtered-formal. Hence, by
Theorem 3.3.8, each nilpotent quotient of F' is also filtered-formal. In fact, as shown in [109,

Corollary 2.14), m(F/T41F) = L/(I'k41L), where L = lie(F).

Example 9.1.2. Let G be the 3-step, rank 2 free nilpotent group Fy/T'yF,. Identifying G
with Z® as a set, then G has a presentation with generators 1, ..., x5 and relations [z, zo] =
x3, [T1, 3] = x4, [T9, 3] = x5, and x4, x5 central. Let {z1,..., 25} be the corresponding basis
for gr(G; Q) = Q? ® Q ® Q2. The Lie brackets are then given by [21, 23] = 23, [21, 23] = 24,
(22, 23] = 25, and [, z;] = 0, otherwise (see [98, 20]). A direct computation by (9.3) shows

that

pi(a,b) =a; + bi, for i = 1,2,
ps(a,b) = az + bs — asby,
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b
pa(a,b) = ag + by — asb +@2(21),

p5((1, b) =as + b5 — agbg + a2(1 + bg)bl.

Then the Malcev Lie algebra m(G; Q) = Q° has Lie brackets given by [e1, es] = e3—e4/2—e5,
le1, e3] = ey, [e2, €3] = €5, and [e;, ;] = 0, otherwise. An isomorphism between m(G; Q) and

gr(G; Q) is given by the matrix

10 0 % =«
01 % *x %
0010 -1
0001 O
00 0O

However, it is readily checked that the identity map of @Q° is not a Lie algebra isomorphism
between m = m(G; Q) and gr(m). Moreover, the differential of the 1-minimal model M(G) =

A (m) is not homogeneous on the Hirsch weights, although m (and G) are filtered-formal.

Now consider a finite-dimensional, nilpotent Lie algebra m over a field Q of characteristic
0. The filtered-formality of such a Lie algebra coincides with the notions of ‘Carnot’, ‘natu-
rally graded’, ‘homogeneous’ and ‘quasi-cyclic’ which appear in [37, 77, 92]. In this context,
Cornulier proves in [37, Theorem 3.14] that the Carnot property for m is equivalent to the

Carnot property for m ®q K.

9.1.3 Torsion-free nilpotent groups and filtered formality

We now study in more detail the filtered-formality properties of torsion-free nilpotent groups.

We start by singling out a rather large class of groups which enjoy this property.

Theorem 9.1.3. Let G be a finitely generated, torsion-free, 2-step nilpotent group. If G

1s torsion-free, then G 1s filtered-formal.

Proof. The lower central series of our group takes the form G =I')G > I'yG > I'sG = 1. Let

{x1,...,z,} beabasis for G/T'yG = Z", and let {y1, ..., yn} be abasis for [';G = Z™. Then,
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as shown for instance by Igusa and Orr in [72, Lemma 6.1], the group G has presentation

G:<x1,...,$n,y1,...,ym‘ T, T;] = Hyk i, y;] = 1,fori<j;[xi,yj]:1>. (9.4)
Let a,b € Z™™™. A routine computation shows that

pi(a,b) = a; + b;, for 1 <i<n, (9.5)

Prsk(a,0) = apyg + bpip — Z Z c aib; for 1 <k <m.

j=1 i=j+1
Set ¢f; = —cF, if j > i. It follows that the Malcev Lie algebra m(G;Q) = (Q"*™, [, ])
has Lie bracket given on generators by [e;, e;] = > ", cﬁjewk for 1 < i # 7 < n, and zero
otherwise.
Turning now to the associated graded Lie algebra of our group, we have an additive
decomposition, gr(G; Q) = gr, (G; Q) @ gry(G; Q) = Q" Q™, where the first factor has basis

{e1,...,en}, the second factor has basis {e,.1,...,€nim}, and the Lie bracket is given as

above. Therefore, m(G) = gr(G;Q), as filtered Lie algebras. Hence, G is filtered-formal. []

It is known that all nilpotent Lie algebras of dimension 4 or less are filtered-formal, see for
instance [37]. In general, though, finitely generated, torsion-free nilpotent groups need not
be filtered-formal. We illustrate this phenomenon with two examples: the first one extracted
from the work of Cornulier [37], and the second one adapted from the work of Lambe and
Priddy [¢8]. In both examples, the nilpotent Lie algebra m in question may be realized as

the Malcev Lie algebra of a finitely generated, torsion-free nilpotent group G.

Example 9.1.4. Let m be the 5-dimensional Q-Lie algebra with non-zero Lie brackets given
by [e1,e3] = e4 and [eq, e4] = [e2,e3] = e5. It is readily checked that the center of m is 1-
dimensional, generated by es, while the center of gr(m) is 2-dimensional, generated by es and
e5. Therefore, m 2 gr(m), and so m is not filtered-formal. It follows that the nilpotent group
G is not filtered-formal, either. It readily checked that the 1-minimal model M(G) = A\*(m)
does not have positive Hirsch weights, nevertheless, M(G) has positive weights, given by

the index of the chosen basis.
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Example 9.1.5. Let m be the 7-dimensional Q-Lie algebra with non-zero Lie brackets given
on basis elements by [eq, €3] = eg, [€2, €4] = €7, €2, 5] = —e7, [e3,e4] = €7, and [e1, ¢;] = €;41
for 2 < i < 6. Then gr(m) has the same additive basis as m, with non-zero brackets given
by [e1, e;] = €;11 for 2 < i < 6. Once again, we claim that m 2 gr(m), and so both m and G
are not filtered-formal. In this case, though, we cannot use the indexing of the basis to put
positive weights on M(G).

