MATH 2321 §2.4 Differentiation rules He Wang

82.4 Differentiation rules
Theorem. Linear Property:
Let f(x,y) and g(z,y) be two differentiable functions and k a real number. Then we

have 9 9 9 )
So(f+9)=5-f+--g and (/ff)—/f—f

Similarly for a%

We can also use gradient vector to describe the linear property:

V(f+9)=V(f)+V(g) and V(kf)=FkV(f)

Theorem. Product Rule:

Let f(x,y) and g(z,y) be two differentiable functions and k a real number. Then we
have 5 9

%(fg) =fa9+95-f

Similarly for a%

We can also use gradient vector to describe the linear property:

V(fg) = fVig) +gV(f)

Review: The Chain Rule gives the rule for differentiating a composite function y = f(g(t)). If
we denote the inside function = = g(¢), then

dy dy dx
dt — dxdt

Theorem. Chain Rule

Let z = f(z,y) is a differentiable function. Suppose both z = g(t) and y = h(t) are
differentiable functions. Then z is a differentiable function of ¢ and

dz_Ofdv  0fdy
dt — Oxdt Oydt

The chain rule is also written as

dz  Ozdx L9 0z dy
dt Oz dt dy dt



MATH 2321 §2.4 Differentiation rules

He Wang

Using the gradient vector,

dz d
Proof.
2
AZL '-"--—f-d)(‘f' Eiég + ¢,8% +F {adj
% ?3

S‘f‘d)\' af'&é’.i.éo){ +£4‘é
A‘t, X ot 39 &t

Teke linit o, 4t =0 , we k.

de. =2f M 4 2F A%
e ox ot 2y ot

Example 1. Let 2 = f(z,y) = 2y? + y, where z = sint and y = Int. Find %
dz 22 Jx L=
AET R ATy e
2 \
= J ot 427y )(3)
= (Int) ot + (29m¢ (t) -H)(;)
. ., dz
Example 2. Let 2 = f(z,y) = xye?, where z = sin(¢®) and y = ¢*. Find e

dz _ 22 oy 2% AY
de ~ ot 2Y St

= 46*(aent) + (x4 g€ )2t

I

£t (st ) + (4*”}(9*) t6Ent)€ eé) 2t
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Theorem.

Let z = f(x,y) is a differentiable function. Suppose both x = g(s,t) and y = h(s,t) are
differentiable functions. Then,

0: _0z0n 0:0y 0= _0:00 020
ds Oxds OyOs ot Oz Ot Oy ot
0z 0z
Example 3. Let 2 = f(z,y) = 2? — y3, where z = st® and y = s + t*. Find s and g
92 9% 3y 8 2% S 282X .92 Y
2s 2% ¥ Y S >t ox ot °Y ot
= 2x(6) + (:ggl) ] - 2X (3%')-!- (—351) 2t
=26t' ¢’ -2 (sH-,‘)2 =25¢ (351 +(-3)(9+t‘)bz~t
0z 0z
Example 4. Let z = f(x,y) = yInz, where z =7 + 3 and y = rt. Find o and — 5
9% _ 28 =X 28 34 92 -8 X, o2 22
or ox 2 2% or ot ox ' 3y oC
:(E) |+ (o)t = 2 36)+ () ()
< 3
r+t + (ln (1) () +t (3¢) +( rﬁ‘?
Theorem.

Let u = f(x,y, 2) is a differentiable function. Suppose both z, y and z are differentiable
functions with variable ¢. Then u is a differentiable function of ¢ and

du  Oudx L ou 8udy L ou ou dz

dt — Oz dt dy dt ' 9z dt

Let u = f(x,y, z,w) is a differentiable function. Suppose both x,y, z and w are differentiable
functions on variables r, s,t. Then,

8u_8u8x+8u6y+0u8y+@@
Jds Oxds Oyds 0z0s Owis
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ou U . . .
The rest — and — are similar. It is better to use a tree diagram to look at the formula:

or ot
U
x4 2 W

Yy £ <
5

0
Example 5. Let u = f(z,y,2) = yln(zz), where z = rs + t3, y = ¢ and z = rs*t. Find (9_u’
r
ou d ou
0s ot

QU _ 24 ox U 2% Y 22
Lz = 2L 4 T — t &
Y X oV Gy o2

“(xz 7(s)+ We2)(o) + (£ (%)

= s L € (g
¥otp rse

SU -2 X U 24 4 23
> ?X S o4 93 22 ¢

- (E‘,) r+ ho@) ge’) +4(§) 2rst

)Y'f (y{k(rs’f'-@) s t)) .ﬁe t ( g

5 e

Implicit Differentiation.

Suppose that an equation F(z,y) = 0 defines y implicitly as a differentiable function of z.
That is a function y = f(z) such that F(x, f(z)) = 0. If F'is differentiable, apply chain rule
to F'(x,y) = 0 respect to z, then

OF dx L oF or dy

O dx y dr
We obtained
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d
Example 6. Find d—y for 2% + y* + sin(ay) = 0
X

Ay B zxtyosiy)

— — e

dx Fy 3% xS (xY)

More generally, suppose that an equation F'(x,y,z) = 0 defines z implicitly as a differentiable
function of  and y. That is a function z = f(z,y) such that F(z,y, f(z,y)) = 0. If Fis
differentiable, then

0z
for the implicit function 22 + y? + 22 + 2yz =0
x

Example 7. Find — 9

Jz_ K axy42

Ix L -—ZZHy
_ZZ‘_: Ry 244+ %R

glclll _E— o :lz‘_urxg

Solution for HW 32:

The magnitude of net force is F'(x, vy, z) with position function (z,y, z) = p(t) = (t*,t3 +
2,t+1). When t = 1, the position is p(1) = (1, 3,2)
The derivative (rate of change) of the magnitude of the net force is

F() dx dy

dz
—F,—+F—2+4+F—=F,2t)+F,3t*)+ F

The derivative (rate of change) of the magnitude of the net force at ¢t =1 is

£t

o = 45(2) +10(3) + (-2) =37 N/s



