MATH 2321 §1.6 Functions of a single variable He Wang

81.6 Functions of a single variable
1. Limits and continuous.

A vector function (or single-variable function into R") is a function whose domain is subset
of R and whose range is subset of vectors in R".

We study examples when n = 2 or n = 3. Higher dimension functions are similarly.

The functions f(t), g(t), h(t) are called component functions.

Example 1. 7(t) = (vt — 1,t* —t,In(4 — t))

The component functions are f(t) =/t —1, g(t) = > —t, and h(t) = In(4 — t).
For the domain, ¢t —1 > 0 and 4 —t > 0. So, the domain is 1 <t < 4.

Definition.
The limit of a vector function is defined by taking the limits of its component functions,

lim 7(t) = (lim f(¢), lim g(t) limh(t)>.

t—a <t~>a t—a

A vector function 7(t) is continuous at t = a if lim 7(t) = 7(a).
—a

int
Example 2. Find the limit wltiHOI 7(t) for vector function #(t) = (In(1 — t), >+ 2, Slltl )
—> —_—

lim 7(¢) = (lim In(1 — ), im(¢ + 2), lim 220 — (0,2, 1),
t—0 t—0 ¢

t—0 t—0

We used L’Hospital’s rule for the last limit.

Definition.

Suppose 7(t) is continuous on an interval I. Then set of points (f(t), g(t), h(t)) in R? is
called a space curve. The equations

Tr = f(t)>y = g(t>7z = h(t>

are parametric equations of the curve and t is a parameter.

Example 3. Describe the curve defined by the vector function 7#(t) = (1 + 6t)i + (2 — 3t)j +
(3 —t)k.
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A line passing through (1,2, 3) parallel to the vector (6, —3,—1).

Example 4. Find a vector equation (standard parameterization) and parametric equations for
the line segment that joins the points P(3,—2,4) and Q(—1,2,4).

From §1.4, we know the line segment is
(0,9.2) = P+ H(PQ) = (3, ~2,4) + t(—4,4,0) for 0 < ¢ < 1.

So, x(t) =3 —4t, y(t) = —2+4t, 2(t) =4 for 0 <t < 1.

Example 5 (Helix). Sketch the curve whose vector equation is 7(t) = (cost,sint, t).

Projection onto zy-plane is (cost,sint,0), which is a circle.

Example 6. Find a vector function (parametrization) for the curve of intersection of the
cylinder 22 + y? = 4 and the plane y + z = 3 in R?.

1‘2 y2
» =l

Let g =sint and % =cost for 0 <t < 27.
So, x = 2sint and y = 2cost.

Substitute to y + z = 3, we have 2cost + z = 3,
which implies 2 = 3 — 2 cost.

The intersection has parametric equation

r =2sint;y = 2cost;z =3 — 2cost
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Example 7. Find the projection of the space curve 7(x) = (¢, 2t, 3t + 2t?) onto the coordinate
planes.

The projection onto xy-plane is (t, 2¢,0).
The projection onto zz-plane is (¢,0, 3t + 2t2).
The projection onto yz-plane is (0, 2t, 3t + 2t%).

Example 8. Find the intersection points of the space curve 7(x) = (t,2t,3t + 2¢*) and the
paraboloid z = 22 + 2.

Substitute x = t,y = 2t, z = 3t + 2t2 to the paraboloid z = 2? + 3%, we have 3t + 2t*> =
t? 4 (2t)%. Solve the equation, we have t = 0 or ¢ = 1.

For ¢t = 0, we have an intersection point (0,0, 0).

For ¢t = 1, we have an intersection point (1,2, 5).

2. Derivatives and integrals

Definition.

The derivative of a vector function 7(t) is defined as

The vector 7(t) is also called the tangent vector to the curve.
The unit tangent vector is defined as

T x

Theorem. Computation formula

1{1 7(t) = (F(t), g(t), h(t)) = f(t)i+g(t)j+h(t)k for differentialble functions f(t), g(t), h(t),
then
Pt = (f'(1).g'(6), K (1) = f'(t)i +g'(t)] + I (t)k
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Example 9. (1) Find the derivative of 7(t) = (£2 — 2t3)i + te! '] — sin(3t)k.
(2) Find the unit tangent vector at the point where ¢ = 0.
(1). 7(t) = (2t — 6£2)7 + (et — t(e ") — 3 cos(3t))F.
(2). 7(0) = (0, e, —3). So the unit vector is

S 7(0) B 1 B
TO =150 = vars e

Example 10. For the curve 7(t) = In(2t + )i + (t + 2)7, find and sketch the position vector
7(0) and the tangent vector 7/(0).