To prove the claim that m % gr(m), we suppose ¢: m — gr(m) is an isomorphism of the
underlying vector spaces, preserving Lie brackets. Choose a basis {21, ..., 27} for gr(m) = Q7.
Then ¢ is given by a matrix A = (a;;) such that a;; =0for 3<i<T7andi>j> 1

ail; a2 aiz a4 a5 Q1 Ay

a21 Qg2 Q23 Q24 Q25 Q26 Q27

0 0 asz ass ags ase asy
A=10 0 0 au a5 Qa6 Q|- (9.6)
0 0 0 0 ass as asy
0 0 0 0 0 ags agr
O 0 0 0 0 0 ar
Since [p(e), d(e3)] = agiasszs + a1asszy + asiassze + asiasezr and ¢(eg) = ageze + agrzr,

we must have asjags = 0 and asyass = agg. Moreover, since det(A) # 0, we must also have
a; # 0 for ¢ > 3. But this is impossible, and the claim is proved. Another quick proof
is pointed out by Cornulier: Plainly, gr(m) is metabelian, (i.e., its derived subalgebra is

abelian), while m is not metabelian, thus the claim follows.

9.1.4 Graded formality and Koszulness

Carlson and Toledo [21] classified finitely generated, 1-formal, nilpotent groups with first
Betti number 5 or less, while Plantiko [127] gave sufficient conditions for the associated
graded Lie algebras of such groups to be non-quadratic. The following proposition follows

from Theorem 4.1 in [127] and Lemma 2.4 in [24].
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Proposition 9.1.6 ([24, 127]). Let G = F/R be a finitely presented, torsion-free, nilpotent
group. If there exists a non-zero decomposable element u in the kernel of the cup product
HYG;Q) AN HY(G;Q) — H*(G;Q), ie., u = v Aw for v,w € H'(G;Q), then G is not

graded-formal.

Example 9.1.7. Let U,(R) be the nilpotent Lie group of upper triangular matrices with
I’s along the diagonal. The quotient M = U,(R)/U,(Z) is a nilmanifold of dimension
N = n(n —1)/2. The unipotent group U,(Z) has canonical basis {u;; | 1 < i < j < n},
where w;; is the matrix obtained from the identity matrix by putting 1 in position (i, 7).
Moreover, U, (Z) = (Z", p), where p;j(a,b) = ai;+bij+3"; i..; @irbr;, see [S8]. The unipotent
group U,(Z) is filtered-formal; nevertheless, Proposition 9.1.6 shows that this group is not

graded-formal for n > 3.

Proposition 9.1.8. Let G be a finitely generated, torsion-free, nilpotent group, and suppose
G is filtered-formal. Then G is abelian if and only if the algebra U(gr(G;Q)) is Koszul.

Proof. We only need to deal with the proof of the non-trivial direction. If the algebra
U = Ul(gr(G;Q)) is Koszul, then the Lie algebra gr(G;Q) is quadratic, i.e., the group G
is graded-formal. Under the assumption that G is filtered-formal, we then have that G is
1-formal.

Let M be the nilmanifold with fundamental group G. Then M is also 1-formal. By
Nomizu’s theorem, the cohomology ring A = H*(M; Q) is isomorphic to the Yoneda algebra
Ext};(Q, Q). On the other hand, since U is Koszul, the Yoneda algebra is isomorphic to U',
which is also Koszul. Hence, A is a Koszul algebra. As shown by Papadima and Yuzvinsky
[120], if M is 1-formal and if A is Koszul, then M is formal. By [65], this happens if and

only if M is a torus. This completes the proof. ]

Corollary 9.1.9. Let G be a finitely generated, torsion-free, 2-step nilpotent group. If Gy,

is torsion-free, then U(gr(G;Q)) is not Koszul.
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Example 9.1.10. Let G = (v1, 29, 23,24 | [x1, 23], [T1, 4], [T2, 23], [X2, T4], [T1, T2][23, 24]).
The group G is a 2-step, commutator-relators nilpotent group. Hence, by the above corollary,
the enveloping algebra U(h(G;Q)) is not Koszul. In fact, U(h(G;Q))" is isomorphic to the

quadratic algebra from Example 2.2.9, which is not Koszul.

9.2 Omne-relator groups and link groups

We start this section with the notion of mild (or inert) presentation of a group, due to
J. Labute and D. Anick, and its relevance to the associated graded Lie algebra. We then
continue with various applications to two important classes of finitely presented groups:

one-relator groups and fundamental groups of link complements.

9.2.1 Mild presentations

Let F be a finitely generated free group, with generating set x = {z1,...,z,}. The weight
of a word r € F is defined as w(r) = sup{k | r € 'y F'}. Since F is residually nilpotent, w(r)
is finite. The image of 7 in gr . (F) is called the initial form of r, and is denoted by in(r).

Let G = F/R be a quotient of F', with presentation G = (x | r), where r = {ry,...,7,}.
Let ing(r) be the ideal of the free Q-Lie algebra lie(x) generated by {in(r1),...,in(rm,)}.

Clearly, this is a homogeneous ideal; thus, the quotient

L(G;Q) = lie(x)/ ing(r) (9.7)

is a graded Lie algebra. As noted by Labute in [34], the ideal ing(r) is contained in gr' (R; Q),

where fkR = I'v ' N R is the induced filtration on R. Hence, there exists an epimorphism
L(G;Q) — gr(G; Q).

