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§4.3-4.4 continue: Curl and Divergence

Two operations on vector fields: 1. Curl and 2. Divergence.

1. Curl

Definition.

Let F = (P,Q, R) be a vector field on R3. The curl of F is defined as
= (OR 0Q\- (0P OR)- 0Q 0P\ -

Recall the gradient vector
=0f -o0f »Of

=1 = — +k =.
V=i ox tJ dy * 0z

We can consider (“Del”) V as a vector differential operator defined as
-0 -0 =0 o 0 0
Vei—tj—thk—={(= = .
"oz 7 3y+ 0z <(9x’ dy’ 3z>

An easier way to remember the curl of F is using cross product

Theorem.
curl(F) = V x F,
Proof.
i 7k
VxF= 2 a% 2
P Q@ R
o 0| |2 o| |2 2,
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Example 1. Find the curl of F = (zyz, 22, 2zy)

cul (F)=7<F = ,;.:]e,_};
7x % 92
HE 2

= 7 ( Z(my) -2 (@ )) j (4»«3)- (xgz) (,_@ 33[*32))

f(lﬁ 22) -7 23 Xy) + ;C(o—xz)
- a2) T + 402 JHERE
o =< 237), Yk2), -X2

Theorem.

Let f be a function in R? and f has continuous second order partial derivatives, then

curl(Vf) =0

If a vector field F' is conservative, then curl(V f) = 0.

T= v cwd (F)=0
S5 9 =
col (F)= x(op=| LT F
= 5w
gdy
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= Uy £,)- Tlh-bo) +F (ki)
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Example 2. Whether or not F(z,y, z) = (zyz, 22, 2zy) is conservative?

Gl (F)=4a0ca), y(x2) , x2) £0

So | T Vs not cmservatie.

Example 3. Whether or not ﬁ(x, y,z) = (yz,xz, xy + €*) is conservative?

G®)= vxP = (3 1 T

I

o, 0, 0 [7’3*93‘%[_ Aonvatie

g f IS cneryatne

PP SI62 ) Bamled TENL fv f= Xfetrey k

Theorem.

Let F' be a vector field such that its component functions have continuous partial deriva-
tives and curl(F') = 0 on all R?, then F' is conservative.

Example 3. continue. Yes
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Example 4. (a) Whether or not F' = 221327 4+ 32222 + x%%k is conservative? (b) Find a
function f such that F' =V f.

@l ( E)=F = :: = _;( 3)6‘353%3’)—? (1g3—2w+f( (’ffe-ﬁﬁ;
22

= <o, o, O>
e all - pond| doavetive *‘][ F e Continues, ey Fls CmSenatup

6) Fol T suh fhﬁg f,=2x4%2 -}3:3)1‘312- (\j% = Xy*
/ i

f= 2+ 904,2) = jzzfglz+ja \ 1, =Yy’+ 9,
J %

jy:: 0 32:0
Sg —_ X
J(-X 332 a3 'k \J /

2. Divergence.

Definition.
The divergence of a vector field F= (P,Q, R) is defined by

.= 0P 00Q OR
dwF*@x—F@ijaz

Remark: div F is a function from R? to R.

Theorem.

The divergence of F can be written as dot product

divE=V.F
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Example 5. Find the divergence of F= xy“r —y°zy + xe’k

AvF=7F=2(xy)H 249+ 3 2 (xe°)

= Y2 +xe®

Theorem.
Let F' be a vector field such that its component functions have continuous partial deriva-

tives on R3, then
diveurl FF =0

Clarrauts Thenem

Proof.
33
3 =) =2
div (cur F):: V- (VxF) =[5 o 2| = =0
> % 33
P 0O R

Example 6. Show that F= $y2§— y2ZJ_"+ ze*k can not be the curl of any other vector field

¥ F=ourl(8) they oiv(@)=dvlanl @) =0

oy (F) = i(xg 9(312)430(6)

= yayztXe?
40 S, Fisut te of o ay vewr Lol

Remark: 1. Both Divergence and Curl comes from Physics. Look at(Youbube: 3BlueiBrown
Divergence and curl: https://www.youtube.com/watch?v=rB83DpBJQsE). It is helpful for intuition, but it can not replace

the calculation in this section.
e.dy(vf) = v-(vf)= 2% , 25 _ &
v(9f f) et 5
is an”ea!
Lg Fhue Gerstr,

= 2 L 2b
Vav.¥ = ot dt+d_-


https://www.youtube.com/watch?v=rB83DpBJQsE
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Equation

[ [ (55 )or

in Green’s Theorem can be written in the vector form

]{ﬁdf—//(curlﬁ)%dfl
C D

Here F = (P,Q,0).

arl (B) = ( )T+ jF(% A1
o cwl ()X —o+o+5§~ =)

Another vector form of the Green’s theorem:

j{ﬁ-ﬁds://divﬁdfl
C D

= _ v _ ‘J(rt) i é{',fﬂ ¥

o 2T oA = 0 _
i '\.(‘ 7" wnit ol yocty T i f'{ﬂl 1+ = F? o ’
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