Example 11. Find parametric equations for the tangent line to the curve with parametric
equations ,
r=1t+3cos2t, y=2te", z=1t3+1

at point (3,0, 1).

7)) = (1 —6sin2t, 26 + 26(2t)e”, 3t?)

The position vector is ry = 7(0) = (3,0, 1).

From z =1, we have t* +1 =1, so t = 0.

The direction vector is 7/(0) = (1,2, 0).

The tangent line has equation 7(¢) = (3,0, 1) +¢(1,2,0).
The parametric equation is xt =3 +1t, y = 2t, z = 1.

Definition.

The second derivative of 77(t) is the derivative of the first derivative. That is 7" = (')’

Example 12. Find the second derivative of 7(t) = (sin(2t), In(t), t3).

7'(t) = (2cos(2t), 1,3t%)
7" = (—4sin2t, —t2, 3t)
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Theorem. Differentiation Rules:

Suppose u and ¢ are differentiable vector functions, ¢ is a scalar, and f is a real-valued
function. Then

1. %[ﬁ(t) +o)=a &) +T0) linear property
2. %[cﬁ(t)] =cad'(ty linear property
3. %[ fOaw) = Foaw) + foa’ ) e product rule
4. %[*(t) O] =@ ()T Fat)y- v e product rule
5. %[ﬁ(zﬁ) x 0(t)] =u'(t) x 0(t) +at) x5 (1) e product rule
6 SN = GG e chain rule

i(a(t) b)) =a - b(t)+a-b(t)

= (3t%,2t,0) - (4,e',t +2) + (> + 1, 7) - (0,€", 1)
12t* + 2te' +t?e' + 1

Definition.

The definite integral of a continuous vector function 7(t) can be defined as

b n
/ Ft)dt = lim Y F(t;)At.

=1

-

We also have an easy computation formula (Theorem) for the integral of 7(t) = f(t)i + g(t)] +

h(b)k,
t /ab Ft)dt = (/abf(t)dt) i+ (/abg(t)dt> j+ (/abh(t)dt) k

The Fundamental Theorem of Calculus also can be extended to vector calculus:

/ bF(t)dt = R(b) — R(a)
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where R(t) is an antiderivative of 7(¢), i.e., R'(t) = 7(t)

Example 14. If 7(t) = (2sint)i + (¢! + 1) + (8t3)k, calculate [ 7(t)dt and f“/2 7(t)dt.

j?ﬂ;} O('t = (jzgﬂfo{'() ?74— (jQ{‘H Jﬁ) 3‘7 + 68“&30['{)’_2
= (20t +¢,) T+ (&6 ] + (2%6) ¥

= Q—zc@ﬁ) T+ (8{4‘{1) jq 1 {=it) E|h| &

Vlm dt= D - R0)
=(e%3)] +2(Z £ —2HJ>

*—LH +<€+ “{) +§

3 Arc length and curvature

Suppose a curve has the vector equation 7(t) = t),
for a <t < b, or the parametric equation = = f(t), y = g(t), z =
h(t), where f'(t),q'(t),h'(t) are continuous.

Definition.

If the curve is traversed exactly once as t increases from a
to b, then its length is

ae\

= [ VIF@P+ [ OP + WP "

2 2
dz
— | dt
A compact formula for the arc length is

/| (8)ldt

Example 15. Find the length of the arc of the circular helix with vector equation 7(t) =
(cost)i+ (sint)j + (t)k from the point (1,0,0) to the point (1,0, 27).
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7 (t) = (—sint,cost, 1) )
()] = \/(Sin )2+ (cost)2+1 = V2 _
The length of the arc is (1,0, 2pi)

= [ZTF ()]t = [T \/2dt = 2427

Definition.