Proposition 9.2.1. Let G be a commutator-relators group, and let h(G; Q) be its holonomy
Lie algebra. Then the canonical projection ®g: h(G;Q) — gr(G;Q) factors through an
epimorphism h(G; Q) - L(G;Q).
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Proof. Let G = (x | r) be a commutator-relators presentation for our group. By Corollary
4.3.3, the holonomy Lie algebra h(G; Q) admits a presentation of the form lie(x)/a, where a
is the ideal generated by the degree 2 part of M(r) — 1, for all » € r. On the other hand,
in(r) is the smallest degree homogeneous part of M(r) — 1. Hence, a C ing(r), and this

complete the proof. O

Following [2, 81], we say that a group G is a mildly presented group (over Q) if it ad-
mits a presentation G = (x | r) such that the quotient ing(r)/[ing(r),ing(r)], viewed as a
U(L(G;Q))-module via the adjoint representation of L(G;Q), is a free module on the images
of in(ry),...,in(r,). As shown by Anick in [2], a presentation G = (x1,..., 2, | r1,...7m)

is mild if and only if

m -1
Hilb(U(L(G; Q)),t) = (1 —nt + thm)) : (9.8)
i=1
Theorem 9.2.2 (Labute [33, 81]). Let G be a finitely-presented group.
1. If G is mildly presented, then gr(G;Q) = L(G;Q).

2. If G has a single relator r, then G is mildly presented. Moreover, for each k > 1, the
LCS rank ¢, = dimg gr(G; Q) is given by
1 - d d+i—1e\ 4 .
i S S el ]
o= Snf) | 3 (T e )
dlk 0<i<[d/e]

where p is the Mébius function and e = w(r).

Labute states this theorem over Z, but his proof works for any commutative PID with
unity. There is an example in [81] showing that the mildness condition is crucial for part (1)

of the theorem to hold. We give now a much simpler example to illustrate this phenomenon.

Example 9.2.3. Let G = (21, 29,23 | x3,x3[x1, x2]). Clearly, G = (1,5 | [x1, 2]}, which
is a mild presentation. However, the Lie algebra lie(z1, z2, 23)/ideal(x3) is not isomorphic to

gr(G; Q) = lie(xy, x2)/ideal(]xy, 23]). Hence, the first presentation is not a mild.
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Lemma 9.2.4. Let G be a group admitting a mild presentation G = (x1, ..., Ty | 71, Tm)
such that r; € [F,F] for1 <i <m. If G is graded-formal, then the LCS ranks of G are

gien by ] .
e e (9.10)

d|k

Moreover, if the enveloping algebra U = U(gr(G; C)) is Koszul, then
Hilb(Exty (C; C), t) = 1+ nt + mt>.

Proof. Since G has a mild presentation, gr(G) is isomorphic to the Lie algebra £(G) associ-
ated to this presentation. Furthermore, since GG is a graded-formal, and all the relators r; are
commutators, we have that w(r;) = 2 for 1 <4 < m. Using now the Poincaré-Birkhoff-Witt
theorem and formula (9.8), we find that Hilb(U(gr(G)),t) - (1 — nt + mt*) = 1. Hence, the
LCS ranks formula follows from Lemma 3.1.4.

Now suppose U = U(gr(G)) is a Koszul algebra. Then Exty(C;C) = U', and the

expression for the Hilbert series of Exty (C;C) follows from (2.12). O

9.2.2 Mildness and graded formality

We now use Labute’s work on the associated graded Lie algebra and our presentation of the

holonomy Lie algebra to give two graded-formality criteria.

Corollary 9.2.5. Let G be a group admitting a mild presentation (x | r). If w(r) < 2 for

each r € r, then G is graded-formal.

Proof. By Theorem 9.2.2, the associated graded Lie algebra gr(H;Q) has a presentation of
the form lie(x)/ing(r), with ing(r) a homogeneous ideal generated in degrees 1 and 2. Using
the degree 1 relations to eliminate superfluous generators, we arrive at a presentation with

only quadratic relations. The desired conclusion follows from Lemma 3.1.14. O]

An important sufficient condition for mildness of a presentation was given by Anick

[2].  Recall that ¢ denotes the canonical injection from the free Lie algebra lie(x) into
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Q(x). Fix an ordering on the set {x}. The set of monomials in the homogeneous ele-
ments ¢(in(ry)), ..., ¢(in(ry,)) inherits the lexicographic order. Let w; be the highest term of
t(in(r;)) for 1 < i < m. Suppose that (i) no w; equals zero; (ii) no w; is a submonomial of
any w; for i # j, i.e., w; = uw;v cannot occur; and (iii) no w; overlaps with any wj, i.e.,
w; = wv and w; = vw cannot occur unless v = 1, or v = w = 1. Then, the set {ry,...,r,}
is mild (over Q). We use this criterion to provide an example of a finitely-presented group

GG which is graded-formal, but not filtered-formal.

Example 9.2.6. Let G be the group with generators x1,...,z4 and relators r; = [z, x3],
ro = |21, 24, and r3 = [z, x3)[T2, 74]. Ordering the generators as z; = o > x3 > @y,
we find that the highest terms for {¢(in(r)), t(in(r2)), t(in(r3))} are {zozs3, x124, 123}, and
these words satisfy the above conditions of Anick. Thus, by Theorem 9.2.2, the Lie algebra
gr(G;Q) is the quotient of lie(z,...,x4) by the ideal generated by [xe,x3], [z1,24], and
(1, 23] + [x2,24]. Hence, h(G;Q) = gr(G;Q), that is, G is graded-formal. On the other
hand, using the Tangent Cone theorem of Dimca et al. [12], one can show that the group

G is not 1-formal. Therefore, G is not filtered-formal.

