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1. motivation

Recall that the determinant of a 2 x 2 matrix is given by

b

a
det L d] = ad — bc.

We expand this definition to 1 x 1 matrices by setting
det [a] = a.
For 1 and 2 x 2 matrices, we have the following property:

A is invertible if and only if det A # 0.

Goal: Define the determinant of an n x n matrix A with n > 3, such that A is invertible if and
only if det A # 0.



2. Cofactor expansion

Definition 1. Let A be an n x n matrix with n > 2 and with (4, j)-th entry a;; .
Let A;; be the (n — 1) x (n — 1) matrix obtained by deleting the i-th row and j-th column from A.
Then the determinant of A, denoted det A, is defined as
det A = Z(—I)Hiali det Ay;
i=1

= Q11 det AH — Q12 det A12 + 4 (—1)1+na1n det Aln

This formula for det A is called the first row cofactor expansion formula for the determinant of
A.

We list some facts about permutation groups. Details of proof can be found in any group theory or
abstract algebra book. Let [n] be the set of n integers [n] = {1,2,...,n}. Let S(n) = {0 : [n] —
[n] | o is a bijection} be the set of all bijections. We denote an element o € S(n) as

1 2 ... n
0:(0(1) a(2) - U(n))
For short we denote o as (o(1) 0(2) ... a(n)).

S(n) is the permutation group (symmetric group) with product given by the composition. The sign of
a permutation o € S(n) can be explicitly defined as

in () 1 if o is a product of even transpositions
sign(o) =
& —1 if ¢ is a product of odd transpositions

A transposition is a permutation in S(n) that only switch 2 numbers. For example (2,4) € S(5),
1 2 3 4 5
(2’4>:<1 4 3 2 5)

Another equivalent way to determine the sign of ¢ is to use the number of inversions. An inversion of
(0(1) o(2) ... o(n)) is the pair of numbers (o(i) > o(j)) for i < j. For example, (2431) has 4 inversions
(21), (43), (41), (31).

sign(o) = (=17,

where N(o) is the number of inversions of o.

Proposition 2. If 7 is obtained from o by switch two numbers i, j, then sign(r) = — sign(o).

Proof. 1. If 7, j are next to each other, the switch will increase or decrease 1 inversion.
2. In general, suppose there are k numbers between i, 7, the switch of 7, j can be obtained by switch
2k + 1 pairs in case 1. O
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Theorem 3. If A is an n X n matriz, then
det(A) = Y sign(o) [ [ aion)
oeS(n) =1

= Z sign(0)a1,6(1)2,0(2) * * * An.o(n)-
oceS(n)

Proof. This theorem can be proved by induction on n. For n = 1, it is true. Suppose the formula is
true for n — 1, let’s show that it is true for n.

Z Sign(0)a1,0(1)a2,0(2) * * * Un,o(n)
)

oeS(n

= Z ai; Z SigH(U)CLQ,a@) *clpo(n)
=1

i= ceS(n);o(l)=t

= Z ay; Z (=) sign(a(2) ... o(n))a2.0(2) " Opo(n)
=1

= oeS(n)o(1)=i
= Z(—I)Hiau det Ali
i=1

=det A

Totally, det(A) is a sum of n! terms.

Example 4. Let A be the 3 x 3 matrix

11 Qa2 Q13
A= |ay ax as

a31 32 as3

The 3! = 6 permutations of [3] are listed below, along with the determinant of the associated permutation
matrix; For the 6 permutations (o(1) o(2) o(3)),

sign(l 2 3) = 1
sign(l 3 2) = —1
sign(2 1 3) = -1
sign(2 3 1) 1
sign(3 1 2) = 1
sign(3 2 1) = -1

Hence we have

det(A) = (11022033 — (11023032 + A12021G33 — A12G23031 + G130A21032 — A13022031

0 4 2

Example 5. Find the determinant of A= |5 2 2 |. Is A invertible?
0 2 -1
(1 2 3

Example 6. Find the determinant of A= |0 0 4]. Is A invertible?
5 6 7
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Definition 7. Let A be an n x n matrix. Its (i, j)-th cofactor C;; is defined as
Ci' = (—]_)H_j - det Aij

where, as before, A;; is the (n — 1) x (n — 1) matrix obtained from A by deleting its i-th row and
j-th column.

Using cofactors, the first row cofactor expansion formula for the determinant of A can be rewritten as

det A = a11C11 + a12C12 + - - - + a1,C1n

Theorem 8. The determinant of an n x n matriz A can be computed via cofactor expansions across
any row or down any column of A:

det A = a;1Ciy + apCin + -+ + @i Ciyy
det A = CLUCU + anCQj + -+ CLnanj
These formulas are called the i-th row and j-th column cofactor expansions for det A, respectively.