The arc length function s(t) is the length of the curve between 7(a) and 7(t) defined

) /| \du_/\/ >2+(Zz> du

From the Fundamental Theorem of Calculus, differentiate both sides, we have

ds =,
= t
= =)

It is often useful to parametrize a curve with respect to arc length s because arc length arises
naturally from the shape of the curve and does not depend on a particular coordinate system.

Example 16. Reparametrize the helix 7(t) = (cost)i+ (sint)] + (¢)k with respect to arc length
measured from (1,0,0) in the direction of increasing t.

ds
S = FwI=v2

So, s = s(t) = [ |7 (u)|du = V2t
t=s/v2. ) ) )
So, 7(t) = (cos(s/V2))i + (sin(s/v2))j + (s/V2)k

Definition. 2

* Let T" be the unit tangent vector and s be the arc length.

The curvature of a curve is 8
|7 A 7y
|ds
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1. Curvature measure how quickly the curve change directions.
2. The curvature of a curve can be computed by

Example 17. *Show that the curvature of a circle of radius a is 1/a.

) 24 i 2
k) = - a§f’l‘t7+0(@3tj> V()= st T +asut q

=/ 2/ - >
T&):\r;\ = &—2@ = _snt Ttont]
Vi

Tt)= - cot T-s0t 7
Tl _

el ~ &

Theorem.

*The curvature of the curve given by the vector function 7 is

m" (1)

7 () X 7"
)P

~—

K(t) =

=

X
/<t

4. Motion in space: Velocity and Acceleration

Suppose a particle moves through space so that its position vector
at time ¢ is 7(¢).

Definition.

The velocity vector ¥(t) at time ¢ is ‘;']‘f;" :
7t + h) — 7(t) / y

- . .
u(t)=7"(t) = }lllir(l] . —

The velocity vector is also the tangent vector.

The speed of the particle at time is the magnitude of the

velocity vector, that is, |0(t)].

The acceleration of the particle is defined as the deriva-

tive of the velocity,

a(t) = v'(t) = 7"(t)
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Example 18. The position vector of an object moving in a plane is given by

F(t) = (3, (1/2)t).

Find its velocity, speed, and acceleration when ¢ = 1 and illustrate geometrically.

\/.Jowg Ve = Tl =< 3¢, 3

sl | Ve = [EO%E) =3+ D70

Accelerotion Y=V /(é ({t 0> N bi“/)

Wher t=I,  Vi={3, £> | 7
(Vi = Jad = ’m X:?f
) = 0>

Example 19. Find the velocity, acceleration, and speed of a particle with position vector
7(t) = (sint, cost,t)

\/e/oo‘tg: V%é e eg) =<t , —t, D _
Accelovaction . 5{76&): ) ={~sint, ~axt, o> ]

Sroeol. Ve
peest .’5"Lﬁ+mt+ =2 | (’

Example 20. A moving particle starts at an initial position #(0) = (0,0, 1) with initial velocity
#(0) = i 4 k. Its acceleration is @(t) = (2t,1,6t). Find its velocity and position at time ¢.
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| (V)
- » . =
Vzﬁ):J'(f[t)%-(; = <-[; ) 'E/ 3{3&>+ C

)
Ve ={1, 0,4 = (Lo, H=X000+(
:_—i) 617:<”0’—’>

% Vo= £+, 1,26
wtiom
<00, = {oo,0=(v, 0,00+
=2 & =%o, 0,0

- 3 (3
= V= tt, £, detp

2

Example 21. A particle has position function 7(¢) = (¢* + 1, 3¢, t* — 4t). When is the speed a
minimum?

EEP_‘: Ml §P@'{ jfwnc-h\m.

V) = Pho = {2¢, 3, 2t

e : [V0)] =m = [e-Iet25

@ Pl Critig] vt

% [P6] = L (gtaupesns) (ltg) - Ot m

M~

oatial pits vl [tHE=0 2 L

s | donatle okt : v l 7l
Sep3 . 1% it L (7o) o | 4|7 vo

decraise. | MUee
f
= Wk tol, the e \/
s a minum

10



