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1 Quadratic forms and positive definite

Definition.

A function p(zxy, ..., z,) from R" to R is call a quadratic form, if it is
a linear combination of forms x;x;.

So, a quadratic form can be written as

2 2 2
plar, ) = cijaimy = ena + enws + -+ cwl + Y 205215

Y] i<J

Another way to write quadratic form is using symmetric matrices

p(x1, . xy) =T AT = 7T AT

The unique symmetric matrix A is called the matrix for the quadratic
form.

Ci11 Ci12 ... Cin
. . . C21 C22 ... C2p

The matrix A for the above quadratic formis A= | 7 ,
Ch1 Cn2 ... Cpn

Example 1. Consider p(x1, ..., x3) = 323 + 413 — 525 — 211209 + 42123 + 67973

The matrix A for this quadratic form is

2 3 —9 Zs3



Math 2331 88.2 Quadratic forms He Wang

Definition.

An real symmetric matrix A is called positive definite if the quadratic

form
ZTAZ > 0

for all nonzero ¥ € R".
The matrix A is called positive semidefinite if the quadratic form

T AT >0

for all ¥ € R™.

Examples: 1. p(zy,...,23) = 222 + 323 + 423 is positive definite.
2. p(xy,...,w3) = 22} + 323 is positive semidefinite.
3. p(x1,...,3) = 223 + 323 — 422 is NOT positive semidefinite.

Theorem.

(1) An real symmetric matrix A is positive definite if and only if all
eigenvalues of A are positive.

(2) An real symmetric matrix A is positive semidefinite if and only if all
eigenvalues of A are non-negative.

A1
Proof: A is symmetric if and only if A = PDP~' = PDPT where D =
So,
q(z1,...,x,) = 3T PDPT% = (PT"8)' DP'%
Let i = PTZ, then

q(z1,...,2,) = T PDP'Z
= (P's)'DP'7
= ' Dy
= Myi A+ Ay
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Proposition.

Let A be an m x n real matrix. Then AT A is positive semidefinite.
Further more, if rank(A) = n, then AT A is positive definite.

Proof: p(xy,...,z,) = TLATAT = (TAZ)TAZ = ||AZ||> > 0. So, ATA is positive
semidefinite.

The equality hold if and only if AZ = 0. If rank(A) = n, A7 = 0 if and only if Z = 0.
Hence, if rank(A) = n, then AT A is positive definite.
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