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3.4 Integration in R? and R"

Motivation: density and mass...

Suppose f(x,y,2) is continuous on B, a bounded region in R?.
Definition.

The triple integral of f(z,y,z) on B C R? is defined as limits of Riemann sum:

/// flx,y,2) dV = Al‘i/IEOZf(I:jkay:jk’Z:jk)AV
% i,k

Here, AV = (Az)(Ay)(Az).

Theorem. Fubini’s Theorem.

If B=la,b] x [e,d] x [r,s], then

//f(a?,y,z) dV:[S/Cd/abf(x,y,z)dxdydz.

B

///f(:v,y,z) dV:/Ts/ab/cdf(x,y,z)dydxdz,
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Example 1. Evaluate the triple integral

/B/ [z av

where B is the rectangular box given by

Jsgz v

B

B={(z,y,2) |0<2<2-2<y<10<z<3}.
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Theorem.

If a solid region F lies between the graphs of two functions:

E={(z,y,2) | (v,y) € D,qi(z,y) < 2 < ga(,9)},

[ s = [ 7 st

then,

dA.

In particular, if D is given by
D={(z,y) | a <z <bhi(x) <y < ha(a)},

then

f(z,y,2) dV = R W i f(x,y,2)dz| dydx.
m@ |y

In particular, if the function f(z,y, 2z) is the constant function 1, then the integration gives us
the volume of the region E. (§3.5 Volume is only about this particular theorem)

VolumeofE:///ldV
E

Theorem. §3.5 Volume
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Example 2. Evaluate the triple integral

I+

where F is the solid region bounded by four planes x =0,y =0, 2 =0,and z +y + z = 1.

2=\-%-

m# D{V:F rxrwg dz dy olx

E

0D ‘o
:5[ F—X ggflﬂx—g a{g o{’x

]

=1 [, g oy

— i m—

2 z

I e o
(& ) ()
| 5

= (" & &
L—-zf—‘--%lgo{x

07 . O;{‘A\:} :
—x)’ | 0< Y <k !.
- }‘f (Ix! 0{)( 4 |
» &
(\L
= _ {’
z¢ o



MATH 2321 §3.4 Integration in R3 and R" He Wang

Example 3. (§3.5 Volume) Evaluate the triple integral

/E//mv,

where E is the solid region bounded by z = 8 — 22 — 92 and z = 22 + ¢2.
B T, )2=7-%=3"
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This glves the volume of the sohd region E.
“lgw

Question: Can you calculate the volume by double integral?
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Theorem.

If a solid region F lies between the graphs of two functions:

E={(z,y,2)| (y,2) € D,g1(y, 2) <z < ga2(y,2) },

// flz,y,2) dV = //[/y) (z,y,2)dz

then,

dA.

Theorem.

If a solid region F lies between the graphs of two functions:

E={(x,y,2) | (x,2) € D,g1(x,2) <y < go(x, 2)},

flz,y,z) dV = e z) (z,y,2)dy
/] UL

then,

dA.

Example 4. Evaluate the triple integral

]+

where F is the solid region bounded by four planes xt =0,y =0, 2 =0,and z +y + z = 1.
Try the other two methods.
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Example 5. (§3 5 Volume) Set up the integral to find the volume of the region between the

cylinder z = 5y? and the zy-plane, which is also bounded by =0, x = 2, y =
(1) Use a double integral.

(2) Use a triple integral.
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Example 6. Evaluate the triple integral

/E//:U2d1/,

where E is the solid region bounded by the parabolic cylinders y = 22 and x = 32, the plane
2z = 2z 4+ y and the xy-plane.

In the xy-plane, the parabolic cylinders intersect as shown in the picture. The solid E lies
above the region R and below the plane z = 2x + y.
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Example 7. Set up the integral to find the volume of the region in the first octant bounded
by the coordinates planes, the plane y + z = 7 and the cylinder z = 49 — 2.
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Example 8. Let E be the region bounded by y = 2%, 2 = 0, and y + z = 4.

[f] stenorav,

as an iterated integral in all 6 different ways.

Q- - SS [ { oa| oA J r fw-f Jjolgo{x
R

(¥ [y |
{ d Al 7 ay;{ﬁ‘ﬁlsﬁ

|, TS|y

Express the integral
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