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§3.8 Density and mass

In calculus 1, we can use single integrals to compute moments and the center of mass of a thin
plate or lamina with constant density. Now, we can deal with variable density.

1. Mass of a plate

Suppose the lamina occupies a region D of the xy-plane and its density at a point (z,y) € D
given by p(z,y). Then the mass m of the lamina can be computed by

mz//Dp(rc,y)dA
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Reason:

Example 1. Find the mass of a triangular plate with vertices (0, 1), (1,0), (1,1) such that
the density given by p(z,y) = 2xy
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2. Mass of a solid

Suppose a solid object occupies a region F in R? and its density at a point (z,y, z) € E given
by p(x,y, z). Then the mass m of the solid can be computed by

m—//[Ep(x,y,z)dV

m = Al‘.l/rgozkp(x;j,k?y;j,kaZZj,k)AV = ///E p(x,y,z)dV
27‘77

Example 2. Let E be the solid region under the plane where z = y and above the rectangle in
the xy-plane given by 0 < x < 2 and 0 < y < 1. Suppose the density ¢ at each point is given
by 6(z,y,2) = € + zy kg/m3. Find the mass of E.
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§3.9. Monents and Centers of Mass (Not required)

The moment about the z-axis is
M, = // yp(z,y)dA
D

The moment about the y-axis is

M, = / /D p(z, y)dA

(Continue with Example 1.) The center of mass of a lamina is

(2.9) = (Mo Mo,

m m

where m, M, and M, are computed above.

Example 3. Find the center of mass of a triangular plate with vertices (0,1), (1,0), (1,1)
such that the density given by p(x,y) = 2zy
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Example 4. The density at any point on a semicircular lamina is proportional to the distance
from the center of the circle 2 + y? = 32. Find the center of mass of the lamina.
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