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MATH 4570 - Matrix Methods in Data Analysis and Machine
Learning

e Instructor: He Wang Email: he.wang@northeastern.edu

§1. Fields

1. Background:

Definition 1. (1) A linear equation in variables x1, xs, ..., x, is of
the form

a1xy + asxs + - -+ + apx, = b.
Here, a1, as,...,a, € R (or a field IF) are coefficients.
(2) A system of linear equations (or linear system) is a collection
of linear equations in the same variables.

a1y + a12T9 + -+ A1nLn — b1

ao21x1 + a929I9 + -+ aonLy — bg

Am1T1 + Qoo + - - - + QppTy = bm
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Goal: Find the set of all solutions.

Method: Gauss-Jordan elimination (Gaussian elimination).

Theorem 2. A linear system (matrixz equation AZX = b ) has either no
solution, or exactly one solution, or infinitely many solutions.

2. Sets and functions

t "

Definition 3. A set S is a well-defined, unordered collection of distinct’
clements. ‘

<gon—well—deﬁnea)example, (Russell’” s paradox): SeC & & 41 C

LSY ={x |z ¢ x}| ie., set of all sets that are not members of themselves.

The teacher that teaches all who don’t teach themselves.

Review of set operations: | 7 Subigts a_’[/ N W S

e Union AUB={z |z € Aorx € B}
—
e Intersection ANB={z |z € Aand z € B} G S
e Complement of AC S, A°={zxe€ S|z ¢ A} [¢ =
o (Cartesian) Product X x Y|={(z,y) [z € X,y € Y}
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Definition 4. A function(map) f between two sets A and B is a rule
f:A— B

sendmg ) a € A tofan) .element fla) €
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Definition 5. Let f : A — B be a function. <
(1) f is called injective (one-to-one), if
-S(X):jﬁ(\g) ;‘mla}ies 7(:51 7[.;y qy XideA
A

(2) f is called surjective (onto), if

¥ be B, J xc A st farb
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(3) f is called bijective, if

L1 mjﬂf\e . l\ye(mto %
Consider a function f : A — B and the equatlo-for @

Proposition 6.

o [ is injective < f(x) = b has Qo Thi 0MC  solution.
—_—

o [ is surjective < f(x)=0b has € {@% onL _ solution.

o f is bijective & f(x) =b has @\Q{'%,L oidl4 solution.




Example 7. Consider functions > (tj
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h:R — R defined by h(z) = 2z + 1. _(./
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TSt U== W

Definition 8. The composition T' o Sef two functions S : U — V
and T:V —- W

A—W/
x —T(sx)

Theorem 9. Consider functions R:V — W and L - W — V. If
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Theorem 10. Lo T=M, it

&
(1) A mapT:V%Wiszfand only if it has am@ e

(2) Amap T : V — W is surjective if and only if it has a right-inverse.
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Theorem 11. Suppose a fungtwn T:V =W has both a left- mverse
L and a right-inverse R. Then
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Proposition 12. A map T : V. — W s byective if and only if it is
wnvertible.
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3. Algebraic objects:

at)
@ Monoid — Group— Ring—/Field

ZLOUp axch
2 Sum, o lpw%wx

Definition 13. A binary operation*on aset Sis a ’”"/’/ﬁmﬁm

. 8xS —> g

(2 / b) axh

Definition 14. A monoid is aet M Jwith a binary operation  : M X
M — M satisfying two axioms:

(1) (Identity) The exie o i
G@y ?'_eg_c Qé/]/\ such Hhyy ExAX=x=AxP Q‘«yxé/

(2) (Associativity) (a N b>* C = Q*@*C) | j(;mgl Q,L,CG
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Proposition 15. @entz’ty}s unique i a monoid.
s

Definition 16. A monoi@ called a commutative (or abelian),
if =

Aeh=bxa 4w a s




Definition 17. A group is a monoid (G, -) satisfies
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(3) (Inverse) FW %? gé G /fl@@ ot }Lé Q such e gﬁ}l:A‘* @,

Proposition 18. In a group G, inverse zszn for any g € G.

* 0

u |\
Denote commutative (abelian) group as (G,@,@; inverse of a as

———

(1) (R, +) is an“abelian group”

—

(2) (multiplicative iderelltity) d-a=q.0'=q

—

(3) (multiplicative associative) (0\_9{‘ b 0)

(4) <DiStI’ibutiVity> Ik (E.k_(‘) — Qb +4a.(¢
(bt)-a=hatca

Definition 19. A ring (with unit/identity) is a@ith two binary
operation@n .

Definition 20. A ring R is called a commutative if

ab=h-q

(Denote €’ as@n commutative ring. )



Example 21. Integers Z is a commutative ring.
+ 0 a +Cq)=o
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Example 22. Set of all polynomials R@with sum and product is a commu-
tative ring.
i Qdit+aE ¢ a,e"

O(" ""qn G:E

Example 23. Set of all polynomials R[zy, xo, ..., x,] is a commutative ring.

{ 0, £1, £t L4, - ?
Example 24. .IS a ring Wlthout identity.
Z,={w ]
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Deﬁnition 25. A field F is ajcommutative ring (I, +, -l/such that ]
an — mon-zerd element has a multl licative inverse.
y ¢ 1L p Q4 g |
o+t J g =1

Remark: (F' — {0},() are abelian groups.
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Forn >0 € Z, let Z, = {[0],[1], ..., [n — 1] }=the set of congruence classes

modulo n. = E
\/"’/_\ - _

Proposition 26. (Z,,+, X) is a COW
e — Sl

Example 27. Z, is a field.

%

Example 28. Z; is not a field. (Reason: [2| has no multiplicative inverse.)

only if n = p 1s a prime number.

fé\
Proposition 29(29 1S a j_ield zflcﬁgl Q

Q, R, Care@
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Remark: @Q is the smallest field con

amm
In our class, we will focus on field$ R, C, and

The 1dea of group and field was created by Evarlste Galois (1811 — 1832).
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https://en.wikipedia.org/wiki/%C3%89variste_Galois

v “
[mm between algebraic objects:

v/
Definition 30. A homomorphism f : A — B between any two

algebraic objects is a function preserving all operations, i.e.,
flzxy) = f(x)* fy) for any z,y € A

For ring with identity, we also need the homomorphism sends identity to iden-
tity.

Definition 31. (Terminology first b
(1) An injective homomorphism is called monotot
(2) A surjective homomorphism is called-an epimorphism.
(3) A function f : A — B is called
phism and epimorphism. In this case
“same” .

Wicolas ourbak) 9344).)

https://en.wikipedia.org/wiki/Nicolas Bourbaki

Further extended reading:
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