9.2.3 Non-mild presentations

Again, let GG,, denote any one of the pure braid-like groups P, vP,, or vP;}. Recall that G,
is graded-formal, and gr(G,) = £(G,). However, as we show next, the groups G,, are not

mildly presented, except for small n.

Proposition 9.2.7. The pure braid groups P, and the pure virtual braid groups vP, and

vPF admit mild presentations if and only if n < 3.

Proof. Let GG, denote any of the aforementioned groups. Then G,, is a commutator-relators
group, and the universal enveloping algebra of the associated graded Lie algebra is Koszul.
From formulas (7.7) and (7.10), for n < 3, Anick’s criterion (9.8) is satisfied. Hence, G,, has

a mild presentation for n < 3.
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Now suppose n > 4. Using formulas (7.7) and (7.10) once again, we see that the third

Betti numbers of these groups are given by
bs(P,) = s(n,n—3), bsy(vP,) =L(n,n—23), by(vPS)=S(n,n-—3). (9.11)

Thus, dim H3(G,,C) > 0 for n > 4. The claim now follows from Proposition 9.2.4 and the

fact that H*(G,,,C) = U(gr(G,, C))" = Exty(C,C). O

9.2.4 One-relator groups

If the group G' admits a finite presentation with a single relator, much more can be said.
Corollary 9.2.8. Let G = (x| r) be a 1-relator group.

1. If r is a commutator relator, then h(G; Q) = lie(x)/ideal(My(r)).

2. If r is not a commutator relator, then h(G; Q) = lie(y1,. .., Yn—1)-

Proof. Part (1) follows from Corollary 4.3.3. When r is not a commutator relator, the

Jacobian matrix Jg = (¢(9;7)) has rank 1. Part (2) then follows from Theorem 4.3.1. O

Corollary 9.2.9. Let G = (z1,...2, | ) be a 1-relator group, and let h = h(G; Q). Then

.

/A= (n—=1)t) ifw(r)=1
Hilb(U(h);t) = ¢ 1/(1 —nt +2)  if w(r) =2, (9.12)

1/(1 —nt) if w(r) > 3.

\
Proof. Let x = {x1,...,2,}. By Corollary 9.2.8, the universal enveloping algebra U(h) is
isomorphic to either T'(yy, ..., yn—1) if w(r) =1, or to T'(x)/ideal(Ms(r)) if w(r) = 2, or to

T'(x) if w(r) > 3. The claim now follows from Proposition 2.2.7 and Corollary 2.2.8. O

Theorem 9.2.10. Let G = (x | r) be a group defined by a single relation. Then G is

graded-formal if and only if w(r) < 2.
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Proof. By Theorem 9.2.2, the given presentation of G is mild. The weight w(r) can also be
computed as w(r) = inf{|I| | M(r); # 0}. If w(r) < 2, then, by Corollary 9.2.8, we have
that

H(G: Q) = gr(G: Q) = fie(x) /ideal (in(r)), (9.13)

and so G is graded-formal.
On the other hand, if w(r) > 3, then h(G; Q) = lie(x). However, gr(G; Q) = lie(x)/ideal(in(r)).

Hence, G is not graded-formal. m

Example 9.2.11. Let G = (x1, 25 | r), where r = |21, [x1, 23]]. Clearly, w(r) = 3. Hence, G

is not graded-formal.

However, even if a one-relator group has weight 2 relation, the group need not be filtered-

formal, as we show in the next example.

Example 9.2.12. Let G = (z1,..., 25 | [x1, x2][3, [x4, z5]] = 1). By Theorem 9.2.2, the Lie
algebra gr(G;Q) has presentation lie(zy,...,x5)/ideal([z1, z3]). Thus, by Corollary 9.2.5,
the group G is graded-formal. On the other hand, Remark 4.2.8 shows that G admits a
non-trivial triple Massey product of the form (us, uy, us). Thus, G is not 1-formal, and so G

is not filtered-formal.

We now determine the ranks of the (rational) Chen Lie algebra associated to an arbitrary
finitely presented, 1-relator, 1-formal group, thereby extending a result of Papadima and

Suciu from [117].

Proposition 9.2.13. Let G = F/(r) be a one-relator group, where F' = (x1,...,x,), and

suppose G is 1-formal. Then

_ 2
1+nt_1(171—tt—;1t /L.fT'E[F>F]7
Hilb(gr(G/G";Q),t) =
1—(n—1)t :
1 -t — —m——~— .
+(n—1)t T otherwise
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Proof. The first claim is proved in [117, Theorem 7.3]. To prove the second claim, recall that
gr(G/G";Q) = h(G;Q)/b(G;Q)”, for any 1-formal group G. Now, since we are assuming that
r ¢ [F, F], Theorem 4.3.1 implies that h(G; Q) = le(y1,...,Yn—1). The claim follows from

Chen’s formula (6.5) and the fact that gr(F/F”, Q) = lie(zy, ..., z,)/le" (z1, ..., 7,), O

9.2.5 Link groups

We conclude this section with a very well-studied class of groups which occurs in low-
dimensional topology. Let L = (L4, ..., L,) be an n-component link in S3. The complement
of the link, X = 5\ U;_, L;, has the homotopy type of a connected, finite, 2-dimensional
CW-complex with by (X) = n and by(X) = n—1. The link group, G = m(X), carries crucial
information about the homotopy type of X: if n = 1 (i.e., the link is a knot), or if n > 1
and L is a not a split link, then X is a K(G,1).

