Introduction

We explore the graded-formality and filtered-
formality properties of a finitely-generated group,
which are weaker properties than 1-formality in ra-
tional homotopy theory. We explain how these no-
tions behave with respect to split injections, coprod-
ucts, and direct products, and how they are inher-
ited by solvable and nilpotent quotients by studying
the various Lie algebras attached to such a group, in-
cluding the associated graded Lie algebra, the holon-
omy Lie algebra, and the Malcev Lie algebra. We
also provide various examples to explain these prop-
erties.

Backgrounds and Definitions

« (& : a finitely generated group.
-k D Q : a field of characteristic 0.

« {I'tG}i>1: the lower central series G, defined
inductively by

G =G )

TG = 1G, G|, k> 1.

« The associated graded Lie algebra of a group G
is defined by

gr(G; k) — GB (FkG/Fk+1G) K7 k, (2)

k>1
« The holonomy Lie algebra of a group G is defined
to be

h(G: k) == Lie(H1(G:k))/(im(0c)).  (3)
Here, O is the dual of the cup product.

/N

e For a finitely-presented group, we give an explicit
algorithm for computing the holonomy Lie algebra,
using a Magnus expansion method |1].

» The tower of nilpotent Lie groups
> (GITGE) k= (G/T3G) @ k- (G/1,G) @ k

is an inverse limit system. The pronilpotent Lie
algebra defined by

m(G: k) = 1%1(2((@/ [:G) @ k), (4)

is called the Malcev Lie algebra of G (over k).
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Formality Properties

« A group G is called 1-formal if there exists a cdga
morphism .#(G) — H*(G; Q) inducing an isomor-
phism in cohomology of degree 1 and a monomor-
phism in degree 2, where .#(G) is the 1-minimal
model of G.

« A group G is graded-formal it the canonical pro-
jection ®g: h(G; k) — gr(G; k) is an isomorphism
of graded Lie algebras.

« A group G is called filtered-formal if there is a fil-
tered Lie algebra isomorphism m(G; k) = gr(G; k)
which induces the identity on associated graded Lie
algebras. Here, ~ means completion.

e 1-formal <= graded-formal + filtered-formal.

AN

m(G k) h(G; k)

ﬁlteredm\ 4%edformal

gr(m(G)) = gr(G k)

1—formal

Propagation Results

Theorem 1. (Split injections)
Let GG be a finitely generated group, and let K < G

be a subgroup. Suppose there is a split monomor-
phism ¢: K — G. Then:

olf G is graded-formal, then K is graded-formal.
olf G is filtered-formal, then K is filtered-formal.

olf G is 1-formal, then K is also 1-formal.

Theorem 2. (Products & coproducts)
Let G and G5 be two finitely generated groups. The
following conditions are equivalent.

o GG1 and G5 are graded-formal (respectively, filtered-
formal, or 1-formal).

oG x Gy is graded-formal (respectively, filtered-
formal, or 1-formal).

G x (5 is graded-formal (respectively, filtered-
formal, or 1-formal).

Applications

Theorem 3. (Solvable quotients)

Let GG be a finitely generated group. For each 1 > 2,
the quotient map G — G/G" induces a natural
epimorphism of graded k-Lie algebras,

U gr(Gik)/ er(Gik) ) —-gr(G/GP:k).  (5)

Moreover,

olf GG is a filtered-formal group, then each solvable
quotient & /G (1) is also filtered-formal, and the map

\Il(é) is an isomorphism.

olf G is a 1-formal group, then h(G; k) /b(G; k) =
or(G/GY): k).

Theorem 4. (Nilpotent quotients)

Let G be a finitely generated group.

olf &G is filtered-formal, then all the nilpotent quo-
tients G /'y (G) are also filtered-formal.

@Suppose G is a torsion-free, 2-step nilpotent group

with torsion-free abelianization. Then ( is filtered-
formal.

e Suppose (G is a torsion-free, filtered-formal, nilpo-
tent group. Then the universal enveloping algebra

U(gr(G; k)) is Koszul if and only if G is abelian.

Pure virtual braid groups

The pure virtual braid group v P, is a generalization
of the classical pure braid groups, with a class of
subgroups vP,. In algebra, they are called quasi-
triangular groups and triangular groups.
Theorem 5. (|2]) The pure virtual braid groups
vP, and v P are 1-formal if and only if n < 3.

Sketch of Proof: (Using Theorem 1)

« There are split monomorphisms

VP —v P ——uv P ——v P ——v P ——. ..

.

vPy—— v P —— v P—— v P—— v B——. ..
« The group vFPs is 1-formal.

17

= The first resonance variety of v P} is not linear.

17

= The group vP;" is not 1-formal. (By the tangent
cone theorem)

Examples

e]l-formal groups

Fundamental groups of compact Kahler manifolds,
and fundamental groups of the complements of com-
plex algebraic hypersurfaces.

eFiltered-formal, but not graded-formal
The upper triangular nilpotent group U,(Z), n > 3
is filtered-formal. The pure braid groups on sur-
face P, for n > 3. Fundamental groups of Seifert
fibered manifolds.

e(Graded-formal, but not filtered-formal
The pure virtual braid groups v P, and their sub-
eroup vP for n > 4.

eNeither graded-formal nor filtered-formal
If GG is not graded-formal and G is not filtered-
formal, then Theorem 2 shows that G X G5 and G
(5 are neither graded-formal, nor filtered-formal.

Remark: (Resonance and Chen ranks)

The tundamental groups of the spaces of all config-
urations of parallel rings are also known as the pure
welded braid groups, or the McCool groups, denoted
by w P, with a class of subgroups wP;".

Berceanu and Papadima proved that the McCool
eroups and their upper subgroups are 1-formal. D.
Cohen computed the first resonance varieties, while
Cohen and Schenck showed that the Chen ranks of
w P, are given by the ‘Chen ranks formula’

In |3|, we compute the first resonance varieties and
the Chen ranks of wP,” and show that the ‘Chen
ranks formula’ hypothesis is not satisfied for wP;'.
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