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§3.1-3.2 Double integral and Iterated integral

e Review: Single integral over interval.

1. Definition.
Definition.

The definite integral of a continuous function f(z) on [a,b] is defined as the limit of

Riemann sum:
b
/a f)de = Jim 3 f)Ar

2. Estimation. Definite integral of f(z) from a to b can be estimated by Riemann sum
b n

/ fla)de = f(x})Ax.
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We may use left, right, or mid-points estimations.

3. Calculation.
Theorem. The Fundamental Theorem of Calculus.
If F(x) is any anti-derivative of a continuous function f(z), then
b

/ f@)dz = Fa)|” = F(b) — F(a)

a

7
Example 1. Find/ 22dz.
1

7 23 7
Solution: / 22dr = {3} = 114.
1
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e Double integral of f(z,y) on region R

1. Definition. Riemann integral (concepts)

Definition.

The double integral of f(z,y) on R is defined as limits of Riemann sum:
[ 1w aa= gim 3 004
R I

Here, AA = (Ax)(Ay).

Geometric meaning:

If f(z,y) is positive, then / / f(z,y) dA is the volume of the columns cylinder between f(z,y)
R

and zy-plane on area R.

r Z

Example 2. Evaluate the double integral / / V1 — 22 dA by first identifying it as the volume
R

of a solid.

z = f(x,y) = V1 — 22 implies 2% + 2% = 1

which is a cylinder.

1
Volume of the cylinder on R is V = Z(?T’I“2>h =

So, //vl—xQdA:g
R
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2. Estimations:

Example 3. Estimate the volume of the solid that lies below the surface
2z =16 — 2% — 29

and above the following rectangle R = {(z,y) e R* |0 <x <2 and 0 <y < 2}

Volume = // flz,y) dA~ Zf(x;jay;j)AA'
R b

z=16 —x*— 2y*

(Q)m=n=4,V=415 (b)ym=n=8,V=44.875 (c) m=n=16, V= 46.46875
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Example 4. Estimate the volume of the solid that lies below the surface z = 2%y and above
the following rectangle R = {(z,y) e R? |1 <z <4and 0 <y <2}

Use a Riemann sum with m = 3,n = 2, and take the sample point to be the upper right corner
of each square.

3 rvf( C
Va 2 2§ Y 4A I 1T
o |
= £, 8A 12,2058 + {3124+ {(3.2 24 e s e
3
+ 4, an+ {42 oA |
AZ’: > <2 :’
= Gl 8+ 9 1 + 6x1 +32¢| n =3
= g? oAzb)(Ay:/

The Midpoint Rule:

The double integral of f(x,y) on R can be estimated as

f(z,y) dA ~ Zmzzn:f(;f:i,gji)AA.
/|

i=1 j=1

Here, Z; is the midpoint of [z;_1,x;] and g; is the midpoint of [y;_1, yi].

Example 5. Use a Midpoint Rule with m = 3,n = 2. Estimate the double integral of
f(z,y) = 2y on the rectangle R = {(z,y) e R* |1 <z <4and 0 <y < 2}

3 —L o \ ‘r ;_; ,....,.,,. ;‘
Ve 2 2§, ) a4 T s v
= JE(
| 4X=|
= £(15,05) 47 +LUs, 15)6A + F(25, 05)87 N E
AQ:AXé? :/

*(25,15) 48 + {35 05)h 4 {65 194
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3. Calculations: (Fubini’s Theorem)

Suppose f = f(x,y) is continuous on the rectangle R = [a, b] X [c, d].

Iterated integrals.

b
e Similarly as partial derivative, we can calculate Partial Integral / f(x,y) dx respect to x

by thinking y as constant.

b
Example 6. f(z,y) =2’y for1 <z <4 and 0<y <2. Find / flx,y) dz

b 4 3 qr=4
T 64 1
dx = 20dy = | = — oy~ Zy =21y
/af(rc,y) T /196?;% [SyL_l SV~ 3y y

Definition.

The iterated integral is
d b dr b
/ / fz,y) dedy =/ U [z, y) dw} dy
d b
Example 7. f(z,y) =2*yfor 1 <2 <4 and 0 <y <2. Find / / f(z,y) dzdy.

2

d b 2 4 2 %
/ / f(z,y) dedy = / (/ vydx)dy = / 2lydy = {21—1 =42
c a 0 1 0 2 0

Theorem. Fubini’s Theorem.

The double integral can be calculated by iterated integrals:

//Rf(x,y) dA:/ab/cdf(x,y) dydx:/cd/abf(x,y) dady

Example 8. f(z,y) =2?yfor 1 <2 <4 and 0<y <2 Find // f(z,y) dA.
R

//Rf(x,y) dA:/02/14x2yd:cdy:42
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Example 9. Calculate the double integral of f(z,y) = z*y on the region R = {(x,y) € R? |
I<zr<4and 0 <y <2}

Example 10. The region R is given by 0 < x <2 and 1 <y < 3.