Every link L as above arises as a closed-up braid E . That is, there is a braid  in the
Artin braid group B, such that L is isotopic to the link obtained from by joining the top
and bottom of each strand. The link group, then, has presentation G' = (x1,...xy | f(x;) =
x;(i=1,...,k)), where By is now viewed as a subgroup of Aut(F}) via the Artin embedding.
If 8 belongs to the pure braid group P, C B, then L = B\ is an n-component link, called a
pure braid link.

Associated to an n-component link L there is a linking graph I, with vertex set {1,...,n},
and an edge (i, j) for each pair of components (L;, L;) with non-zero linking number. Suppose
the graph I' is connected. Then, as conjectured by Murasugi [ 1] and proved by Massey—
Traldi [108] and Labute [85], the link group G has the same LCS ranks ¢, and the same Chen
ranks 6y as the free group F,,_1, for all £k > 1. Furthermore, G has the same Chen Lie algebra
as F,,_1 (see [117]). The next theorem is a combination of results of [2], Berceanu-Papadima

[14], and Papadima-Suciu [117].

Theorem 9.2.14. Let L be an n-component link in S* with connected linking graph T, and
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let G be the link group. Then
1. The group G 1is graded-formal.
2. If L is a pure braid link, then G admits a mild presentation.
3. There exists a graded Lie algebra isomorphism gr(G/G"; Q) = bh(G;Q)/h(G;Q)".

Proof. Part (1) follows from Lemma 4.1 and Theorems 3.2 and 4.2 in [I1]. Part (2) is

Theorem 3.7 from [2], while Part (2) is proved in Theorem 10.1 from [117]. O

In general, though, a link group (even a pure braid link group) is not 1-formal. This
phenomenon was first detected by W.S. Massey by means of his higher-order products [107],

but the graded and especially filtered formality can be even harder to detect.

Example 9.2.15. Let L be the Borromean rings. This is the 3-component link obtained
by closing up the pure braid [A;2, As3] € Pj, where A;; denote the standard generators
of the pure braid group. All the linking numbers are 0, and so the graph I' is discon-
nected. It is readily seen that link group G passes Anick’s mildness test; thus gr(G;Q) =
lie(z,y, z)/ ideal ([, [y, 2]], |2, [y, x]]), thereby recovering a computation of Hain [64]. It fol-
lows that GG is not graded-formal, and thus not 1-formal. Alternatively, the non-1-formality

of G can be detected by the triple Massey products (u, v, w) and (w, v, u).

Example 9.2.16. Let L be the Whitehead link. This is a 2-component link with linking

number 0. Its link group is the 1-relator group G = (x,y | r), where
r= $_1y_1xy$_1y:vy_lxya:_ly_lxy_lx_ly.

By Theorem 9.2.2 this presentation is mild. Direct computation shows that in(r) =
[z, [y, [z, 9]ll, and so gr(G;Q) = lie(x,y)/ideal([z, [y, [z, y]]]), again verifying a computa-
tion from [04]. In particular, G is not graded-formal. The non-1-formality of G can also be

detected by suitable fourth-order Massey products.
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We do not know whether the two link groups from above are filtered-formal. Nevertheless,

we give an example of a link group which is graded-formal, yet not filtered-formal.

Example 9.2.17. Let L be the link of great circles in S? corresponding to the arrangement of
transverse planes through the origin of R* denoted as .4(31425) in Matei—Suciu [111]. Then L
is a pure braid link of 5 components, with linking graph the complete graph K5; moreover, the
link group G is isomorphic to the semidirect product Fy X, Fy, where o = A; 3433494 € Py.
By Theorem 9.2.14, the group G is graded-formal. On the other hand, as noted by Dimca et
al. in [12, Example 8.2], the Tangent Cone theorem does not hold for this group, and thus

G is not 1-formal. Consequently, G is not filtered-formal.

9.3 Seifert fibered manifolds

We now use our techniques to study the fundamental groups of orientable Seifert manifolds
from a rational homotopy viewpoint. We start our analysis with the fundamental groups of

Riemann surfaces.

9.3.1 Riemann surfaces

Let X, be the closed, orientable surface of genus g. The fundamental group I, = m(X,) is a
1-relator group, with generators xy,y1, ..., %y, y, and a single relation, [y, y1] - - [z,4,y,] = 1.
Since this group is trivial for ¢ = 0, we will assume for the rest of this subsection that g > 0.

The cohomology algebra A = H*(3,; Q) is the quotient of the exterior algebra on gener-
ators ap, by, ..., a4, by, in degree 1 by the ideal I generated by a;b; — a;b;, for 1 <i < j <g,
together with a;a;, b;bj, a;b;, a;b;, for 1 <i < j < g. It is readily seen that the generators
of I form a quadratic Grobner basis for this ideal; therefore, A is a Koszul algebra.

