MATH 2321 81.5 Cross product He Wang

81.5 Cross product
Definition.

If @ = (ay, as, a3) and b= (b1, by, b3), then the cross product of @ and b is the vector

a x g: <a2b3 — CL3b2, Clgbl — albg, albg — a2b1>.

Theorem.

The cross product @ x b is orthogonal to both @ and b following the right-hand rule.

(Proof: Check (@ x b)-a@=0and (@ xb)-b=0.)
The cross product @ x @ = 0 for any @ € R3.
Remark: The cross product is only defined in R? and R7. All definitions in §1.1-1.4 are for R™.

e To make the definition easier to remember, we use the notation of determinants from linear

algebra.
a b
c d‘—ad—bc
a; ag as
by b by b by b
bi by bs|=ar| > Cl—ag| C|l+ag|
Cy C3 C1 C3 c1 Cy
Ci Co C3
4 6 2
Example 1. Compute the determinants |5 2 2
0 2 -1
4 6 2
5 2 2 :42 2 —65 2 +25 2:4(—6)—6(—5)+2(10):26
0 2 1 2 —1 0 —1 0 2

Using the notation of determinant, the cross product of @ = aﬁ—l— agj—i- aglg and b = bJ—I—bJ—i— ng

18 — — —
N b ¢ J k as ag|—= ay asg|-= ay asz|y
a X b == al CL2 CL3 = 17— ] + k
b2 b3 bl b3 bl b2
by by b3

Example 2. If @ = (1,2,3) and b= (2,4, —3), find the cross product @ x b
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Theorem.

If 6 is the angle between @ and I;, (so 0 <0 <), then

|@ % b| = |@||b| sin 6.

+ Two non-zero vectors @ and b are parallel if and only if @ x b=0.

* (Geometric meaning) The length(magnitude) of the cross product @ x b is equal to the
area of the parallelogram determined by @ and b.

Area=|d|(|b] sin )

Example 3. Find a vector perpendicular to the plane that passes through the points P(1,2,3),
Q(3,-2,2) and R(—1,1,0).

-
PQ = (31,02, 23) =42, 2, >
PR = <1, 12,037 = <=2,4, -
@ };a*l;?{= ?J K __"‘1 "/-:7__2—] P |22
P 22 AT st I~1—ZIJT}—2-; :
2 A 3 = > S
R =4i47) -4k

Example 4. Find the area of the triangle with vertices P(1,2,3), Q(3,0,2) and R(—1,1,0).
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PO = (2,-2,—1) and PR = (2,1, -3).

1 1
Triangle Areaz?@ X f’_}>%| = 5\/42 + 82+ 62 =+/28
Cross products of standard basis vectors.

z

k

The cross product is neither commutative nor associative, i.e.,

-,

£bxd, ax(bxd#£@xb) x¢c

S

a X

Theorem.

If @, b and ¢ are vectors and k is a scalar, then

(2) (k@) x b= k(@ xb) =a x (kb)
(B)ax (b+d)=axb+axc
(4) (@+b)xC=axi+bx¢
(5)@-(bxd) =(@xb)-c
6)@x (bxad) = (a-b— (@-b)e

Scalar Triple Products

. ay Gz as
a - (b X Ej = b1 b2 bg
1 C2 C3
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Theorem.

The volume of the parallelepiped determined by the vectors @, b and is the magnitude
of their scalar triple product:

-

V=l (bxa|=|@xb)-d

x In particular, if V' =0, then a, b and & are on the same plane, i.e., they are coplanar.

Example 5. Use the scalar triple product to show that the vectors @ = (—3,0, 6), b= (4,1,-17)
and ¢ = (1, —2, —4) are coplanar.

) -3 0 6
Compute@-(bxc)=|4 1 =7/=0
1 -2 —4

Example 6. Find the standard equation containing the line (z,y, z) = (1,2,3) +¢(1,0,2) and
the point R(2,3,2).

The direction vector of the line is ¢ = (1,0,2). Another vector passing (1,2,3) and R is
W =(2,3,2) - (1,2,3) = (1,1, -1).
The normal vector of the plane is

O BT T PR N T DO
Txw=|10 2 =‘1 _1¢—’1 _1j+’1 (| B =20 +3] + 1k
11 -1

The equation for the plane is —2(z — 1) +3(y —2) + 1(2 —3) =0
The standard equation is —2x +3y+2—7=10

Example 7. Find an equation of the plane trough the points P(1,2,3), Q(2,2,5) and R(3,4,1).
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R PO = (1,0,2) and PR = (2,2, —2).

The normal vector of the plane is

;‘; E — — - — — —
POxPO=11 0 2|=" 2[ic|} 2|7+ YF= —ait6jrok
2 o o 12 -2 2 -2 2 2

The equation for the plane is —4(x — 1) +6(y —2) +2(z —3) =0
The standard equation is —2x +3y 4+ 2 —7=0

Example 8. Find an equation of the intersection line by the two planes. x 4+ y 4+ z = 3 and
20 + 3y + 2z = 8.
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Definition.

Consider a rigid rod, with one end at the point A(zg, vo, 20)
and the other end at B(z1,y1, 21). If a force F' is applied at

X1.y1:21)

B, then the torque produced by F' around A is

T=dxF

The torque vector comes out of the page by the right-hand = ®ov% =
rule. (Only for homework 37.)