Proof. Similarly as in the proof of Theorem 3. U

Example 9. Redo Example 2.

1 2 3 1.2

. . 000 2

Example 10. Find the determinant of A = 56 7
01 2 V2

Recall the definition of lower triangular matrix. Similarly, we can define upper triangular matrix.
An n x n matrix A is called triangular if it is either lower or upper triangular.

Theorem 11 (Determinants of Triangular Matrices). Let A be an n x n triangular matriz, then
det A equals the product of the diagonal entries of A:

detA:au X Ao X +++ X QApp-

2 V2 3 17
. . 0 3 7 12 . .
Example 12. Find the determinant of A = 00 1 = Is A invertible?
0 0 0 5

2 V2 1.7

Example 13. Find out for which value of A the matrix A — AI is not invertible, where A = |0 3 12
0 0 5

Example 14. If A is an n x n matrix. Consider the relation between det(kA), det(A™1), det(AT) and

det(A).
We consider this in the next section.

Block Matrix.

Determinant
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12 11 3
A Bl (23 7 12
M‘[oc}_oo39
00 1 4

A B

Theorem 15. If M = {O C

} , then,

det(M) = det(A) det(C).

Proof.

5= e o

No such formula for M = {é IB;] in general.

3. Row Operations and Determinant

Recall that there are three types of elementary row operations:

1. (Replacement) Add to one row the multiple of another row.

2. (Interchange) Interchange two rows.

3. (Scaling) Multiply all entries of a given row by a nonzero constant.

Question:
If an n x n matrix A is modified by a single one of the elementary row operations, how does that
affect its determinant?

Theorem 16 (Row Operations and the Determinant). Let A be an n X n matriz and let B be a
matriz obtained from A by a single elementary row operation.
1. If B is obtained from A by an Interchange operation, then

det B = —det A.
2. If B is obtained from A by a Scaling operation by a factor k, then
det B = kdet A.
3. If B is obtained from A by a Replacement operation, then
det B = det A.
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Proof. 1. Suppose B is obtained from A by switching i, j-th rows. By Theorem 3,
det(B) = Y sign(0)aioq) - o0 - Giol) Aot

ceS(n)

= Z - Sign(U(l) .- J(]) .. O(Z) .. .0(n))a170(1) o Qio(h)  Qho(i) T Ono(n)
ceS(n)

= —det(A)

2. By Theorem 8,
det(B) = Z k:aijC'ij =k Z aijcij = kdet(A)
j=1 j=1

The third formula can be proved by the following propositions. O

Proposition 17.

al a2 ce A1n 11 a2 - Qin ailz Qi - Q1p
by +¢1 ba+cy -+ b,+c, |=| by by -+ b, |+| &1 ¢ -+ ¢y,
an1 an2 e Ann An1 Ap2 - Qpp n1 QAp2 -+ Qpp
Proof. By Theorem 8. ]

Proposition 18. In a matriz A, if the i-th row equals the j-th row, then det(A) = 0.

Proof. If we switch i-th row is a scalar product of the j-th row, then det(A) = — det(A), so det(A) =
0. ]

Proposition 19. In a matriz A, if the i-th row is a scalar product of the j-th row, then det(A) =0

Theorem 20. An n x n matriz A is invertible if and only if det A # 0.

Proof. By Theorem 16, det(rref(A)) = +kdet(A) where £k # 0. A is invertible if and only if
rref(A) = I, det(rref(A)) = 1. O

Proposition 21. Let A be an n X n matriz.
det(kA) = (k")(det A).
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Proposition 22. Let A be an n X n matriz that can be reduced to a matriz U in echelon form with
only Replacement and Interchange operations. Then

det A= (—1)"-detU

where r is the number of Interchange operations used to get from A to U.

e The determinant det U = 0 if and only if U has a 0 on its diagonal, which in turn can only happen if U
has a row of zeros.

Theorem 23 (Determinant of the Transpose Matrix).
det A" = det A.

Proof.
det(A) = Z sign(0)a,0(1)42,02) * * * Gn.o(n)
oeS(n)
= Z sign(o ) ag-1(1),100-1(2)2 * * * Ag=1(n)n
oeS(n)
= det(A”)
Here we used the property that sign(c) = sign(c) and ¢ — o1 is a bijection between S(n) and
itself. O

Theorem 24 (Determinants of Products of Matrices). Let A and B be two n X n matrices.
det(AB) = (det A)(det B).