The Riemann surface Y, is a compact Kahler manifold, and thus, a formal space. It

follows from Theorem 2.3.20 that the minimal model of ¥, is generated in degree one,
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ie., M(X,) = M(X,,1). The formality of 3, also implies the 1-formality of II,. As a
consequence, the associated graded Lie algebra gr(Il,; Q) is isomorphic to the holonomy Lie

algebra h(II;; Q). Using the above presentation for A, we find that

h(I1,: Q) = lie(2g) /<Zg:g;y — > (9.14)
=1

where lie(2g) := lie(z1,y1,...,%,,Y,). Using again the fact that A is a Koszul algebra, we
deduce from Corollary 3.1.9 that [],-,(1 — tk)orWle) = 1 — 2t + ¢2. In fact, it follows from

formula (9.9) that the lcs ranks of the 1-relator group II, are given by
[d/2]

= nwi) [ g (" eare (9.15)

d|k

Using now Theorem 4.3.5, we see that the Chen Lie algebra of II, has presentation

er (I1,/T; Q )—[ie(29)/<<zg:[mi,yi]>—i—[ie”(Zg)). (9.16)

1=

Furthermore, Proposition 9.2.13 shows that the Chen ranks of our surface group are given

by 61(I1,) = 2g, 62(I,) = 2g*> — g — 1, and

6 (11,) = (k — 1)(29 +: - 2) - (29;_’“2_ 3), for k> 3. (9.17)

9.3.2 Seifert fibered spaces

We will consider here only orientable, closed Seifert manifolds with orientable base. Ev-
ery such manifold M admits an effective circle action, with orbit space an orientable sur-
face of genus ¢, and finitely many exceptional orbits, encoded in pairs of coprime integers
(a1, 1), ..., (s, Bs) with a;j > 2. The obstruction to trivializing the bundle n: M — %,
outside tubular neighborhoods of the exceptional orbits is given by an integer b = b(n). A
standard presentation for the fundamental group of M in terms of the Seifert invariants is
given by

Ty = m (M) = (21,91, ..., 2g,Yg, 21, - ., 25, h | h central,
(9.18)

(21, 01] - [, Yglzn - 25 = R, 2%ihP =1 (i = 1,...,s)>.
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For instance, if s = 0, the corresponding manifold, M, is the S'-bundle over ¥, with
Euler number b. Let m,, := m1(M,;) be the fundamental group of this manifold. If b = 0,

then 7,9 = II, x Z, whereas if b = 1, then
Tg1 = (T1, Y15 - Tg, Yg, P | [21,91] - - - [24,Yg] = h, h central). (9.19)

In particular, M ; is the Heisenberg 3-dimensional nilmanifold and 7, is the group from

Example 3.3.6.

9.3.3 Malcev Lie algebra
As shown by Scott in [135], the Euler number e(n) of the Seifert bundle n: M — X, satisfies

e(n) = =b(n) = Y Bi/a. (9.20)

i=1
If the base of the Seifert bundle has genus 0, the group =, has first Betti number 0 or 1,
according to whether e(n) is non-zero or 0. Thus, m, is 1-formal, and the Malcev Lie algebra
m(m,; Q) is either 0, or the completed free Lie algebra of rank 1. To analyze the case when

g > 0, we will employ the minimal model of M, as constructed by Putinar in [130].

Theorem 9.3.1 ([130]). Let n: M — X, be an orientable Seifert fibered space with g > 0.
The minimal model M(M) is the Hirsch extension M(2,) ® (A(c),d), where the differential
is given by d(c) = 0 if e(n) = 0, and d(c) € M?*(X2,) represents a generator of H*(3,; Q) if
e(n) # 0.

More precisely, recall that 3, is formal, and so there is a quasi-isomorphism f: M(%,) —
(H*(X,;Q),d = 0). Thus, there is an element a € M?*(M) such that d(a) = 0 and f*([a]) # 0
in H%(X,;Q) = Q. We then set d(c) = a in the second case.

To each Seifert fibration n: M — ¥, as above, let us associate the S'-bundle 77: M, .,y —
¥,, where €(n) = 0 if e(n) = 0, and €(n) = 1 if e(n) # 0. For instance, Myo = S? x S' and

My, = S3. The above theorem implies that

M(M) = M(Mgeim)- (9.21)



Corollary 9.3.2. Let n: M — X, be an orientable Seifert fibered space. The Malcev Lie

algebra of the fundamental group m, = m (M) is given by m(my; Q) = m(7y.(); Q).

Proof. The case g = 0 follows from the above discussion, while the case g > 0 follows from

(9.21). 0

Corollary 9.3.3. Let n: M — ¥, be an orientable Seifert fibered space with g > 0. Then

M admits a minimal model with positive Hirsch weights.

Proof. We know from §9.3.1 that the minimal model M(%,) is formal, and generated in
degree one (since g > 0). By Theorem 3.2.5, M(X,) is isomorphic to a minimal model of ¥,
with positive Hirsch weights; denote this model by H(3,).

By Theorem 9.3.1 and Lemma 2.3.3, the Hirsch extension H(X,) ® A(c) is a minimal
model for M, generated in degree one. Moreover, the weight of ¢ equals 1 if e(n) = 0, and
equals 2 if e(n) # 0. Clearly, the differential d is homogeneous with respect to these weights,

and this completes the proof. O]

Using Theorem 9.3.1 and Lemma 2.3.3 again, we obtain a quadratic model for the Seifert

manifold M in the case when the base has positive genus.

Corollary 9.3.4. Suppose g > 0. Then M has a quadratic model of the form (H*(Eg; Q)®
A(c),d), where deg(c) =1 and the differential d is given by d(a;) = d(b;) =0 for 1 <i < g,
d(c) =0ife(n) =0, and d(c) = a1 N by if e(n) # 0.

