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§3.11 Surface and Area

Let S be a surface with a vector equation ~r = ~r(u, v) = 〈r1, r2, r3〉 from R2 to R3.

The area of S on domain D is
A(S) = lim

∆A→0

∑
i,j

∆Tij

where ∆Tij is the area of the tangent plane on ∆Aij.

At each point on the surface, there are two tangent vectors ~ru and ~rv. The area is

∆Tij = |~rudu× ~rvdv| = |~ru × ~rv|dudv

Theorem.

The area of the surface S can be computed by

A(S) =

∫∫
D

|~ru × ~rv|dudv.

Example 1. Find the area of the surface S with parametric equation ~r = 〈u cos v, u sin v, u2 sin(2v)〉
where 0 ≤ u ≤

√
2 and 0 ≤ v ≤ 2π.

~ru = 〈cos v, sin v, 2u sin(2v)〉 and ~rv = 〈−u sin v, u cos v, 2u2 cos(2v)〉

~ru × ~rv =

∣∣∣∣∣∣
i j k

cos v sin v 2u sin(2v)
−u sin v u cos v 2u2 cos(2v)

∣∣∣∣∣∣ = 〈2u2(− sin v),−2u2 cos v, u〉

So, |~ru × ~rv| =
√

4u4 + u2 = u
√

4u2 + 1.
Hence

A(S) =

∫ 2π

0

∫ √
2

0

u
√

4u2 + 1dudv = ... =
32π

3
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Let S be a surface with equation z = f(x, y).

Theorem.

The area of the surface S can be computed by

A(S) =

∫∫
D

√
(fx)2 + (fy)2 + 1 dA.

Reason: A parametrization of the surface is ~r(x, y) = 〈x, y, f(x, y)〉. So, ~rx = 〈1, 0, fx〉 and
~ry = 〈0, 1, fy〉. Hence computations the cross product ~rx × ~ry = 〈−fx,−fy, 1〉. We relate ∆Tij
and ∆Aij by

∆Tij =
√

[fx(xi, yi)]2 + [fy(xi, yi)]2 + 1 ∆A

Example 2. Find the area of the plane z = 8+2x+5y that lies above the rectangle [0, 3]×[1, 6].

Denote f(x, y) = 8 + 2x+ 5y. Then fx = 2 and fy = 5.
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Example 3. Find the area of the surface. The part of the surface z = 2xy that lies within the
cylinder x2 + y2 = 2
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Example 4. Find the area of the surface. The part of the plane 2x + 3y + z = 8 that lies in
the first octant.
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Example 5. Find the surface area of a sphere of radius r
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