Proof. Case 1. If A is invertible, then A = E - -- E, a product of elementary matrices.

Theorem 16 shows that det(E;;B) = — det(B) = det(E;;) det(B), det(E;(c)B) = det(E;(c)) det(B)

and det(E;;(c)B) = det(det(B).

Then det(AB) = det(E; --- EsB) = det(F;)det(Esy - -+ EsB) = det(E)) det(FEsy) - - - det(Ey) det(B).

In particular, when B = [, then det(4) = det(E;)det(Es)---det(E;s). So, det(AB) =

(det A)(det B).

Case 2. If (A) is not invertible, then rank(A) < n. Then rank(AB) < rank(A) < n. So, det(AB) = 0.
O

Proposition 25. Let A be an n X n matriz.
det(A™) = (det(A))™

Proposition 26. Let A be an n X n invertible matriz.
1
© o det A

det(A™1)

Question: How about det(A + B)? Is it det(A) + det(B)?
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(1 2 3 4

Example 27. Find the determinant of A= | > T 8| 15 A invertible?

xample 27. Find the determinant of A=\ o=, |, {5 Is A invertible?
_13 14 15 16
(1 2 3 4
. . 2 4 6 9 . .

Example 28. Find the determinant of A = 36 11 121 Is A invertible?

4 8 15 16

Definition 29 (Elementary Column Operations). 1. (Column Replacement) Add to one column
the multiple of another column.

2. (Column Interchange) Interchange two columns.

3. (Column Scaling) Multiply all entries of a given column by a scalar.

Since column operations on a matrix A can be thought of as row operations on its transpose matrix A7 |
and since det A = det AT, the rules for how elementary row operations affect the determinant can be used

to give a similar rule for column operations.

Theorem 30 (Column Operations and the Determinant). Let A be an n x n matriz and let B be
a matriz obtained from A by a single elementary row operation.
1. If B is obtained from A by a Column Replacement operation, then

det B = det A.
2. If B is obtained from A by a Column Interchange operation, then
det B = —det A.
3. If B is obtained from A by a Column Scaling operation by a factor k, then
det B = kdet A.

Example 31. Vandermonde determinant

1 1 1

det(A) = | a a as | = (a3 — ag)(CL3 — (Il)(ag — al)
2 2 2
a; a; as

More generally, by induction on n, we can proved that

1 1 1 e 1

a a2 as s (07
2 2 2 2

a a a <. a
1 2 3 n
det(A)=| . | : = [ (ai-a)

: : 1<j<i<n

n—1 n—1 n—1 n—1 - -
n n n n

aj ag asg - Gy

4. Linearity Property of the determinant function and Cramer’s Rule

Let A be an n x n matrix with column vectors ay, - - - , d,,

A=l @ ... @) oo s



Let & be an n-dimensional vector (an n x 1 matrix) and consider the transformation
T:R" - R
defined by
T(Z) =det([a@, ... G T Gj41 ... Gn))

formation, that is

(o) T(Z+79) =T(Z) +T(Y) for all Z,5 € R", and

(b) T(cx) = cT'(Z) for all T € R™ and all ¢ € R.

Accordingly there exists a 1 x n matriz B such that T = Tg.

Theorem 32 (Linearity and Determinants). The transformation T defined above is a linear trans-

Proof. By Theorems 23, 16 and Proposition 17.

Example 33 (Finding matrix for the determinant transformation for a given A).

Consider a matrix equation Az = bin which A is an nxn invertible matrix, and write A = [61 7P
Let

=,

Al():[al 62 5:1‘_1 g ai+1 &)n}

when A is an n x n invertible matriz), is given by

det A;(b)

= =1,2,.
; Tot A , fori

Theorem 34 (Cramer’s Rule). The unique solution ¥ of the matriz equation AT = b (for the case

=,

Proof. First, from cofactor expansion, det(4;(b)) = >_7_, b;Ci;.

1
Ap1T1 + Qoo + - - - ATy = et(A Zakzzb ng

o

1 n
o S

- = L (b det(A))

(oW

for any k= 0,1,--- ,n. This verifies that (z1,...,x,) is a solution of A7 = b.

Let C be the associated n x n matrix of cofactors defined as:

O Q21 0.22 . C.Zn
Cu Cho ... Cpup
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The transpose of C' is called the adjugate matrix of A, denoted by adjA:

011 021 e Cnl
adid = OF — Q12 C'22 - C'n2
Cln C2n s Cnn
1
Theorem 35. If A is a invertible matriz then A~! = et A adjA

Proof. Similarly as the proof of Cramer’s Rule, verify that A cadjA =1, 0

1
det A
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