We give now an explicit presentation for the Malcev Lie algebra m(m,; Q) as the degree

completion of a certain graded Lie algebra.

Theorem 9.3.5. The Malcev Lie algebra of m, is the degree completion of the graded Lie

algebra

e(x1,y1,- .., 20, Yy, 2)/ O 7 [z, yi) = 0, z central) if e(n) =0;
L(n) = (9.22)

e(x1,y1, ..., 20, Yg, w) /37 [24, i) = w, w central) if e(n) # 0,
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where deg(w) = 2 and the other generators have degree 1. Moreover, gr(m,; Q) = L(m,).

Proof. The case g = 0 was already dealt with, so let us assume g > 0. There are two cases
to consider.

If e(n) = 0, Corollary 9.3.2 says that m(,; Q) is isomorphic to the Malcev Lie algebra of
mg0 = I, X Z, which is a 1-formal group. Furthermore, we know from (9.14) that gr(Il;; Q)
is the quotient of the free Lie algebra lie(2g) by the ideal generated by 7  [x;, v:]. Hence,
m(,; Q) is isomorphic to the degree completion of gr(Il, x Z) = gr(Il,; Q) x gr(Z; Q), which
is precisely the Lie algebra L(m,) from (9.22).

If e(n) # 0, Corollary 9.3.4 provides a quadratic model for our Seifert manifold. Taking
the Lie algebra dual to this quadratic model and using [17, Theorem 4.3.6] or [13, Theorem
3.1], we obtain that the Malcev Lie algebra m(m,) is isomorphic to the degree completion

of the graded Lie algebra L(m,). Furthermore, by formula (3.21), there is an isomorphism

gr(m(m,; Q)) = gr(m,; Q). This completes the proof. ]

Corollary 9.3.6. Fundamental groups of orientable Seifert manifolds are filtered-formal.

Proof. The claim follows at once from the above theorem and the definition of filtered-

formality. Alternatively, the claim also follows from Theorem 3.2.5 and Corollary 9.3.3. [

9.3.4 Holonomy Lie algebra

We now give a presentation for the holonomy Lie algebra of a Seifert manifold group.

Theorem 9.3.7. Let n: M — X, be a Seifert fibration. The rational holonomy Lie algebra

of the group m, = m (M) is given by

e(x1,y1,. .., %g, Yg, ) /O i [@i, yi] = 0, h central) if e(n) = 0;

lie(29) if e(n) # 0.

b(ﬂ—vﬁ @) =
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Proof. First assume e(n) = 0. In this case, the row-echelon approximation of 7, has presen-

tation

T = (T, YLy gy Ygy 215+ -5 26y B | 2050 =1 (i = 1,...,5),
(9.23)
(lz1, 0] - - - [2g, 4g))* % = 1, h central)
It is readily seen that the rank of the Jacobian matrix associated to this presentation has
rank s. Furthermore, the map 7: Fy — Hg is given by x; — x4, y; — i, 2 — (—fi/ci)h,

h — h. Let k be the Magnus expansion from Definition 4.1.2. A Fox Calculus computation

shows that x takes the following values on the commutator-relators of 7,:

K(r) =1+ (a1 -as)(T1yh — Ty + - + Ty, — YgTy) + terms of degree > 3,
k([zi,h]) =14 ax;h — ha; + terms of degree > 3,

k([yi,h]) =14 y;h — hy; + terms of degree > 3,

k([yi,2]) =14 terms of degree > 3,

where r = ([z1,y1] - - - [, yy])** 7. The first claim now follows from Theorem 4.3.1.

Next, assume e(n) # 0. Then the row-echelon approximation of 7, is given by

Ty = (T1, Y15 - s gy Ygs 21, - -+, Zs, | zf‘ihﬁi =1(=1,...,s),
(9.24)

([z1,91] - - - [z, yg])alm%he(n)alu.as =1, h central),
while the homomorphism 7: Fg — Hg is given by z; — z;, y; — yi, 2; — (=Bi/cu)h, h — 0.

As before, the second claim follows from Theorem 4.3.1, and we are done. O]

9.3.5 LCS ranks

We end this section with a computation of the ranks of the various graded Lie algebras
attached to the fundamental group of a Seifert manifold. Comparing these ranks, we derive
some consequences regarding the non-formality properties of such groups.

We start with the LCS ranks ¢y (7,) = dim gr; (7,; Q) and the holonomy ranks are defined
as g(my) = dim(b(my; Q).
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Proposition 9.3.8. The LCS ranks and the holonomy ranks of a Seifert manifold group m,

are computed as follows.
1. Ife(n) =0, then ¢1(m,) = é1(my) = 29 + 1, and ¢p(m,) = ¢r(m,) = dx(Il,) for k > 2.
2. If e(n) # 0, then ¢y (m,) = ¢r(Foy) for k> 1.
3. If e(n) # 0, then ¢1(my) = 29, ¢a(my) = 9(29 — 1), and ¢y (my) = ¢i(Ily) for k > 3.
Here the LCS ranks ¢y(I1,) are given by formula (9.15).

Proof. 1f e(n) = 0, then m, = II; X Z, and claim (1) readily follows. So suppose that
e(n) # 0. In this case, we know from Theorem 9.3.7 that h(m,; Q) = h(Fs,; Q), and thus
claim (2) follows.