Calculate the double integral // f(x,y) dA for f(z,y) =1— 2% —y%
R

ﬂa(cx,%) dA = Jgfz Syt dx Y
l

R 0

= [*[p2- o)) dy

l

=i dy

-2 _5_113/3 _ 4
= 3 ,7 = =T

1 /2
Example 11. Calculate the iterated integral / / f(x,y) dedy for f(x,y) = 2y + y3 cos x.
-1Jo
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W §
[P 2P e dx = e fsinn

Y,
D

= TY+Y?
L' L%j((x.a) dx olovj = L, ?C:J +95 of Y
3?:_51 - %‘f /:

=0

[

Example 12. Calculate the iterated integral

2 3
/ / 2" dxdy
o Jo

2 3 )
25T dad
el Jo e

[(P2e el = [ [P2@dew dy
[ e ety L)) g
=[[¢* {ad e ds = [ et Ay
MRS S
Lot o

- P e-’_' 3 - 4
(1) €”*]" = (E)(e4) €-e

Average Value

The average value of a function f(x,y) over a rectangle R is defined to be

favg = ﬁ// flz,y)dA

where A(R) is the area of R.
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Example 13. Find the average value of the paraboloid f(x,y) = 2* + y* over R = [—1,1] x
[_17 1]'

g‘“’g - K,{TZ) L’ G sy dxoly

; leﬁylo{x
- 2
- —LF L ?’L‘Zf‘){g :éjﬂ‘jf)‘;
:‘lF( 2 %ﬁ?/ﬁ: = Z+2f
— 14
~5(3t3)
_Z
-3

Double Integrals over General Regions

e A plane region D is said to be of type (I) if it lies between the graphs of two continuous
functions p(x) and ¢(z), that is,

D={(z,y)|a <z <bplr) <y <q(@)}

v r?/)) y Y
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Theorem.

Suppose that f = f(x,y) is a continuous function on D of type (I). the double integral
can be calculated by iterated integrals:

J[ s aa= [ b / j:)f(x,y) dydz
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e A plane region D is said to be of type (II) if it is given by

D ={(z,y) | c<y<dgly) <z <h(y)}

Y Yy v Y
ok Al e d
Vo N )
{ \\:..
‘\ 3
C_ - T CI- et ! T C
Theorem.

If D is the region of type (II), the double integral can be calculated by iterated integrals:
d  rh(y)
// fz,y) dA = / / f(z,y) dedy
D c Jgly)

Example 14 ( Type (I) ). Let D the region in the 1st quadrant bounded by y = 4 — 22 and
y = 3.

Sketch the region D and calculate the double integral / / 2xy dA.
D

10
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4=3x

Fud e intersectisy fbﬂaf:

| R Yea 4—-){1' .
\ % { gy T X=X
<ty X¥34—4 =0
| K+4)(x-1)=0
H 2y dA :J r 21y oy olx -4 x=
D 0 72y
g 4=3%=3
_ F ( S gz_ o of)(
b 3

= ) -x(3)" dx

D
= j' X°- g5+ lpx 95 dx
= J' x°- 1% + 16X 0{)(

¢ l
= XA ol g
(7% +gx/0 =77 1Y
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Example 15 ( Type (II) ). Let D the region bounded by the graphs z = y and z = y>.

Sketch the region D and calculate the double integral / / 21y + 6y* dA.

| / /D 2Ty +6§2 dA.
L E@gwg}jdx Ay

= f af g ;:* dx

= 9 sy, Eé“['
( E' <" n [ - 3
7 a =J (A +242) (X +2x°) dx
:*Z-—t;"f‘@ N 3
, < [ strart
:Z; = _34f X ]
—cgity +2X
¥ 3 5 )a
T2yl . 8 *
_ 23
3
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Example 16 (Type (II)). Let D the region bounded by the the region bounded by the line
y = x — 1 and the parabola y? = 22 + 6

Sketch the region D and calculate the double integral / / 2xy dA.
D

i irsecton pobts
;’ Y=X -

(d“z:zx-l-é
Y204+ +6
§y-1=0
§-H) (942
by Y=2
J! 4 (- @) ol
[ Lwdrrs dy
RO Y | ¢ USk Tope(T) wi
Tyt Ry Y / e od.
=32 il
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1
Example 17. Evaluate the iterated integral / / e’ dxdy.
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Theorem.

Area of the region D can by computed by

AreaofD://ldA
D

Lolume. nrth Aeft’ /

V:. Are o)

Example 18. Let D be the region bounded by y = 2 — 1 and y? = 2z + 6. Find the area of D.
Ara= § ( o4
4+ e ‘1
Ky = g 1y
Ji?, X.L g -3 g, (gﬁ) 2 ) 0{?

15
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Review: 5;.. T J; J:-flx) "r?l' & J:{mcf)ﬁ J'l]ctxlab‘

D D=pvh
TD yel) D o)

Property of the double integrals :

[ swwaa= [[ swaaas [[ s

Theorem.
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