By Theorem 9.3.5, the associated graded Lie algebra gr(m,; Q) is isomorphic to the quo-

tient of the free Lie algebra lie(zy, 41, ..., 24, y,, w) by the ideal generated by the elements

g
i=1

[z, yi]| —w, [w, x;], and [w, y;]. Define a morphism x: gr(m,; Q) — gr(ll,; Q) by sending
x; — Xy yi — Yy, and w — 0. It is readily seen that the kernel of x is the Lie ideal of
gr(m,; Q) generated by w, and this ideal is isomorphic to the free Lie algebra on w. Thus,

we get a short exact sequence of graded Lie algebras,
0 — lie(w) — gr(m,; Q) —— gr(1,; Q) —=0.. (9.25)
Comparing Hilbert series in this sequence establishes claim (3) and completes the proof. [J

Corollary 9.3.9. If g = 0, the group m, is always 1-formal, while if g > 0, the group m, s

graded-formal if and only if e(n) = 0.

[

Proof. First suppose e(n) = 0. In this case, we know from Theorem 9.3.5 that gr(m,; Q) =
gr(Il,; Q) x gr(Z; Q). It easily follows that gr(m,; Q) = h(m,; Q) by comparing the presenta-
tions of these two Lie algebras. Hence, m, is graded-formal, and thus 1-formal, by Corollary

9.3.6.

192



It is enough to assume that g > 0 and e(n) # 0, since the other claims are clear. By
Proposition 9.3.8, we have that ¢3(m,) = (8¢°—2g)/3, whereas ¢3(,) = (8¢> —8¢)/3. Hence,

h(m,; Q) is not isomorphic to gr(m,; Q), proving that , is not graded-formal. ]

9.3.6 Chen ranks

Recall that the Chen ranks are defined as 0y(m,) = dim gr,(m,/7;; Q), while the holonomy

Chen ranks are defined as ,(m,) = dim(h/b");, where b = h(m,; Q).

Proposition 9.3.10. The Chen ranks and the holonomy Chen ranks of a Seifert manifold

group m, are computed as follows.
1. Ife(n) =0, then 6y(m,) = 01(m,) =29 + 1, and Ox(7,)) = Ox(m,) = O(11,) for k > 2.
2. If e(n) # 0, then Ox(m,) = O(Fyy) for k > 1.
3. If e(n) # 0, then 6,(m,) = 2g, O2(m,) = g(2g — 1), and O (m,) = Ox(1l,) for k > 3.
Here the Chen ranks 0y, (Fsy) and 0, (Il,) are given by formulas (6.5) and (9.17), respectively.

Proof. Claims (1) and (2) are easily proved, as in Proposition 9.3.8. To prove claim (3), start
by recalling from Corollary 9.3.6 that the group m, is filtered-formal. Hence, by Theorem
6.1.5, the Chen Lie algebra gr(m,/m,; Q) is isomorphic to gr(m,; Q)/ gr(m,; Q)". As before,

we get a short exact sequence of graded Lie algebras,
0 — fie(w) —> gr(m, /s Q) — gr(lL, /11 Q) —>0. (9.26)
Comparing Hilbert series in this sequence completes the proof. O

Remark 9.3.11. The above result can be used to give another proof of Corollary 9.3.9.
Indeed, suppose e(n) # 0. Then, by Proposition 9.3.10, we have that 05(m,) — 0s(m,) = 2g.
Consequently, by Corollary 6.1.7, the group =, is not 1-formal. Hence, by Corollary 9.3.6,

Ty, is not graded-formal.
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9.4 Pure braid groups on Riemann surfaces

Recall that the configuration space of n ordered points in a connected manifold M is defined
to be Conf, (M) = {(z1,--- ,x,) € M™ | x; # x; for i # j}. Algebraic models of Conf,, (M)
were studied by Cohen and Taylor [35] for M = R!, and by Fulton and MacPherson [59],
Kiiz [$2], and Totaro [119] for M a smooth projective variety.

The configuration space Conf,(X,) is a classifying space for P,,. which is another im-
portant class of braid-like groups are the pure braid groups on compact Riemann surfaces
¥4 of genus g.

Much work has been done for this class of groups, see [16, 13, 23, (5], but still there
are several unsolved problems. In our recent and future work, we compute the resonance
varieties of P, ,, the resonance varieties of the CDGA model of P, ,,, and the Chen ranks of

P, ,, and explore their relationship.

9.5 Picture groups from quiver representations

For every quiver of finite type, there is a finitely presented group called a picture group, which
was introduced recently by Igusa, Orr, Todorov, and Weyman [73]. They proved that the
integral cohomology groups of the picture group G(A,,) of type A,, with straight orientation
are free abelian with ranks given by the ‘ballot numbers’. As shown by Igusa in [74], the
classifying space of the category of non-crossing partitions is a K(G(A4,),1).

We noticed that for each picture group G(A,) there is a right-angled Artin group R(A,)
such that these two groups have the same resonance varieties. Hence, the resonance varieties
for these groups can be determined from the results of Papadima and Suciu [120].

In our future work, we will construct a finite CDGA model for G(A,) and compute the
Malcev Lie algebra of G(A,). We we also investigate the relationship between the LCS

ranks, the Chen ranks of G(A,) and the resonance varieties of the ¢CDGA model. Explore
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properties of picture groups from these algebraic invariants. We conjectured a finite CDGA
model for G(A,). Using this model, we conjectured that G(A4,) is filtered-formal, but not

1-formal by computing non-trivial Massey products.
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